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Preface 


The theory of algebraic numbers is one of the monuments of nineteenth cen- 
tury mathematics. The work of Gauss on quadratic forms led to the study 
of quadratic fields. The deep investigations of Fermat’s last theorem by 
Kummer led to cyclotomic fields. Then came Dedekind, Dirichlet, Hermite, 
Kronecker, Hurwitz, Weber, Hilbert, and other eminent mathematicians 
who developed a beautiful theory. 

The aim of this book is to present a detailed self-contained exposition of 
the classical theory of algebraic numbers. I use today’s language including 
groups, modules, rings, but I shy away from more sophisticated methods 
unnecessary at this level, preferring to keep closer to the classical origins. 
Many suggestions for further reading and study directions are proposed at 
the end of the book. My point of view is that these modern developments 
are rooted in the classical ideas, so it is advisable to acquire a solid back- 
ground. Of course, time has not stopped and the student is encouraged 
to progress forward and to study the modern techniques. In music, this is 
comparable to a solid study of Bach before Bartok. 

Thinking about graduate students, I began the book with two introduc- 
tory algebraic chapters, followed by two chapters on elementary number 
theory. These two chapters contain material usable at undergraduate level. 

The subject proper begins in Part Two and all the basic aspects of the 
theory are carefully derived—algebraic integers, ideals, units, class groups, 
class numbers and the Hilbert’s theory of decomposition, inertia and rami- 
fication in Galois extensions. This study culminates in the deep theorem of 
Kronecker and Weber, which is also the cornerstone of class field theory. 
This book contains only a summary of the results in class field theory but 
I make suggestions for the study of this more advanced theory. Chapter 
16, which ends Part Two, is very special—it is entirely devoted to specific 
numerical examples and is highly recommended to the reader, not only for 
its content, but also as a means of testing the reader’s understanding before 
continuing to the final part of the book. 

In Part Three, I examine the theory of cyclotomic fields, and how it 
was developed by Kummer to lead to the proof of Fermat’s last theorem 
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for regular prime exponents. This study includes the A-adic local methods, 
Lagrange resolvents, and the Jacobi cyclotomic function. 

Bernoulli numbers are the subject of a whole chapter which is followed 
by the derivation of Kummer’s regularity criterion. These matters are of 
great importance in modern developments and are treated in detail in this 
book. 

Part ‘Three also contains the beautiful theory of characters by Dirich- 
let in a sleek presentation; introductory results about the Riemann and 
Dedekind zeta-functions, as well as Dirichlet and Hecke L-series associated 
to characters. Nevertheless, I restricted my attention only to real argu- 
ments s > Q. For my purpose, I do not require complex arguments (as 
Riemann did), nor do I consider the question of analytical continuation 
or functional equations. These are, of course, of the utmost importance 
and may be found in books dealing with analytical number theory and the 
prime number theorems. In no way should the reader be unaware of such 
developments—but this book is already too voluminous as it is! 

I include the magnificent achievement which is the theorem of Dirichlet 
on primes in arithmetic progressions. In his proof, Dirichlet introduced 
many major new ideas which have influenced dramatically the development 
of both algebraic and analytic number theory. The reader is encouraged to 
carefully study this proof. | 

. The Frobenius automorphism is studied and a proof of the density theo- 
rem of Chebotarev is given, without appealing to class field theory. As in all 
the preceding theorems, all the details of proofs—even when intricate—are 
given to the reader who should be able to fully understand the proofs. 

The last four chapters concern the class numbers. First, I deduce—all 
steps included—the famous formulas for the class number of quadratic 
fields (result of Dirichlet) and of cyclotomic fields (as developed by Kum- 
mer). The approach is different in the last two chapters, where I present, 
sometimes without proof, results about divisibility and other arithmeti- 
cal properties of the class number of quadratic and cyclotomic fields. 
These chapters are not meant to be updated surveys of the questions, but 
rather introductions to problems and research. Two especially rich lists of 
references are found in the Bibliography at the end of the book. 

For the readers who have come to this point, there is a description of 
various avenues of study with the indication of excellent books. 

The exercises have been included so that the reader may develop a certain 
familiarity with the concepts; they are therefore recommended as a useful 
complement to the text. 

This book has evolved over a long period, and many of its parts have 
been taught in various courses, mostly for master and doctoral students. 
The first sixteen chapters, now with slight improvements, constituted the 
book Algebraic Numbers, published in 1972, which enjoyed considerable 
esteem, until it went out of print. The present book has double the size of 
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the former one. More important, it contains results obtained with analytical 
means. 

As the development of the theory has uncovered, many of the deeper 
results are now obtainable only with analytical methods—therefore the 
reader may learn these theorems in this book. 

A reader may take this book to a desert island. Free of distractions and 
with enough time available, he will be able, all by himself, to understand 
each proof and to master the classical theory of algebraic numbers. And if— 
as I hope—he succeeds in quitting his island he will have a solid background 
on which to learn any one of the modern developments. 


Paulo Ribenboim 
October, 1999 
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Introduction 


The purpose of the Introduction is to gather, for the convenience of the 
reader, results about commutative integral domains and fields, which will 
be required at various places in this book. There is no attempt to pro- 
vide proofs. The reader may wish to go to Part One after a superficial 
acquaintance with Chapters 1 and 2 and return to these chapters when 
required. 


i 


Unique Factorization Domains, 
Ideals, and Principal Ideal 
Domains 


1.1 Unique Factorization Domains 


Let A be a domain, that is, a commutative ring with unit element (different 
from 0), having no zero-divisors (except 0). Let K be its field of quotients. 
If a,b € K we say that a divides b (with respect to the domain A) when 
there exists an element c € A such that a-c = b. We write a|b to express 
this fact. Thus, every element of K divides 0 and la for every a € A. 

We have ala, for every a € K and if a,b,c € K, from a|b, b|c we deduce 
that a|c. However, we may well have a ¥ 6b, but a|b and bla. For example, 
a divides —a and —a divides a. We say that a,b are associated whenever 
it is true that a|b and bla; we write a ~ 6 to express this fact. 

The set U = {a € K | a ~ 1} is a subgroup of K’ (multiplicative group 
of nonzero elements of K), and U C A. The elements of U are therefore 
invertible in A, and they are called the units of the ring A. For example, if 
A = Zthen the units are precisely 1, —1. If A = K[X] (ring of polynomials 
with coefficients in a field AK) then the units are the nonzero elements of 
K. 

A nonzero element p of a domain A is said to be an irreducible element of 
A if pis not a unit of A and it satisfies the following condition: ifa € A, alp, 
then either a ~ lora~ p. 

For example, if A = Z then the irreducible elements are p, —p, where p 
is any prime number. If A = L[X] or more generally A = L[X),..., Xn], 
where L is a field, the irreducible elements are the irreducible polynomials. 

The domain A is said to be a unique factorization domain when the 
following statement is true in A: 

Let S be a set of irreducible elements of A such that every irreducible 
element of A is associated with one and only one element of S. Then every 
element x € K, x # 0, may be written uniquely in the form 


r= 4 I] prr(®) 


pes 
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where wu is a unit of A, v,(x) € Z for each p and v,(x) # 0 for at most a 
finite subset of irreducible elements in S' (this finite subset depending on 
the element x). It follows that x € A if and only if v,(z) > O for every 
pes. 

The domains Z, L[X], and more generally L[X1,..., Xn] (where L is a 
field) are well-known examples of unique factorization domains. 

If A is a unique factorization domain, if an irreducible element p divides 
a product ab, with a,b € A, then either pla or pb. 

If A is a unique factorization domain, any two elements a,b € A have a 
greatest common divisor d (which is unique up to unit elements); by defi- 
nition d satisfies the following properties: dja, d|b; if d’ € A and d'|a, d'‘|b 
then d’|d. We write d = gcd(a, b). 

Similarly, a,b € A have a least common multiple m (unique up to a 
unit element): alm, b|m; ifm’ € A and a|m’, b|m’ then m|m’. We write 
m = lcem(a, b). 

The elements a, b € A are said to be relatively prime or coprime when 
1 is a greatest common divisor of a, D. 


1.2 Ideals 


In our study we shall encounter more general types of commutative rings 
than the unique factorization domains. 

Let A be a commutative ring with unit element 1. A subset J of A is 
called an ideal of A when it satisfies the following properties: 


(a) Ifa,be J, thena+be J. 
(b) Ifb € J, a€ A, then ab € J. 


In particular, J is also an additive subgroup of A. 

Among the ideals of A we have the zero ideal 0 (consisting only of the 
element 0) and the unit ideal A. 

The ring A is a field if and only if its only ideals are 0 and A. 

Every ideal J of A gives rise to the ring A/J, whose elements are the 
cosetsa + J = {a+b|be€ J} for every a € A. We havea+ J =a'+J 
if and only if a — a’ € J. The operations of A/J are defined by 


(a+ J)+(a’'+ J) =(at+a’)+ J, (a+ J)-(a’+ J) =aa' + J. 


The mapping y : A > A/J, y(a) = a+ J for every a € A, is the canonical 
ring-homomorphism from A onto A/J. 

An ideal P of A is said to be a prime ideal when it satisfies the following 
conditions: 


(a) PAA. 
(b) Ifa,be€ A, a-be€ P, then eithera € Porbe P. 
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Thus P is a prime ideal of A if and only if A/P is a domain. 
An ideal P of A is said to be a maximal ideal when: 


(a) P#A. 
(b) There exists no ideal J of A such that PC J C A. 
It is easily seen that P is a maximal ideal of A if and only if A/P is a 
field. Hence every maximal ideal is a prime ideal. 


We define the operations of addition and multiplication between ideals 
in the following way: 


J+J’ 


{at+a’'|aé Ja’ € J’}, 


Tr 
J.J’ = S- ajai’|n > 0,a; € J,a;! € J’ ; 


i=1 


(we also write JJ’). 

Then J+J’ and J-J’ are ideals of A and we have the following properties: 
J + J’ contains J and J’ and if any ideal of A contains J and J’ then 
it contains J+ J’; J-J'’ C Jn J’; if J” is another ideal of A then 
(J+J )4+ I" =J4+(J'+ JI") and (J-J')- JI" = JI-(J'- JI"); A-J = J 
for every ideal J. 

We note also that if P is a prime ideal, if J, J’ are ideals of A such that 
J-J' C P, then J C Por J’ C P. In fact, otherwise there would exist 
elements a € J, a ¢ P, a’ € J', a’ ¢ P, such that aa’ C J- J’ CP, 
which is impossible since P is a prime ideal. 

Any intersection of ideals of the ring A is still an ideal of A. Thus, given 
any subset S of A the intersection of all ideals of A containing S is the 
smallest ideal of A containing S; it is called the ideal generated by S. 

If S = {a}, the ideal generated by {a} is Aa = {xa | x € A}, it is called 
the principal ideal generated by a and also denoted by (a). 

We note that Aa - Ab = Aab for any a,b € A. 

If S = {aj,...,an} the ideal generated by S is Aa, + --- + 
Aa, = {yun L;4Q; | x E€ A fori=1,2,... ns; it is also denoted by 
(Q1,..-,@n). 

If J is any ideal of the ring A, then we define the congruence relation 
modulo J as follows. For a,b € A, let 


a = b (mod J) 


whena—be J. 

For J = 0 this is the equality relation; for J = A, it is the trivial relation. 
It is straightforward to verify that the congruence relation modulo J is an 
equivalence relation and, also that from a = b (mod J), a’ = b’ (mod J), 
it follows that a+ a’ = 6+’ (mod J), —a = —b (mod J), and aa’ = bb’ 
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(mod J). Moreover, if J # A the congruence classes modulo J are identified 
with the elements of the quotient ring A/J. 


1.3 Principal Ideal Domains 


Let A be a domain. If every ideal of A is a principal ideal, A is called a 
principal ideal domain. 

The domains Z, K |X| (where K is a field) are principal ideal domains. 
However, K|[X, Y] is not a principal ideal domain. 

Let A be a principal ideal domain. We have Aa C Bb if and only if bla; 
thus Aa = Abd if and only if a ~ b. In particular, Aa = A if and only if a 
is a unit element. 

Moreover, Ap is a prime ideal if and only if p is an irreducible element of 
A or p = 0. It follows that every nonzero prime ideal is a maximal ideal. 

Every principal ideal domain is a unique factorization domain. But the 
converse is not true: K|X,Y] (where K is a field) is a unique factorization 
domain, which is not a principal ideal domain. 

If a,b € A and d = gcd(a,b), then Aa + Ab = Ad, hence there exist 
elements x,y € A such that d = za+ yb. In particular, if a, b are relatively 
prime, there exist x,y € A such that 1 = za + yb. 

If A is a principal ideal domain, if a,b,c € A, if gcd(a, b) = 1 and albc, 
then alc. 


EXERCISES 


1. Show that every integer n > 1 has only finitely many divisors. 
2. Show that there exist infinitely many prime numbers. 


3. Prove: If a,m,n € Z, if a divides mn, and a is relatively prime to m, 
then a divides n. In particular, if p is a prime number dividing mn and not 
dividing m, then p divides n. 


4. Prove (Euclidean algorithm): Ifa, 6 are positive integers, there exist 
integers g, Tr, with O < g, 0 < r < 6 such that a = gb +r. Moreover, if 
q’, r’ are also such that 0 < q’, 0 < r’ < b, anda = q’b+~,71’, then 

/ / 


q’ = q, r’ = r. Here q is called the quotient of a by 6 and r is the 
remainder of the division of a by 6. 


5. Show that every natural number m > 0 may be written in a unique 
way (except for the order of the factors) as a product of powers of prime 
numbers. 
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6. Ifm,n are nonzero integers, show that there exists a greatest common 
divisor d of m and n. Show that if d,d’ are greatest common divisors of 
m,n, then d = d’ or d = —d’. 


7. Determine a computational procedure to find the greatest common 
divisor d of integers m,n > 1, by means of the Euclidean algorithm. 


Hint: Divide m by n (when m > n) and n by the remainder (if not 
zero) and so on. 


8. Show that if m,n are nonzero integers, d a greatest common divisor of 
m,n, then there exist integers ao, bp) such that d = agm + bon. Conversely, 
every number of the form am + bn (with a,b € Z) is a multiple of d (this 
is known as the Bézout property of the integers). 


9. Let d be a greatest common divisor of the integers m,n > 1. Show 
that m/d, n/d are relatively prime. 


10. If m,n are nonzero integers, show that there exists a least common 
multiple | of m,n; if l’ is any other one, then 1! = l’ or] = —l’. 


11. Generalize Exercises 6 to 10 for the case of nonzero integers 
My, 26-5 Mr. 


12. Let d be a greatest common divisor and !| a least common multiple of 
m,n. Show that mn = ld. 


13. Let d,/ be positive integers. Show that there exist integers a,b such 
that gcd(a, b) = d and Iem(a, b) = | if and only if d divides |. In this case, 
show that the number of possible pairs of positive integers a,b with the 
above properties is 2”, where r is the number of distinct prime factors of 


I/d. 


14. Determine the highest power of the prime number p which divides 
n'. 


15. Show that the product of n successive integers is a multiple of n!. 


16. If pis a prime number, prove that the binomial coefficients , , with 


1 <k < p, are multiples of p. More generally, if 1 << k < p”™, m > 1, if 


p’ divides k but p”*! does not divide k, then p™~" is the exact power of p 
mm 


dividing 


17. The Fibonacci numbers 1, 1, 2, 3, 5, 8, 13, 21, 34,... are defined 
inductively by the relation 


An = An—1 + Gn—2 for n>2 (with ay = 1, ag = 1). 
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Prove: 


(a) Two consecutive Fibonacci numbers are relatively prime. 


(b) a% — Gn—1dn41 = (-1)""! forn > 1. 


18. The Lucas numbers 1, 3, 4, 7, 11, 18, 29, 47, ... are defined 
inductively by the relation 


bn = bn—1 + bn_-2 for n>2 (with b} = 1, be = 3). 
Prove: 


(a) Two consecutive Lucas numbers are relatively prime. 
(b) b% — bp—ibp41 = 5(—1)"_ for every n > 1. 


19. Let a, denote the nth Fibonacci number and 0b, the nth Lucas 
number. Prove: 


(a) 2a€min = Ambn + Anbm. 
(b) b? — 5a% = 4(-1)" and bnsiby — 5an41Gn = 2(—1)”. 
(c) a, and b, have the same parity. 

) 


(d) If they are both odd then gcd(an, by) =1; otherwise, gcd(an, b,) = 
2. 

(e) If m divides n then a,, divides an. 

(f) If ged(m,n) = d then gced(am, an) = ag. 

(g) Ifg 


cd(m, n) = 1 then aman divides Amn. 


20. Let K bea field. Prove (Euclidean algorithm): 


(a) If f, g are nonzero elements of K [x], there exist g,r € K[z]|, such 
that f = qg+r, where r = 0 or deg(r) < deg(g). If @’,r’ € K[z] 
are such that f = q’g+1r’ with r’ = 0 or deg(r’) < deg(g), then 
q=q' andr=r’. 


(b) K[x] is a principal ideal domain. 


21. Show that every principal ideal domain is a unique factorization 
domain. 


22. If f = anX” + an1X" 1 +--+ + aq € ZX], let y(f) = 
gcd(ao,@1,--.,@n) be the content of f. We say that f is primitive when 
y(f) = 1. Prove Gauss’ lemma: If f,g € Z[X] are primitive polynomials 
then fg is also primitive. 


23. Show that if f,g € Z[X] then their contents satisfy y(fg) = y(f) - 
(9): 
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24. Show that if f € Z[X] is a primitive polynomial then it is the product 
of primitive polynomials which are irreducible; this decomposition is unique 
(up to the order of the factors and their signs). 


25. Show that if f € ZX] then it may be written in a unique way (up 
to the order of the factors and up to signs of h;) in the form 


f = =pipe:::prhihe---hs, 


where each p,; € Z is a prime number and each h; € Z[X] is a primitive 
irreducible polynomial. 


26. Show that if f € ZX] is irreducible in Z[X] then it is also irreducible 
in Q[X]. 


27. Generalize Exercises 22 through 26, replacing Z by any unique fac- 
torization domain R. Conclude that if R is a unique factorization domain 
then R[X] is also a unique factorization domain. 


28. Prove that if R is a unique factorization domain and if (X;);e7 is any 
family of indeterminates, then R[X;];e7 is a unique factorization domain. 


2 


Commutative Fields 


For the convenience of the reader we recall some definitions and facts about 
commutative fields. 


2.1 Algebraic Elements 


Let L be a field, K a subfield of L. 

The element x € L is said to be algebraic over K when there exists a 
nonzero polynomial f, with coefficients in K such that f(x) = 0; dividing 
by the leading coefficient, we may assume that f is monic. In other words, 
there exist elements a},...,@n, € K (with n > 0) such that 2” +a ,x2""!4+ 
--- +a, =0. 

If x € L but z is not algebraic over K, we say that it is transcenden- 
tal over K. 

We shall be mainly concerned with algebraic elements. 

If x € L, Kx] shall denote the subring of L of all elements of the form 
> ,-9 Ciz* where m > 0, c; € K fori =0,1,...,m. 

Ifx € Lis algebraic over K let J = {f € K[X]| f(x) = 0}. J contains a 
unique monic polynomial fo = X" +a,X"~!+.---+ 4a, of smallest degree; 
fo is irreducible over K and if r # 0 then a, # 0. A polynomial f belongs 
to J if and only if f is a multiple of fo. Thus J is the principal ideal of 
K |X] generated by fo and since fo is irreducible, J is a maximal ideal. The 
polynomial fo defined above is called the minimal polynomial of x over K. 
Its degree is called the degree of x over K. 

The set of elements {1,2z,...,2"~1} is a basis of the K-vector space 
K [x]. Indeed, x” is expressible in terms of the lower powers of x because 
rz" +a,c2"~!+---+a, = 0. On the other hand, no relation with coefficients 
in K may exist between 1, xz, ..., x”~', because fp is a polynomial of 
minimal degree in the ideal J. 

The mapping y : K|X] — K{[z], defined by y(f) = f(x) for every poly- 
nomial f € K[X], is a ring-homomorphism with kernel J, and K[X]/J = 


13 
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K(x]. Since J is a maximal ideal then K|z] is a field. Explicitly, if « 4 0, 
then x is invertible in K |x], namely 


x: [—az l(a"! + ayer 2 fee. + An—-1)| = 1. 


2.2 Algebraic Extensions, Algebraically Closed Fields 


Let L be a field, K a subfield of L. If every element of L is algebraic over 
kK, then L is said to be an algebraic extension of K. Otherwise, L is called 
a transcendental extension of K. 

If the K-vector space L is of finite dimension n = [L : K], we say that 
n is the degree of L over K. 

If K is a subfield of L, if S is any subset of L, we denote by K(S) the 


smallest subfield of L which contains K and S. If S = {2,...,¢n}, we 
write K(x1,...,%,). L is said to be finitely generated over K if there 
exist elements 71,...,2n € DL such that LD = K(a,...,2,). We say that 
L is obtained from K by adjoining 7,..., Ln. 


Every extension of finite degree must be algebraic and finitely generated; 
the converse is also true. 

If K is a subfield of L, and S a set of elements of ZL which are algebraic 
over K, then K(S) is an algebraic extension of K. In particular, the set 
of all elements of L which are algebraic over K is itself a field, called the 
algebraic closure of K in L. 

More generally, Steinitz’ theorem states: given any field K there exists a 
field K with the following properties: 


(a) K is an algebraic extension of K. 


(b) 
(c) 


If L is any algebraic extension of K then L = K. 


If K is any field satisfying properties (a), (b) above, then there 


exists a K-isomorphism between K, K (that is, an isomorphism 
leaving invariant all the elements of the subfield 1). 


K is called the algebraic closure of K. 

Any field satisfying property (b) only of K is called an algebraically clo- 
sed field. This implies that if f is a polynomial with coefficients in K C K, 
then all its roots belong to K; also, if L is any algebraic extension of K, 
then there exists a K-isomorphism from L onto a subfield of K. Thus, 
for the purpose of studying algebraic extensions of K we may restrict our 
attention to the subfields of an algebraic closure K. We note also that if 
L is an algebraically closed field containing K, if K is the subfield of all 
elements of L which are algebraic over K, then K is an algebraic closure of 


K. 


2.3 Algebraic Number Fields 
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A very important theorem (sometimes called the F'undamental Theo- 
rem of Algebra) states that the field C of complex numbers is algebraically 
closed. 

We say that a complex number z is an algebraic number if it is algebraic 
over the field Q of rational numbers. The set A of all algebraic numbers is 
a field, which is an algebraic closure of Q. 

Let us note that [A : Q] = oo, since by Eisenstein’s irreducibility cri- 
terion there exist irreducible polynomials of arbitrary degree over Q (for 
example, X” — p, where p is any prime number). Every algebraic extension 
of finite degree over Q is called an algebraic number field, or simply a 
number field. 

It is an easy matter to show that the field A must be countable. Since 
C is not countable, there exist uncountably many transcendental complex 
numbers (for example, 7, e). Hermite showed in 1873 that e is transcen- 
dental, while Lindemann proved the transcendence of 7 in 1882. Hilbert, 
Gelfond, and Schneider gave more recent proofs (see Lang [16, Appendix]). 


2.4 Characteristic and Prime Fields 


Let K be a field, let 1 denote its unit element; for every integer n > 0, let 
n-l1=1+---+1 (n times). If n-1 #4 0 for every n > 0, we say that K 
has characteristic 0. If n > 0 is the smallest integer such that n-1 = 0, 
then we say that K has characteristic n; it is easily seen that n must be 
a prime number n = p. 

The field Q of rational numbers has characteristic 0. For every prime p, 
the field F, of residue classes modulo p, namely F, = {1, 2,...,p — 1} has 
characteristic p (see Chapter 3). 

If K is any field, the intersection of all its subfields is again a sub- 
field, called the prime field of K. It is isomorphic to Q when K has 
characteristic 0, or to F, when K has characteristic p. 


2.0 Normal Extensions, Splitting Fields 


Let K be a field and K an algebraic closure of K. The elements z, 2’ ¢ K 
are conjugate over K whenever they have the same minimal polynomial 
over kK. This happens if and only if there exists a K-isomorphism o from 
K(x) onto K(2") such that o(2) = x’. 

Let L, L' be extensions of K contained in K. We say that L, L’ are 
conjugate over K if there exists a K-isomorphism o from L onto L’. 

If [L : K] is finite the number of K-isomorphisms from L into an 
algebraic closure K of K is at most equal to the degree [L : K}. 
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If L is equal to all its conjugates over K, then L is said to be a 
normal extension of K. For example, K is a normal extension of K. Every 
extension of degree 2 is also normal. 

A typical normal extension of K is obtained by considering an arbitrary 

polynomial f € K{X] and adjoining to K the roots of f. The resulting 
field L is equal to all its conjugates over K, hence it is a normal extension 
of K. It is called the splitting field of f over K. 
_ Conversely, if L|K is a normal extension of finite degree, then LD = 
K(a1,...,2%n), where 41, ..., XY, are algebraic elements. If f; is the mi- 
nimal polynomial of x; over K and f = fi - fo--- fn then all the roots of 
f are still in L, so L is the splitting field of f. 

Given any field L,K C L C K, the intersection L’ of all normal ex- 
tensions of K between L and K is the smallest normal extension of K 
containing L and contained in K. If L has finite degree over K then L’ has 
also finite degree over K. 

If L is a normal extension of K, the set of K-automorphisms of L forms 
a group (under composition), which we denote by G(L|K). 


2.6 Separable Extensions 


Let K C L CK where [L : K] < 00; we say that L is separable over K if 
the number of distinct K-isomorphisms from L into K is exactly equal to 
the degree [L : K]. More generally, if L is any field, K C L C K, we say 
that DL is separable over K if every subfield F’ of L, such that F’ contains 
K and |F : K] < ov, is separable over K (in the sense just defined). 

In particular, the algebraic extension L = K(x) is separable over K 
whenever x has n = |[L : K] distinct conjugates over K. In this case, we 
say that x is a separable element over K. 

It follows that an algebraic extension DL of K is separable if and only if 
every element zx of L is separable over K. 

If K is a field of characteristic 0, all the roots of any irreducible polyno- 
mial f over K are necessarily distinct. Hence every algebraic extension of 
a field of characteristic 0 is separable. 

If L is a separable extension of finite degree of a field K, then there exists 
an element t in L such that L = K(t); t is called a primitive element of 
L over K. In particular, this theorem holds when kK = Q. 

If L is an algebraic number field of degree n over Q, we have L = Q(t), 
where t has a minimal polynomial f with coefficients in Q and degree n. 
Let t; = t, to, ..., ty, be the roots of f, which belong to C. If ¢; is not 
a real number, then its complex conjugate t; is also a root of f; thus the 
nonreal roots of f occur in pairs. 
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Let r,; denote the number of real roots of f, let 2rz2 denote the number 
of nonreal roots of f; then 


N=71 + 272. 


An element x € K is called totally positive if all its real conjugates are 
positive. Thus, if an element has no real conjugates, then it is totally 
positive. 


2.7 Galois Extensions 


An algebraic extension L over K is said to be a Galois extension whenever 
L is normal and separable over K. If A has characteristic 0, this means that 
L is a normal extension over K. The group G(L|K) of all K-automorphisms 
of a Galois extension L of K is called the Galois group of L over K. It is 
denoted also by Gal(L|K’). If |Z : K] = n then G(L|K) has precisely n ele- 
ments. L is called an Abelian extension (respectively, a cyclic extension) 
of K when its Galois group is Abelian (respectively, cyclic). 

If f € K[X] is a polynomial having distinct roots x1, ...., ©, then 
K(21,...,%n)|K is a Galois extension and its Galois group is called 
the Galois group of f over K. 

Let L be a Galois extension of finite degree of K, let G = G(L|K). If 
G’ is any subgroup of G, let us consider the subfield f7(G’) of all elements 
x € L which are invariant under G’ (that is o(x) = x for every o € G’). 
Similarly, if A’ is any field, K C K’ C L, then L is a Galois extension 
of K’ and we may consider the Galois group gr(K’) = G(L|K’) of all 
K’-automorphisms of L. 

The fundamental theorem of Galois theory states: 


(a) G’ is equal to the Galois group G(L’|K’) where K’ = fi(G’), 
(b) K’ is the field of invariants of the group G’ = G(L|K’). 


Moreover, G’ is a normal subgroup of G if and only if the corresponding 
field K’ is a Galois extension of K. Then G(A"|K) = G/G’. 

Let K be an extension of K, let L, L’ be subfields of K containing K. 
The compositum of L, L’ in K is the smallest subfield of K containing L 
and L’. We denote it by LL’ or L’L. 

If L|K is a Galois extension, then the compositum LL’ is a Galois 
extension of L’ and G(LL’|L’) ~ G(L|L 9 L’). Explicitly, every (2 9 
L’)-automorphism of L may be uniquely extended to an L’-automorphism 
of LL’. 

If L|K and L’|K are Galois extensions, then the compositum LL’ is 
also a Galois extension of K. The mapping 0 € G(LL’|K) — (oz,01') € 
G(L|K) x G(L’|K) (where of, oy’ are the restrictions of o to L and L’, 
respectively) is a group-isomorphism onto the subset of all pairs (7, 7’) € 
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G(L|K) x G(L'|K), with thar: = Tr,,,- In particular, G(LL’|L 0 L’) = 
G(LIL OL’) x G(L'|LZ 0 L’). So, if LA L’ = K, we have 


G(LL'|K) = G(L|K) x G(L'|K). 


2.8 Roots of Unity 


Let K be a field and nm an integer, n > 0. An element x € K such that 
x” = 1 is called an nth root of unity. The set W, % of all nth roots of 
unity in K is a multiplicative group. If K is a subfield of L then Wy x is a 
subgroup of W,,,. lf m divides n then Wn K C WhrK. 

We denote by Wx the set of all roots of unity in K; that is, 


Wr = LU Wak: 


n>1 


Let x € Wx and let n be its order in the multiplicative group Wx, 
that is, the smallest integer such that 7” = 1. Then we say that x is a 
primitive nth root of unity. It is easily seen that if kK has characteristic 
p and x € Wx then its order n is not a multiple of p. 

To deal simultaneously with fields of any characteristic, it is customary 
to say that K has characteristic exponent 1 when its characteristic is 0, 
and characteristic exponent p when its characteristic is p. 

Let K be an algebraically closed field and let n be a natural number 
relatively prime to the characteristic exponent of K. Thus X” — 1 has 
exactly n distinct roots in K, which are the elements of the group W,, x. 
This group is cyclic, each generator being a primitive nth root of unity. 

If ¢ is such a generator then W, x = {¢€,¢7,09,...,C7 1,1}. C% is a 
primitive nth root of unity if and only if a, n are relatively prime. Thus the 
number of primitive nth roots of unity is equal to y(n), where y denotes 
Euler’s function (see Chapter 3, Definition 2). It follows that if D is a 
subfield of K then W,,,; is also a cyclic group and its order divides n. 

If ¢ is a primitive nth root of unity in K, then its conjugates over the 
prime subfield Ko of K are also primitive nth roots of unity. The polynomial 


Dn Ky — l] (X _ C*) 


gcd(a,n)=1 
l<a<n 


is called the nth cyclotomic polynomial (over Ko). It has degree y(n). The 
coefficients of ®, %,, belong to Ko, since they are invariant by conjugation. 

If K has characteristic 0 it is known that ®, g = ®, is irreducible over 
Q; that is, Q(C) has degree y(n) over Q (see Chapter 16, (B)). For example, 


©, =X —-1, 
®, = XP14 XP PL. + X41, 
Op = XP Nl) 4 ye (p-2) a XP 


2.10. Trace and Norm of Elements 19 


Moreover, 


xX" —1= ]] &. 
d|n 


since both sides are equal to the product of all linear factors X — C? for 
a=1,2,...,n. Thus X? —1=(X? = —1)®,. where k > 1. From this 
relation it is possible to compute ©®,, by recurrence. 

Q(C) is a Galois extension of Q, having a Galois group isomorphic to the 
multiplicative group P(n) of prime residue classes modulo n (see Chapter 
3). Q(C) is therefore an Abelian extension of Q. 

It is worth mentioning that if p does not divide n it may occur that ©,, F, 
is reducible over F,. 


2.9 Finite Fields 


We describe now the finite fields. If K is a finite field, it has characteristic 
p (for some prime p), and the number of its elements is a power p”,n > 0. 
Precisely, n is the degree of K over the prime field F,. For every n there 
exists exactly one field with p” elements, which we denote by F,». Its 
nonzero elements are the roots of X?’~! — 1 and Fy» = F,(C), where ¢ is 
a primitive (p” — 1)th root of unity. 

F. is a Galois extension of F, with a cyclic Galois group. A canoni- 
cal generator of G(F,.|F,) is the Frobenius automorphism o, defined by 
o(x) = x” for every x € Fon. 

In particular, if m divides n, then Fp. is a Galois extension of Fp» with 
a cyclic Galois group generated by 0”, where a(x) = x?” for every 
LE Fyn. 


2.10 ‘Trace and Norm of Elements 


Let K bea field, and let L be a separable extension of degree n. Thus there 
exist n distinct K-isomorphisms o, = « (identity), 02, ..., On of L into 
an algebraic closure K of K (which may be assumed to contain L). 

If x € L the trace of x (relative to K) is defined as 


TrpjK(x£) = » o;(x) 


and the norm of x (relative to K’) is 


nr 


Nyx (x) = I] o;(x). 


i=l 
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If x is a primitive element of L|K, if f = X" +a,X""!+---+ a, is 
the minimal polynomial of x over K, then Trzj)4 (x) = —a1, Nrjx(x) = 
(—1)"an. 

Among the properties of the trace and norm, we note 


Trp (@ + y) = Tryx (2) + Trix (y); 
Nr« (ry) = Naw (2)- Nryx(y). 


Ife ¢ K then Try)% (2) = naz, NyjxK(x) = ”. If K C L C L’ are fields 
and L’ is separable over K, then we have the transitivity of the trace and 
the norm 


Trp (Trp 1 (2)) — Trp K(x) 


and 


Ny (Nit (2)) = NiyK (2). 


If L|K is a separable extension, there always exists an element x € L 
such that Trz)« (x) # 0. 

Indeed, since Trz)x(1) = [L : K]-1, if AK has characteristic 0 then 
Trrj«4(1) # 0. Similarly, if AK has characteristic p and p does not divide 
|\L : K| then Tr;)%(1) 4 0. The remaining case, where K has characteristic 
p and [L : K| is a multiple of p, requires a nontrivial proof based on 
Dedekind’s theorem on independence of the K-isomorphisms of L. 

Ifo, ..., On are the K-isomorphisms from L into an algebraic closure 
K of K, if x1,...,2, € K and ond r,0; — 0 (null mapping from L to K) 
then necessarily 7} = --- = @, = 0. 

It is also useful to know that if L|K is a separable extension of finite 
degree n and the characteristic of K does not divide n, then there exists a 
primitive element ¢ such that Tr;)«(t) = 0. 


2.11 The Discriminant 


We shall now consider the notion of the discriminant. 
Let L|K be a separable extension of degree n and let (1),...,2,) be an 
n-tuple of elements in L. We define its discriminant (in L|K) to be 


discry)_(@1,.-.,%) = det(Trz) x (2:2;)), 


that is, the determinant of the matrix whose (7, 7)-entry is equal to 


Trp) (24x;) for i,7 = 1,...,n. Thus, the discriminant belongs to k. 
If (x{,...,27,) is another n-tuple of elements in L, and ri = 0", ajay 
for all 7 = 1,...,n, where a,; € A, then 


discrz)x(@j,---,2,) = (det(a;;)|* - discrz)x(@1,---,2n)- 
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Another expression for the discriminant may be obtained in terms of the 
K-isomorphisms 0], ..., On of L: 


discrz)_(21,---,2n) = [det(o;(x;))]°. 


In order that 21,...,2%, ©€ JL be linearly independent over K it is 
necessary and sufficient that discr;)_(11,...,%n) # 0. 

Consider the special basis {1,t,...,¢"~} where t is a primitive element, 
CL = K(t); we obtain 


diserz)q(1,t,...,t°-!) = [] (ti - t;)?, 
i<j 
where t; = t, to,...,tn are the conjugates of t. 
In this situation, it is customary to call the above expression the 
discriminant of t (over K). Thus, all the conjugates of t have the same 
discriminant. 


2.12 Discriminant and Resultant of Polynomials 


If f € K[X] is a polynomial of degree n, with roots 7,, ..., Zp and leading 
coefficient ag, we define the discriminant of f by 


: 2n—2 _ (n—- 1)/2, on 2 
discr(f) = ag [ [(@: = 25) )° = (-1)" []( i — Z;). 


t<J tJ 


Thus discr(f) € K and discr(f) 4 0 if and only if f has distinct roots. 
If t is a separable element over K and if f is its minimal polynomial, then 
discrz)~(t) = discr(f). 

It is important to compute the discriminant of an irreducible polynomial 
f = a9X" +a,X""!+---+ 4, without knowing a priori its roots. If p, = 
xt f++ + xk (where 21, ..., Lp are the roots of f) fork = 0, 1, 2, 
then pop = n, py; = —a/ao, and p2, p3, ... may be computed recursively 
(without computing the roots) by the well-known Newton formulas (see 
Exercise 17). Then 


Po P1 sc Pn-1 
Pi P2 -°° Pp 
diser(f) = ag"~* | , : 
Pn-1 Pn <°°* P2n-2 


In some cases, the computation of the above determinant is rather awk- 
ward. However, it is possible to compute the discriminant of f by the more 
direct formula 


diser(f) = (—1)"("—) 2a? Necayie(f/(2)), 


where z is any root of f and f’ is the derivative of the polynomial f. 
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Just like the discriminant of f detects if f has a multiple root, the re- 
sultant of two polynomials pinpoints when the polynomials are relatively 
prime. 

Let 

f =aX™ +a,X™ "+--+ + 4m, 


g = bo X™ +b,X" 1 +--+ + dn, 


with a;,6; € K, agbo # 0, and m,n > 0. 
The eliminant of f,g is the matrix with m + n rows and columns: 


ao aj Am 0 0 0 0 

0 ag Am-1 Am OO 0 0 
EURO) = |g ce ee ee ee ee be ee 

0 


es Se 


with n rows with the coefficients a; and m rows with the coefficients 6,. 

The determinant of this matrix is called the resultant of f, g and denoted 
by R(f,g); it is an element of K. 

Clearly, R(f, f) = 0. We extend this definition, letting R(f,bo) = 69° 
(where by) € K, m = deg(f) > 0) and R(ao, g) = ag (where ap € K, n = 
deg(g) > 0). 

Ifz1, ..., Lm are the roots of f and yj, ..., Yn are the roots of g, then 


As said, the vanishing of the discriminant of a polynomial f indicates if f 
has a multiple root, that is, f and f’ have a common root. More generally, 
we introduce the resultant of two polynomials to indicate if f, g have a 
common factor. 

Let K be any field. The polynomials f,g € K[X] are relatively prime if 
and only if R(f,g) 4 0. 

The discriminant of a polynomial f may be expressed in terms of the 
resultant of f and its derivative f’: 


R(f, f’) = (-1)™™~ 7 ao diser(f). 


We quote the following properties of the resultant. Let f,g,h,k € 
K[X], deg(f) = m, and deg(g) = n. Then: 


(1) R(g, f) = (-1)™" RF, 9). 
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(2) If deg(f) + deg(h) < deg(g) then R(f, 9) = R(f,g + fh). 
(3) R(hk,g) = R(h,g)- R(k,g), RUf, hk) = R(f,h)- RUF, -). 
(4) diser(fg) = (—1)” discr(f) - diser(g) - [R(f, 9)]°. 


2.13 Inseparable Extensions 


Even though almost all extensions considered in this book are separable 
we shall have occasion to deal with extensions, which are not separable. At 
that point the reader may wish to return to this section. 

Let K be a field and let x be algebraic over K. If the minimal poly- 
nomial f € K[X] of x over K has multiple roots, then zx is said to be 
anseparable over K. If an inseparable element exists, then the characteristic 
of K is not 0. 

An algebraic extension L|K is said to be purely inseparable if every 
x € L, x ¢ K is inseparable over K. If L|K is purely inseparable of finite 
degree, then [I : K] is a power of the characteristic p of K. Let L|K be 
any algebraic extension and let S be the set of all elements x € L which 
are separable over K—clearly S is a field and S|K is a separable extension. 
Then Lj|S is a purely inseparable extension. 

If F'|K is aseparable extension and L|K is a purely inseparable extension 
then LF|L is separable, while LF'|F is purely inseparable. Moreover if L| K 
and F'|K have finite degree then [LF': F] = [EL : K] and [LF : L]) =|F: 
K]. More precisely, a basis of the K-vector space F is also a basis of the 
L-vector space LF. 


2.14 Perfect Fields 


A field K is said to be perfect if K has characteristic 0, or if AK has cha- 
racteristic p # 0, for every element x € K there exists y € K such that 
y? = x. In this situation y is unique with the above property. We write 
kK = K? to express the above condition. 

All finite fields and algebraically closed fields (of any characteristic) are 
perfect fields. A field K is perfect if and only if every algebraic extension 
L|K is separable. Hence every algebraic extension of a perfect field is again 
a perfect field. 

Every field K of characteristic p is contained in a unique minimal perfect 
field, which is a purely inseparable extension of K. 


2.15 The Theorem of Steinitz 
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If K is any field, if Ko is any subfield of K, then there exists a fa- 
mily (2;);e7 of elements in K, which are algebraically independent over 
Ko, such that K|Ko(2z;)ie7 is an algebraic extension. Thus Ko(2;)jer = 
Ko(Xi)ier where (X;);e7 is a family of indeterminates, because if 71,... 
lm € ZI, if f is a polynomial in Ko[T\,...,7m] such that f(a,,.... 
X;,,) = 0, then f = 0 (the zero polynomial). The family (2;);e7 is called a 
transcendence basis of K|Ko. Any two transcendence bases of K|Ko have 
the same cardinality, called the transcendence degree of K|Ko. 

If K, K’' are two algebraically closed fields, such that K|Ko and K’|Ko 
have the same transcendence degree, if (x;)je7 and (2;’);e7 are tran- 
scendence bases of K|Ko, respectively, of K’|Ko, if go : Ko(#i)ier 
Ko(2;')iez’ is any isomorphism of fields, then it may be extended to an 
isomorphism y: K > K’. 


2.16 Orderable Fields 


Let K be a field and let < be a total order on K, compatible with the 
operations. Then (K, <) is said to be an ordered field. Then K has chara- 
cteristic 0. If 0 < x we say that x is positive and if x < 0, z is said to be 
negative. 0 is the only element which is both positive and negative. Every 
element of K is either positive or negative. Every square is positive; but 
the converse need not be true. If K’ is a subfield of K and < is an order as 
above, its restriction to K’ is also a compatible order; we say that (K’, <) 
is an ordered subfield of (K, <). 

The field R of real numbers is ordered by letting « < y when y — z is 
a square in R. Thus, with the induced order, every subfield of R is also 
ordered. The above order on R is the only possible. Similarly, the ordinary 
order on Q is the unique compatible order. On the other hand, Q(/2) has 
the orders <, <’ where < is the restriction of the order of R and <’ is the 
order such that 0 <’ a + bV2 whenever 0 < a — bvV2. 

A field K is orderable if there exists a compatible order < on K. Clearly, 
if K is orderable then the following equivalent properties hold: 


(i) Ifa?+---+2% = 0 (eachaz; € K)thenz, = 22 =--- = 2p = 0. 
(ii) —1 is not a sum of squares in K. 


Artin and Schreier showed that if (i) or (ii) hold then K is orderable. 
Thus, the field C of complex numbers is not orderable, since —1 is a 
square. 


2.17 The Theorem of Artin. 
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Let L be an algebraically closed field and assume that it has a proper 
subfield K such that [L : K] < oo. Artin showed L has characteristic 
0, [L : K| = 2, K isa real closed field and L = K(/—1). 


EXERCISES 


1. Show that \/2 is not a rational number. 


2. Let m,n > 1 be integers. Show that {/m is a rational number if and 
only if m is an nth power of a natural number. 


3. Prove Eisenstein’s irreducibility criterion: The polynomial 
f — x” + An—-1X"* treet ayX + ao, 


with coefficients in Z, is irreducible over Q provided there exists a prime p 
dividing ao, ..., @n—1 but such that p? does not divide ao. 


4. Show that ®, = XP-' + XP-2 4... 4 X + 1 (where p is a prime 
number) is irreducible over Q. 


Hint: Apply Eisenstein’s irreducibility criterion to the polynomial 
®,(X + 1). 
5. Show that if p is a prime number then 
O, = xP (p-1) 4 xy e-2) 4 XP 
is irreducible over Q. 
6. Discuss whether the following polynomials are irreducible over Q: 
X34 X41; X44 X7241, X34 X24 X41, X84 X441, 
X4 — 4X? 4 8X — 4. 
7. Let kK C K' C K”" be fields. Show that [K” : kK] = [K" : K’)-[K’: 
K}. 


8. Let K C K’ C K” be fields. Show that K”|K is an algebraic 
extension if and only if AK’|K and K”|K’ are algebraic extensions. 


9. Prove that L|K has finite degree if and only if L is a finitely generated 
algebraic extension of K. 


10. Find the degree over Q of the following fields: Q(i, V3), where 


i=V-1,; Q((1+%)/2); Q(v2, V5, 10); Q(/2 + 2 + V2, 4). 
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11. Show that the following numbers are algebraic over Q, determine the 
minimal polynomial and the conjugates over Q: 


14 V2; V24+v2; 2+ V24+v2; 1-2V-1; V24+V34+ V5. 


12. Let L\|K be an algebraic extension. Prove: 


(a) if K is finite then L is countable; 
(b) if K is infinite then #(L) = #(K). 


13. Show that there exist uncountably many transcendental complex 
numbers. 


Hint: Use the previous exercise. 
14. Show that an algebraically closed field cannot be finite. 


15. Let X,, Xo, ..., X, be indeterminates and consider the symmetric 
polynomials 

8s) = X,4+ Xo4+---+ Xn, 

So = X,Xo 4+ X1X34+---4+ XoX3 +--+ 4+ Xn-1 Xn, 

s3 = X1X9X3 + X1X0X%4+--- 4+ Xn-2Xn-1Xn, 


Sh = S- X;,Xin°°: Xi, (where k < n), 


1p IQ <A 


Sn = X1X2°+: Xn. 


Show that if Y is any indeterminate then 


Y"—s,Y" 14 59¥"?—.--+(-1)¥ 8, ¥"-* +: --+(-1)"5n = [ [ (Y — Xz). 
k=1 


16. Let R be a domain. A polynomial f € R[X,,..., Xn] is said to be 
symmetric if for every permutation o of {1,2,...,n} we have 


f (Xo 1), Xo(2)1-+ +) Xo(ny) = f(X1, X2,---, Xn): 


Show that if f is a symmetric polynomial, there exists a polynomial g € 
R{[X1,..., Xn] such that f(X1,..., Xn) = g(S1, $2,..-5 $n). 


Hint: Define the weight of a monomial aX{'X5?---X*£" as being 
€,+2e2.+---+ne,,; define the weight of a polynomial as being the maximum 
of the weights of its monomials; the proof is done by double induction 
on n and on the degree d of f; consider f(X1,..., Xn—1,0), express it as 


Exercises 27 


gi(s}, $3,---,8)_,) where s?, s9, ..., s®_, are the elementary symmetric 


polynomials on the indeterminates X,, ..., X,—1; observe that 


gi(S1, SQ,.-.- ,S8n—1) 
has degree at most d in Xj, ..., Xn; then fi(X1,...,Xn) = f(X,..., 
Xn) — 91(S1,---,Sn—-1) has degree at most d and is symmetric; also 
fi(X%1,.-.,Xn-1,0) = 080 fy is a multiple of X, and by symmetry also 
a multiple of X,, X2--- Xn—1; define fo by fi = snfo hence its degree is 
less than d; continue by induction. 


17. Let pp = n and pp = XP 4+ X§ +.---+ Xk wherek > 1 and 
X 1, X2, ..., Xn are indeterminates. Prove the Newton formulas: 


(a) If k < n then 
Pk — Pk-181 + Pk-282 — + °° + (—1)*~!pisp—1 + (—1)*ks, = 0. 
(b) If k > n then 


Pk — Pr-181 t+ -°+ + (-1)"pe_nSn = 0. 


Hint: Let f(T) = [[j_,(f — Xi), where T is a new indeterminate; 
write the quotient f’(T)/f(T) as a rational fraction in T, X,, ..., Xn 
(where f’ denotes the derivative of f with respect to T); then develop in 
formal power series and after multiplying both sides by f(7')/T”, equate 
the coefficients of equal powers of T. 


18. Let f = X°4+ X*—X +1 and let 21, x2, x3 be the roots of f in C. 
Determine z? + 23 + 23. 


19. Let K bea field of characteristic p. Show that the mapping 0: kK — 
Kk, defined by 0(x) = x? for every x € K, is an isomorphism from K into 
Kk. Moreover, if K is finite it is an automorphism. 


20. Show that if K is a field of characteristic p then K(X) is an 
inseparable extension of K(X”). 


21. Show that if K is a field of characteristic 0 and f € K(X] is an 
irreducible polynomial then its roots are all distinct. 


22. Let K be a field of characteristic p, f € K[X]| a polynomial such 
that there exists an integer e > 1, and a polynomial g € K[X] for which 
f(X) = g(X”’ ). Then every root of f has multiplicity at least p®. 


23. Show that if K is any infinite field and f € K[Xj,..., Xz], there exist 
infinitely many n-tuples x = (z,...,2%n) € K™ such that f(z1,...,2n) # 
0. 


Hint: Proceed by recurrence on n. 
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24. Let V be a vector space of dimension n over K; let Wi, ..., Wm 
be subspaces of V, distinct from V. Show that if K is an infinite field then 
W,U---UW,, # V. 


Hint: Use the previous exercise. 


25. Prove the theorem of the primitive element: If L is a separable ex- 
tension of finite degree over a field K, then there exists an element t € L 
such that LD = K(t). 


Hint: Consider first the case when K is finite; then, letting K be 
infinite, consider the sets {x € L | o,(x) = o;(x)} where o;, 0; are distinct 
K-isomorphisms from L into an algebraic closure of K; conclude using the 
previous exercise. 


26. Find a primitive element over Q for each of the following fields: 
Q(V2,7); QVv2, V3); QVv2+4+ V3, V2 —- V5). 
27. Determine the smallest normal extension K of Q containing V2; what 
is the degree of K over Q? Find a primitive element of K over Q. 
28. Give an example of an extension of degree 4 of Q which is not normal. 


29. Determine the Q-isomorphisms of the following fields: 


Q(V2); Q((1+2)/2); Q(Vv2, V3); Q(V2+ V3); Q(v24+ V2). 


30. Determine the Galois groups over Q of the following polynomials: 

X°4X41; X4-X%41, X3-2, xX%-1; X341, X4~-5. 
31. For each of the above polynomials, determine the subgroups of the 
Galois group and the corresponding fields of invariants. 


32. Determine the Galois group of (X? — p,)(X? — pa) --- (X? — py) over 
Q, where pi, po, ..-, Pn are distinct primes. 


33. If L is a finite separable extension of K, prove that there exist only 
finitely many fields K’ such that K C K’ C L. 


34. Determine which roots of unity belong to the following fields: 


R; Q(t); Q(Vv2); Q(V-3); Q(V—5). 


35. Let K bea finite extension of Q. Show that A contains only finitely 
many roots of unity. 
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36. Prove that if K is an algebraically closed field of characteristic 0 or 
p, then the group of nth roots of unity in K is cyclic. 


Hint: Let n = p{'p5? --- pS" be the decomposition of n into prime 
factors; let n; = n/p;; show that there exists x; € K such that 2? = 1 
but z;’ # 1; next note that ifm; = n/p;' then x; has order p;' for 
1 = 1,...,7r; conclude with Lemma 1 of Chapter 3; pay special attention 
to the case when K has characteristic p dividing n. 


37. Compute ®g, ®j9, and ®j. 


38. Prove that ®, g is a monic polynomial with coefficients in Z. 


Hint: Use the expression for X” — 1 as a product of cyclotomic 
polynomials. 


39. Prove that ©, g is irreducible over Q. 


Hint: Let f be the minimal polynomial of ¢ over Q; by Gauss’ lemma 
f © ZX] and ©, = f -g, with g € Z[X] monic. Show that for every 
prime p, not dividing n, it must be f(¢?) = 0; if this is not true, consider 
h = g(X°”), deduce that f divides h, and conclude that ®,,, reduced modulo 
p, would have a double root. Show that this is not the case. 


40. Let ¢ be a primitive nth root of unity. Show that Q(C¢) is a Galois 
extension of degree y(n) over Q and that Gal(Q(C)|Q) is isomorphic to the 
group P(n) of residue classes @ modulo n, where a is an integer relatively 
prime to n (see Chapter 3). 


Hint: Use the previous exercise; then consider the mapping 6 : 
Gal(Q(¢)|Q) — P(n), defined as follows: if o(¢) = ¢*% then 6(c) = G. 


41. Let p be a prime not dividing n. Show that ©, pf, is irreducible over 
F, if and only if the class of p modulo n has order y(n) in the multiplicative 
group P(n) of prime residue classes modulo n. 


Hint: ©, 7, is irreducible if and only if [F,(¢) : Fp] = y(n), and 
using a property of finite fields, this means that y(n) is the smallest integer 
such that n divides p®™ — 1. 


42. Show that ®g , is reducible over F7 and find its decomposition. 


43. Show that ®1,2 is reducible over the fields Fs, F7, Fi, Fi3 and find 
in each case its decomposition into irreducible polynomials. 


44. Determine the minimal polynomial over F3 for a primitive eighth root 
of unity. 


45. Determine the minimal polynomial over F2 for a primitive seventh 
root of unity. 
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46. Let K be a finite field. Show that every element of K is the sum of 
two squares of elements of K. 


47. Let L|K be a separable extension of degree n, and assume that the 
characteristic of K does not divide n. Show that there exists t € L such 
that LD = K(t) and Trz)x(t) = 0. 


Hint: If L = K(t') and X" + a,X"! 4+.---+ a, is the minimal 
polynomial of t' over K, show that t = t’ + a,/n satisfies the required 
property. 


48. Prove the following theorem of Warning and Chevalley: 
Let K be a finite field of characteristic p, let f € K[X1,...,Xn] be a 
polynomial without constant term, of degree d < n. Then the number of 


zeros of f in K is a multiple of p; in particular, there exist 71....,7, € K, 
not all x; being equal to zero, and such that f(a%1,...,2%n) = 0. 
Hint: 


(a) Let g = Xf'---X8 (with 0 < SO", a; < (q — 1)n), where 
q = p = #(K); show that doen, g(x) = 0 by computing 
ye x y° for different values of the integer a > 0. 


(b) Note that the number N of zeros of f in K is given by 
N= So [l= f(x) "] = - S© f(x)? (mod p) 
rek” xrek" 


and then apply (a) for the monomials of f?~!. 


49. Determine the discriminant of the following polynomials: aX? + bX + 
ec aX?+bX*24+cX% 4d, aX44+6X24 cx? +dX +e. 


Hint: Use the Newton formulas. 


50. Prove that if f € K[X] is a monic irreducible polynomial of degree 
n, if t is any root of f and f’ is the derivative of f, then 


discr(f) = (—1)r™-D/2 NK (f'(t))- 


Hint: Let t = tj,...,tn be the conjugates of t over K, compute 
explicitly f’(t;) and compare its values with discr(f). 


51. Determine the discriminant of ®, g. 


Hint: Use the previous exercise. 


52. Let K bea field and K an algebraic closure of K. 
Prove that the subfield generated by the union of all Abelian extensions 
of K is an Abelian extension K’ of K; it is called the Abelian closure of 
K. 
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53. Let A be an integral domain and let R(f,g) be the resultant of 
polynomials f,g € A[X] as defined in Chapter 2, Section 11. Denote 
n = deg f, m = deg g. Show: 

(a) R(g, f) = (-1)™" RUF, 9). 

(b) Ifh € A[X] then R(f, gh) = R(f,g)- R(f, h). 

(c) If F(X) = ao [4 (X — a4) and 9(X) = bo [1% 4(X — B;) then 


R(f,g) = ag" [ooo = = ayrog TT £08) 
j=l 


(a; — (3; ). 


_ ,~mpzn 
= ag bo 


—." 
3 


& 
ua 


1 


a 


54. Let f(X) =X" +a,X"'+---+ a, with n > 1 (ay,...,G@n are in 
an integral domain). Let f’(X) denote the derivative of f(X). Show that 
the discriminant of f(X) (as defined in Chapter 2, Section 11) is equal to 


(—1)"- DPR, f). 


Part One 


In Part One we discuss facts from the Arithmetic of rational integers of 
an elementary nature, mainly residue classes and quadratic residues. It is 
appropriate to establish the main results about finite Abelian groups, which 
will be used throughout this book. 

If x, y are rational numbers, we say that x divides y if there exists an 
integer n € Z such that nx = y. We write x|y to express that x divides y 
and zfy if x does not divide y. 

If p is a prime number, z is a rational number, m € Z and if p™|z but 
p™tttx (so x # 0), we write p™||x and also vp(x) = m. We call vp(x) the 
p-adic value of x. By convention, vp(0) = +oo. It is clear that vp(ry) = 
Up(X) + Up(y), Up(x + y) = min{vp(z), vp(y)}, and if up(x) < up(y) then 
Up(x + y) = Up(zx) (we also used the convention that +oo + m = +00 for 
every m € Z). 

We have devoted our book (see Ribenboim [26]) to the study of p-adic 
valuations and more general types of valuations. 
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Residue Classes 


3.1 Congruences 


In this chapter, we study residue classes modulo a natural number. This 
leads to the consideration of groups. Therefore it is convenient to recall 
that if G is a finite group, the number of elements of G is called the order 
of G, denoted by #(G). 

If G is an additive group, if g € G and there exists m > 1 such that 
mg = O, then the order of g is the smallest m > 1 with the above property. 
For a multiplicative group, the order of g is the smallest m > 1 such that 
g™ =e, where e denotes the unit element of G. For a finite group G every 
element g has an order. 

Lagrange’s theorem asserts: 


If G ts a finite group, then the order of each element of G divides the 
order of G. 


Definition 1. Let m be a positive integer. We say that the integers a, b 
are congruent modulo m if they leave the same remainder when divided by 
m. We write a = b (mod m) to express this fact. It is equivalent to saying 
that m divides a — 6. The relation of “congruence modulo m” is reflexive, 
symmetric, and transitive; that is, it is an equivalence relation. 

The equivalence class of a modulo m is the set @ = {a+ km|k € Z}. 
@ is called the residue class of a modulo m. Let Z/m denote the set of 
equivalence classes modulo m. 

Ifa =a’ (mod m), b = bt’ (mod m), then a + b = a’ + b’ (mod m), 
a-b = a’-b’ (mod m). Hence we may define the addition and multiplication 
of equivalence classes: @ + b = a + 6, @:-b =a.- b. With these operations, 
ifm > 1 then Z/m is a ring. Its unit element is 1 = {a € Z| a = 1 
(mod m)}. 

It follows that the mapping a — @ is a ring-homomorphism from Z onto 
Z/m. The kernel of this homomorphism is (m) = Zm (the ideal of multiples 
of m). So Z/m is the quotient ring of Z by the ideal (m), and we may also 
use the notation Z/(m). 
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The additive group of Z/m is cyclic with m elements, generated by 1. 

In fact m-1 = 0 (m-1 denotes 1+1+---+1, m times) and ifn-1 = 0 
then n is a multiple of m. 

Conversely, we have the following result: 


A. Every cyclic group with m elements 1s isomorphic to Z/m. 


Proof: Let G be a cyclic group (written additively) with m elements. Let 
g be a generator of G and consider the mapping 8 : Z — G defined as 
follows: 6(n) = ng for every n € Z. Then @ is a group-homomorphism onto 
G; we have ng = 0 (in G) if and only if n is a multiple of m, because g has 


order m. Thus, the kernel of 6 is (m) and so G = Z/(m). a 
Now, we shall determine all the generators of the cyclic group Z/m. 


B. Let a be a positive integer; then @ is a generator of Z/m if and only 
ifa, m are relatively prime. 


Proof: Let @ be a generator of Z/m and let d = gcd(a,m) (the greatest 
common divisor of a, m). Then 


a 
—-a=m- 7 = 0 (mod m). 
Since @ has order m, then m divides m/d, that is, d = 1. 
Conversely, if gcd(a,m) = 1 and m’ is the order of @, then m divides 
m’a (because m’a = 0 (mod m)) and therefore m divides m’. On the other 
hand, ma@ = 0, so the order m’ of @ divides m. Thus m’ = m. a 


We are interested in counting the generators of the additive group Z/m; 
this number depends on m, and we may introduce the following definition: 


Definition 2. For every m > 1, let y(m) denote the number of integers 
a, 1<a<_™m, such that gcd(a,m) = 1. 

y is called the Euler function or totient function. Thus, y(m) is the 
number of generators of the additive group Z/m. For example, y(1) = 
1, y(2) = 1, y(3) = 2 and, more generally, for every prime p, y(p) = p—1. 
In order to determine y(m), for an arbitrary m > 1, we shall prove some 
interesting results about residue classes. 


Theorem 1. Let m = []j_, p;' be the decomposition of m > 1 into 
prime powers (with e; > 0 fori = 1,...,r). Then there exists a ring- 
isomorphism 


6:Z/m > ] | 2/2: 
i=l 


(Cartesian product of the rings Z/p;' fort =1,...,r). 


Proof: Let 6: Z — [],_, Z/p;' be the mapping defined as follows: 
O(n) = (4,...,V,~) where 1; denotes the residue class of n modulo pj’. 
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6 is a ring-homomorphism whose kernel is equal to the ideal (m) of 
multiples of m, because n is a multiple of m if and only if n is a multiple 
of each p;' (¢ = 1,...,r). Thus @ induces a one-to-one homomorphism 0 
from Z/m to [[;_, Z/p;'- 

Finally, the number of elements in [[;_, Z/p¢' is [];_, psi = m. Thus 6 
maps Z/m onto [[;_, Z/p¥'. | 

As a corollary we have the so-called “Chinese remainder theorem” below. 


C. Given r > 1 distinct prime numbers pi, ..., Pr, given integers 


ey > 1, ..., ef > 1 anday,,...,a, € Z, there exists n € Z satisfying all 
the congruences 


n =a; (mod p;') for i=1,...,r. 


Moreover, n’ € Z satisfies the above congruences if and only if 


, 
nr=n (mod [[*%'). 
w=1 


Proof: Let v; be the residue class of a; modulo p;', let v € Z/m be 
the unique residue class modulo m such that @(v) = (41,...,v,). Then n 
satisfies the congruences 


n =a; (mod p;') for i=1,...,r 


if and only if v is the class of n modulo m. The last assertion is obvious. 


a 
In order to determine y(m), we consider the set P(m) of all nonzero 
residue classes @ modulo m, where gcd(a,m) = 1. These are called the 


prime or irreducible classes modulo m, and P(m) has therefore y(m) 
elements. We also use the notation (Z/m) for P(m). We remark that if 
a € P(m) then every element a + km in the class @ is relatively prime to 
m. 


D. P(m) is the multiplicative group of all invertible elements of the ring 
Z/m. 


Proof: Let a € Z be such that gcd(a,m) = 1. Then there exist integers 
s, t such that s-a+t-m = 1. Hence $-@ = 1 and Gis invertible in the 
ring Z/m. 
Conversely, if @ € Z/m is invertible in the ring Z/m, then 3 -@ = 1 (for 
some s € Z), so sa = 1 (mod m) and gcd(a,m) = 1, that is, @ € P(m). 
It is easy to see that in any ring the set of all invertible elements 
constitutes a multiplicative group. Thus, P(m) is a multiplicative group. 
a 


Let us note in particular that Z/p is a field (when p is prime), since every 
nonzero residue class modulo p is invertible. Actually Z/p is the prime field 
of characteristic p, and as such we denote it also by F,. 
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As a corollary, we obtain the following congruence (from Euler): 
E. If gcd(a,m) = 1 then 
a?(™ = 1 (mod m). 


Proof: Since a € P(m), a multiplicative group of order y(m), then by La- 
erange’s theorem on finite groups a°'™) = I, that is, a®“™) = 1 (mod m). 


| 
In particular, for any prime number p we have (Fermat) 


aP-' = 1 (mod p). 


F. If m = py! --- pS" is the prime-power decomposition of m, then 


and 


p(m) = Iv op") = mI (1-5) 


Proof: We consider again the ring-isomorphism 6 : Z/m-—> [];_, Z/p;' of 
Theorem 1. A residue class @ modulo m is invertible if and only if its image 
6(@) is invertible in the Cartesian product of rings Z/p‘‘; in other words, 
each component of 8(@) is invertible in the corresponding component Z/p‘'. 
Thus 6(P(m)) = [];_, P(p§‘), proving the isomorphism of multiplicative 
groups P(m) = [];_, P(p;*). 

By counting the number of elements in these groups it follows that 
p(m) = []i-1 9(p;'). 

To evaluate y(p*) (for a prime p and e > 1), we just note that if 1 < 
a < p*, gcd(a,p*) = 1 then a is not a multiple of p, and conversely. 
Thus P(p*) has p® — p®~! elements; that is, y(p*) = p®{1 — (1/p)]. Hence 
e(m) = [Tiny PF + Taf} — /p)) = m Tia [1 — (1/p%)]. 2 

Incidentally, if ged(m,n) = 1 then y(mn) = y(m) - y(n), as follows 
immediately from the above. We express this fact by saying that y is a 
multiplicative function. 

The Euler function also possesses the following interesting property: 


G. Ifn > 1 thenn = dian P(d) (the sum being taken over all divisors 
d> 1 ofn). 


Proof: Let S = {1,2,...,n} and, for each divisor d > 1 of n, let C(d) = 
{s € S| gcd(n,s) = d}. This gives rise to a partition of S into pairwise 
disjoint subsets. Therefore n = #5 = ain #-C(d). Now, if n = dd’ then 
s € C(d’) if and only if s/d’ < n/d' = d and gcd(s/d’,d) = 1. Thus, the 
number of elements in C(d’) is equal to p(d); therefore n = ) 74, y(d). 
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Up to now, we have studied the additive group of residue classes modulo 
m, which is cyclic; its generators are the elements of the multiplicative 
group P(m). 


3.2 The Group of Invertible Residue Classes 


In the sequel, we shall study the structure of the group P(m). First, we 
point out another way of describing P(m): 


H. The group Aut(Z/m) of automorphisms of the additive group Z/m 
1s tsomorphic to P(m). 


Proof: We will show that the ring of endomorphisms End(Z/m) of the 
additive group Z/m is isomorphic to the ring Z/m. Since Aut(Z/m) is just 
the group of invertible elements of End(Z/m), then the conclusion follows 
from (D). 

Let 9: End(Z/m) — Z/m be defined by 6(f) = f(1). Evidently 6(0) 
0 and Of + 9) = (f + 9)(1) = f(1) + 911) = Of) + Ag) so @ is 
homomorphism of additive groups. The kernel of 6 is 0, for if f(1) = 
and n > 0 then f(7) = f(n-1) = n- f(1) = 0, so f = 0. Thus @ is a 
one-to-one mapping. Moreover, given @ € Z/m if we define h : Z/m — 
Z/m by h(b) = @-b then h € End(Z/m) and 6(h) = h(1) = G@. Thus 
@ is an isomorphism of additive groups. Clearly the image of the identity 
automorphism of Z/m is the unit element 1. 

It only remains to show that @ preserves multiplication. Accordingly, 
suppose that 0(f) = a, 0(g) = 6 with a,b > 0; then O(f - g) = f(g(1)) = 
f(b) = f(ob-1) = b- f(1) =b-a@=b- Gas desired. a 


olin il 


In view of (F), it suffices to study the groups P(p*), where p is a prime 
number, e > 1. For this purpose, we require two lemmas from the theory 
of groups. 


Lemma 1. Let G be a multiplicative group, let x,y € G be elements 
such that x-y = y-x, and the orders h of x and k of y are relatively prime. 
Then the order of x - y 1s kh. 


Proof: From x-y = y-x we deduce (x-y)"* = (x”)* . (y*)* = e (identity 
element of G). Thus z - y has finite order | dividing hk. 

Since (x - y)' = 2! - y' = e then z! = y~!. The order of this last element 
divides both h and k, hence it must be 1 (because h, k are relatively prime). 
Thus x’ = y~! = e, so h divides |, k divides 1, and therefore hk divides l. 
This shows that x - y has order | = Ak. a 


The least upper bound of the orders of the elements of group G is called 
the exponent of G. If the exponent is finite, it is a positive integer, equal to 
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the maximum of the orders of the elements of G. By Lagrange’s theorem, 
if G is finite the exponent of G divides the order of G. 


Lemma 2. Let G be a multiplicative Abelian group with finite exponent 
g. Then the order of every element of G divides g. 


Proof: Let x be an element of order g and let y be an element of order k, 
not dividing g. Then there exists a prime p and integers n > m > 0, such 
that g = p'g’ (with p not dividing g’) and k = p"k’. Let ce’ = 2? , y’! = 
y®" so x’ has order g’ and y’ has order p”. 

By Lemma 1, x’y’ has order p"g’ > p™g’ = g, which is contrary to the 


assumption, thus establishing the lemma. | 


I. P(p) 1s a cyclic group. 


Proof: We know that P(p) has y(p) = p — 1 elements. It is enough to 
show that the exponent h of P(p) is equal to p — 1, so there will exist an 
element of order p — 1. 

As we said before, h divides p— 1. By Lemma 2, the order of every element 
of P(p) = F; divides h. That is, z” = 1 for every  € P(p). Therefore, 
every element of P(p) is a root of the polynomial X” — 1 € F,[X]. This 
polynomial has at most h roots; thus p—1 < h. This shows that h = p—1. 

a 


From the proof, it follows that every element of P(p) may be viewed as 
a (p — 1)th root of unity. 

Since P(p) is cyclic with p — 1 elements, it is isomorphic to the additive 
group Z/(p — 1) (by (A)), hence it has y(p — 1) generators (by (B)). Each 
generator of P(p) is called a primitive root modulo p. It is also customary 
to say that the integer z, 1 < x < p-—1, is a primitive root modulo p, 
when its class modulo p generates P(p). If % is a primitive root modulo p 
then x” is a primitive root modulo p if and only if gcd(h, p — 1) = 1. 

Let us remark that no quick procedure is known for the determination 
of the smallest integer a, 1 < a < p—1, such that @ € P(p) is a primitive 
root modulo p. See Ribenboim [25, Chapter 2, Section II Al. 

Next, we consider the groups P(p*), where e > 2. First, we treat the 
case where p # 2. 


J. Ifp # 2, e > 1, then P(p*) is a cyclic group and 
P(p*) = Z/(p — 1) x Z/p**. 


Proof: We may assume that e > 2. 

Let @ denote the residue class of a modulo p*, and @ the residue class of 
a modulo p. Let f : P(p*) — P(p) be defined by f(a) = a. It is obviously 
a well-defined group-homomorphism onto P(p). Its kernel is 


C= {ae P(p*)|a=1 (mod p)}. 
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C is a subgroup of P(p*) having order y(p*)/y(p) = p®~! because 
P(p°)/C = P(p). 


C' is a _cyclic group with generator 1+ p. It is enough to show that 
(1+ p)? ~ £1, that is, (1 + p)? * #1 (mod p °)-, This is true for e = 2 
and let us assume it is true for e—1, that is, (1 +p)P FH 1 (mod p*~!) and 
(1+p)? ~ = 1 (mod p*~?). Therefore (l+p)?  =1+4rp*~* wherer 4 0 
(mod p). Raising to the pth power, we have 


(1+ py" =14 (i) + (nee fees b rPyPle2) 


— |] 4 rp? 4 sp°. * 


Hence (1 + p)P- #1 (mod p*) and (1+ p)? = 1 (mod p®!). 

Now, let B = {@ € P(p*) | a?~! = 1}. B is obviously a subgroup of 
P(p*) and BNC = {1} since B has no element (except 1) of order a power 
of p. Thus P(p*) contains the subgroup BC = B x C. Then B has order 
at most y(p °)/p-* =p-1. 

We have a? €:~ B for every @ € P(p). Since f(a? oy = ap = @ then 
B contains the distinct elements 1”, 2? , ..., ative " (since they 
have distinct images by f). Thus B has p—-1 elements and P(p*) = BC = 
BxC. 


Finally, B is a cyclic group. Indeed, let 5 be a primitive root modulo p, 


then b? has order d dividing p — 1. From b? ~~ = b (mod p) it follows 
that b¢ = (b¢)P ~==1 (mod p) so p — 1 divides d, thus d = p — 1. 

By Lemma 1, P(p*) has an element of order (p — 1)p*~! = y(p°), so it 
is a cyclic group and is isomorphic to Z/(p — 1) x Z/p*!. a 


We need a special treatment for the case p = 2. 


K. P(4) = {1,3} is a cyclic group generated by 3. If e > 3 then 
P(2°) = Z/2 x Z/2°-? and is not a cyclic group. 
Proof: The first assertion is obvious. Let us assume e > 3. 

Let @ denote the residue class of a modulo 2° and @ the residue class of 


a modulo 4. Let f : P(2°) — P(4) be defined by f(@) = a. It is obviously 
a well-defined group-homomorphism onto P(4). Its kernel is 


C = {ae P(2°) |a =1 (mod 4)}. 


C is a subgroup of P(2°) having order y(2°)/p(4) = 2°? because 
P(2°)/C & P(A). | 

C is a cyclic group generated by 5. It is enough to show that 52 # 1. 
Indeed 52° * = (1+ g2y2°-° =1+42¢-%.2? £1 (mod 2°). 


* This is false if and only if p = 2 and e = 3. 
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We show now that P(2°) is isomorphic to the Cartesian product 
{1,-1} x C. 


Let 6: P(2°) — {1, -1} x C be the mapping so defined: 6(a@) = ((—1)", a*) 
where 


@ when a=z1 (mod 4), 


a= = when a= —1 (mod 4), 


(we remark that if @ € P(2°) then a is odd) and 


_ J0 when a=1 (mod 4), 
"11 when a=-l (mod 4). 


It is obvious that @ is a group-homomorphism and from @ = (—1)"a* 
we conclude that @ is one-to-one. Since P(2°) and {1,—1} x C have 2°} 
elements, it follows that 6 is an isomorphism. 

Since {1,—1} and C' are isomorphic to the additive groups Z/2 and 
Z/2°~*, respectively, then P(2°) & Z/2 x Z/2°-?. 

To see that P(2°) is not cyclic, we just observe that the order of every 
element of P(2°) divides 2°~?. | 


As a consequence, we indicate the values of m for which P(m) is a cyclic 
group. In such a case, each generator of P(m), or each integer a of this 
residue class, 1 < a < m — 1, is called a primitive root modulo m. 


L. P(m) is a cyclic group if and only if m = 2,4, p®, 2p°, where e > 1 
and p is an odd prime. 


Proof: By (I), (J), and (K), P(m) is cyclic for each of the given values of 
m, noting that P(2p°) = P(2) x P(p*) = P(p*). 

To prove the converse, we note that if p is any prime then P(p*) has even 
order, except when p = 2, e = 1. By (F) it suffices to show that if G has 
order 2r and H has order 2s then G x H is not cyclic. Indeed, for every 
x € G, y € H we have (z, y)?"° = (1,1). Therefore, no element of G x H 
has order (2r) - (2s). a 


The following related lemma will be useful: 


Lemma 3. If g 1s a primitive root modulo p, there exist g, and go such 
that g, = g (mod p), g2 = g (mod p) and g?~* = 1 (mod p’), gh ~ ] 
(mod p7”). 


Proof: If g?~! = 1+ bp with b € Z, let a € Z and consider the congruence 
(gtap)?-! = g?-!4(p—1)g?-2ap = 14+. bp—g?~?ap (mod p?). Choosing 
a, such that g?~*a,; = b (mod p), then g; = g + a;,p has the required 
property. Choosing ag such that g?~?a2 # b (mod p), then gz = g + agp 
is such that gf" # 1 (mod p*). Moreover, g; = g2 = g (mod p). a 


3.3. Finite Abelian Groups 45 


3.3 Finite Abelian Groups 


We conclude this chapter by proving the structure theorem of finite Abelian 
groups. It is a theoretical result analogous to the theorems of structure of 
P(m). We shall not require this fact until Chapter 8. 


Theorem 2. Let G be a finite Abelian group (written multtplicatively). 
Then G is isomorphic to a Cartesian product of cyclic groups. 


Proof (Artin): Let & be an integer with the following properties: 


(1) there exist elements 7;, ..., 2, in G such that every element of 
G is a product of powers of 71, ..., Zz; 


(2) k is the smallest integer satisfying (1). 


If k = 1 then G consists of all the powers of 7,, so G is a cyclic group. 

Let us assume the theorem true for all groups having a system of 
generators with less than k elements. 

Since G is a finite group, there exist integers e;, ..., ex, not all equal 
to zero, such that 


k 
[[«f =1. (3.1) 


Let b be the minimum of the absolute values of all nonzero exponents, 
which appear in all possible relations of type (3.1); thus 6 > O and by 
renumbering and taking inverses, if necessary, we may assume that b = e), 
for some relation (3.1). Let 


k 


[[2/ =1 (3.2) 
i=1 


be any other relation, with f; € Z, not all equal to 0. Then 6 = e, divides 
fi. In fact, if fi = ger + r with O < r < e; = 5b, dividing (3.2) by the qth 
power of (3.1) we obtain 


which is contrary to the definition of b. 

Similarly, 5 = e, divides all exponents e;. In fact, if e; = q;b + r; with 
0 <r; < b, we consider the system of generators {xa ,%2,-.--, XK} of G; 
it satisfies the relation 


(aya )Oare -. a... afk = 1 (3.3) 


with 0 < r; < 6, which is a contradiction. 
Now, let e; = qb and y) = 2123’ ---a]*, so {y1, 22,.-., Zk} is also a 
system of generators of G and the element y, has order b = e}. In fact, if 
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yt = 1 then alah? - pit = 1 and, therefore, by what we proved above, 
b divides f; on the other hand, y? = z{}r5'? --- 2% = 1, 

The group G’, generated by {x2,...,2,} is isomorphic to a Cartesian 
product of cyclic groups (by induction on k). 

Next, we show that G = G, x G’, where G; is the group generated by 
yi. Indeed, if c € G, we may write x = yj'y’ with c; € Z, y’ € G’. The 
elements y;', y’ are uniquely determined by 2, for if yjty’ = y{?z’ then 


yy @ - (y/z'"1) = 1; this is a relation of type r@~-% - af? .--2f* = 1, thus 


by the above proof b divides cy — d), so y§1~“ = 1, and y@ = y® g0 also 
y’ — 2! 

Therefore, the mapping x + (yj, y’) is an isomorphism between G and 
G, x G’, so G is a Cartesian product of cyclic groups. a 


The preceding theorem contains no uniqueness assertion. For example, 
Theorem 1 states that every cyclic group of order m is isomorphic to the 
Cartesian product of cyclic groups of prime-power order. So, any uniqueness 
statement can at most hold for decompositions into cyclic groups of prime- 
power order. 

We shall prove that this is indeed true, and for this purpose we shall first 
consider the Abelian groups of prime-power order. 

The first basic fact to note also holds for non-Abelian groups, being a 
consequence of the first Sylow theorem. As we only require this fact for 
Abelian groups, we shall indicate here a simpler direct proof: 


M. If G ts a finite Abelian group of order m and p is a prime dividing 
m, then G has an element of order p. 


Proof: By Theorem 2, G ~ G, x --- x Gx where G; is a cyclic group 
(for: = 1,...,k), with order m,. Since p divides m = m,m2---m, then 
p divides m, (for some index 2, 1 <i < k). If x; is a generator of G; and 
m; = pm, if y; © G corresponds to 


(1,...,07",...,1)€ Gp x--- x Gpx-- x Gp, 
then y; has order p. | 


Another proof independent of Theorem 2 is the following: 

Let n be the exponent of the group G. We shall prove by induction that 
the order of G, #(G) divides a power of n. We may assume that #(G) > 1. 

Let x € G, x # e (identity element of G), then x” = e. If H is the 
subgroup of G generated by z, then #(H) divides n. Since the order of 
every element of the quotient group G/H divides n, the exponent n’ of 
G/H divides n. By induction, #(G/H) divides a power of n’, hence of n. 
Thus 


#(G) = #(G/H) - #(A) 


divides a power of n. 
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Now, if p is a prime dividing m = #(G) then p divides a power of the 
exponent n, so p divides n; that is, n = pn’. If x € G has order n then x” 
has order p. | 


If p is a prime number, a finite group G is said to be a p-group when its 
order is a power of p. In view of (M) we deduce: 


N. A finite Abelian group G is a p-group if and only if the order of 
every element of G 1s a power of p.* 


Proof: IfG is a p-group, by Lagrange’s theorem the order of every element 
of G must be a power of p. Conversely, if qg is a prime different from p and 
dividing the order of G, by (M) there exists an element in G having order 
q- | a 


In order to derive the uniqueness theorem, we first prove the unique- 
ness of decomposition into the Cartesian product of p-groups (for different 
primes p): 


O. Let G be a finite Abelian group of order m = []j_, p;' (with r > 
0, e; > 1, and pi, ..., p, distinct primes). Then G is isomorphic to the 
Cartesian product of the pj-groups G(p,) = {x € G | order of x is a power 


of pi}: 
G = Gip,) X +++ X Gop,)- 


This decomposition is unique in the following strong sense: if 6 is an 
wsomorphism 6: G — G; x --- X Gs, where each G; is a qy-group 
(qi, ---, Qs being distinct primes), then s = r, there exists a permutation 7 
of {1,...,r} such that q,(3) = pi, and if F; = O7'({1} x---xG,x---x {1}) 
then Fe (i) = G(p,) for1 = 1, oe I. 


Proof: Ifr = 1 then G = Gi), as follows from Lagrange’s theorem. So, 
we may assume that r > 2. 

For every prime p let G(,) = {x € G | order of z is a power of p}. By 
(M) and Lagrange’s theorem G(,) # {1} if and only if p divides m; that 
is, p = p; for some 21,1 <i <r. By (N), each G(,,) is a p;-group. 

We shall show that G is the internal direct product of the subgroups 


G(p1); mtg G(p,.): | 
For every 7 let m; = m/p;‘, hence the integers m;, ..., m, are relatively 
prime and there exist integers h;, ..., h, such that yet hym,; = 1. 


If sc € G we may write 


iat himi him; 
naa =JJo™, 
w=1 


* This result also holds for non-Abelian groups. 
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and (ami)! — ghim — 1 (by Lagrange’s theorem). Thus, 2” has 
an order power of p;, sor’ € Gy). From x = [J;_, 2™ it follows 
that the subgroup of G generated by G(p,), ---, G(p,) iS equal to G itself. 
Moreover, for every 7 we have Gi,,) 7 H; = {1}, where H; denotes the 
subgroup generated by all G(,,) with 7 # 2. In fact, if y © Gip,) O Aj then 
the order of y is p;' for some f; > 0. Since y € H; then y = [],2, 4; 
where y; € G(,,) for every 7 # 7. Let Dp; be the order of y;, therefore by 
Lemma 1, k = [| iti p? is the order of y. Therefore k = p;*. We conclude 
that the order of y is necessarily 1, so y = 1. Thus, we have shown that 
G is the internal direct product of the subgroups G(p,),.--,Gip,) : G & 
Gip,) X °°: X Gip,). In particular, since the order of G(y,) is a power of 
p; and m = [jai p;', by the uniqueness of the decomposition of m into 
prime factors, it follows that #(G(p,)) = p;' for every i = 1,...,7. 

Let us assume now that 6: G — G, x --: x Gg, is an isomorphism, 
where G; is a q;-group, and qi, ..., gs are distinct primes. Since m = 
[]j-1 psi, and also m = #(G) = [][j_, qi then necessarily s = r, there 
is a permutation 7 of {1,...,s} such that q¢¢) = pi, Gai) is a pi-group, 
and #(Gru)) = p;'. Let F() be the subgroup of G which corresponds 
by the isomorphism 6 to the subgroup {1} x --- x Gag) x --- x {I}; 
then F,(4) is a p;-group contained in G, hence Fy(;,) G G(p,) and since 
#( Fay) = #(Gi)) = Pi, we have Frcs) = G(p,). " 


Now we are ready to prove the main uniqueness theorem: 


Theorem 3. Every finite Abelian group is isomorphic to a Cartesian 
product of cyclic groups with prime-power orders. Moreover, if G = G, xX 
--+ xX G, = Gi x--- x G5 where each G;, Gi is a cyclic group of prime- 
power order, then r = s and there exists a permutation a of {1,...,r} 
such that Gri) ~ Gj. 


Proof: By Theorem 2, G is isomorphic to a Cartesian product of cyclic 
groups; by Theorem 1, G is isomorphic to a Cartesian product of cyclic 
groups of prime-power order. 

In view of (O), in order to prove the uniqueness of the decomposition, 
there is no loss of generality in assuming that the group itself is a p-group. 
In fact, the p-groups appearing in any decomposition of G correspond to 
the primes dividing #(G) = m, and for every such prime p the product of 
p-groups in the decomposition must be isomorphic to the subgroup G(p). 

Thus, let G be a p-group 


G2YG,x:--xG, 2G, x--- x G, 


where G;, G, are cyclic groups, with generators z;, x; having orders 
#(G;) = pti, #(G;') = pf, respectively. There is no loss of generality 
if we assume that 


€) > eg 2 +++ SE, fi > fe2>---> fs. 
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Let G* = {x € G | x? = 1}, so G®* is a subgroup of G. From 
G~G,x:-::xG, 


it follows that G* = G} x---x G* where G? is the subgroup of G; generated 
by ae Thus #(G*) = [][;_, #(G7) = p” since each G* has order p. 
Similarly, from G = G} x --- x G4 we deduce that #(G*) = p°; therefore 
r=s8. 

Now, let us prove that e; = fi, ..., e, = f,. It is enough to show that 
e; > fi; for every i = 1,...,7, since [];_, p = #(G) = []j_, p®. 

If 7 is the smallest index such that e; < f;, let G** = {x € G | there 
exists y € G such that y?” = x}, then G** is a subgroup of G. From 
G = G, x --- x G,, it follows that G** & G]* x --- x Gj", where each 


G** is the cyclic group generated by P? (@ = 1,...,j3 — 1). On the other 
hand, from G = G; x --- x G/ it follows that 


G* = Gy" x +++ x Gi x Ga x... 
where each G;** is the cyclic group generated by 


oP ( 


t=1,...,7-1,),...) 

and certainly G/** is not trivial. By what we have just proved, the number 
of cyclic p-groups in any decomposition of G** must be invariant, and so 
we have arrived at a contradiction. Thus e; > f; for every i = 1,...,7r 
showing the actual equality. a 


EXERCISES 


1. Show that for every natural number m there exist only finitely many 
numbers n such that y(n) = m. In particular, find all integers n such that 
p(n) = 2, y(n) = 3, y(n) = 4, p(n) = 6. 


2. Determine the positive integers such that: 


(b) p(n) =n-1. 

(c) p(n) = ¢(2n). 

(d) y(n) = y(4n) = y(6n) 
(e) y(n) = 12. 

(f) y(n) divides n. 

(g) 2y(n) divides n. 

(h) y(n) = 2 (mod 4). 
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3. Show that if d = gcd(m,n) then y(mn) = (dp(m)y(n))/p(d). 

4. Determine the sum of all integers m such that 1 < m < n and 
gcd(m, n) = 1. 

5. Prove that if d divides n then y(d) divides y(n). 

6. Let p, g be distinct prime numbers. Prove that 


pt" + qP-* = 1 (mod pq). 


7. Let m, n be relatively prime positive integers. Prove that 
me) 4 n9(™ = 1 (mod mn). 
8. Determine explicitly the multiplication table of the integers modulo 


12; verify which residue classes are invertible and find their order in the 
multiplicative group P(12). 


9. Solve the oe numerical congruences: 


(a) 32 = 12 (mod 17). 
(b) 4x = 16 (mod 57). 
(c) 54 = = ine 18). 
(d) 20x = 60 (mod 80). 


10. Solve the following system of congruences: 
x =1 (mod 2) 
x = 2 (mod 3) 
x = 3 (mod 5). 


11. Solve the following system of congruences: 


2x = 5 (mod 7) 
4x = 4 (mod 9) 
2x = 6 (mod 25). 


12. Solve the following system of congruences: 


x = 1 (mod 2) 
x = 2 (mod 3) 
x = 3 (mod 4) 
x = 4 (mod 5) 
13. Let {20,21,...,;%n—1} be a complete set of residues modulo n > 1 


and let a be an integer relatively prime to n and b any integer. Show that 


{aro + b,ax, + b,...,a%p,_1 + bd} 
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is a complete set of residues modulo n. 


14. Let m, n be relatively prime positive integers. Let {29,274,..., 


Lm—-1}, {Yo, Y1,---,Yn—-1} be complete sets of residues modulo m and 
n, respectively. Show that {nz; + my; | 7 = 0,1,...,m —1; 9 = 
0,1,...,n — 1} is a complete set of residues modulo mn. 


15. Let p be a prime number. Show that 


—1 (mod p)_ when p — 1 divides n, 


bah to + (p= I) ={ QO (mod p) _ otherwise. 


16. Let p be a prime number and let n be a natural number dividing 
p — 1. Show that the congruence x” = 1 (mod p) has exactly n roots. 


17. Prove that any integer 
a=aot+a,-10+a-107+--- +a, - 10” 


is congruent modulo 9 to the sum of its digits: a = a9 + a; + -:- + a, 
(mod 9). Establish this as a particular case of a more general fact. 


18. Prove Wilson’s theorem: (m — 1)! = —1 (mod m) if and only if m 
is a prime number. 


19. Show that if p is an odd prime number, then 


{(2=+) i = (~1)+)/2 (mod p). 


20. Let f € Z[X] be a polynomial of degree greater than 0. Show that 
there exist infinitely many integers n such that f(n) is not a prime number. 


21. Let f € Z[X] have degree n. Assume that there exists an integer m 
such that the prime number p divides f(m), f(m+ 1), f(m42), ..., 
f(m +n). Show that p divides f(x) for every integer z. 


22. Determine all the generators of the cyclic groups P(17), P(31), and 
P(27). 


23. Let q be equal to 2, 4, p*, or 2p° (where p is an odd prime), and let 
a be an integer relatively prime to g. Show that the congruence x” = a 
(mod q) has a solution if and only if a?‘9/4 = 1 (mod q), where d = 


gcd(n, y(q)). 


24. Let p be a prime number and let a be a positive integer such that p 
does not divide a. Show that if a? = a (mod p”), then (a + p)? #a+p 
(mod p72). 

25. Show that there exist primitive roots r modulo p such that 


rP-! #1 (mod p’). 
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26. Let p # 2 be a prime number and let r be a primitive root modulo 
p such that r?~! #4 1 (mod p?). Show that r mod p™ generates P(p™) for 
every m > 1. 


27. Let a,b > 3 be relatively prime integers and let 6 be odd. Show that 
P(ab) is not a cyclic group. 


28. Let p be a prime number and let e be a positive integer dividing p — 1. 
Show that there are exactly y(e) residue classes modulo p having order e 
in the multiplicative group P(p). 


29. Let p be a prime number and let n, r be any natural numbers. Show 
that 


a 
(§) denotes the number of combinations of a letters in groups of 6 


letters). 
Hint: Show that 


(re) 7 TI ( 7 1) = (—1)? ~! (mod p). 


30. Let r be a given primitive root modulo p. If m is an integer, 1 < m < 
p—1, and m = r® (mod p), where 0 < a < p— 1, we say that a is the 
index of m with respect to r (modulo p), and we write a = ind,(m). Show 
that ind,(mn) = ind,(m) + ind,(n) (mod p — 1). 


31. Let r be the smallest primitive root modulo 29; determine the indices 
of the prime residue classes modulo 29, with respect to r. 


32. Using the table of indices, compute the least positive residue modulo 
17 of the following integers: 


(a) a = 432 x 8328. 
(b) b = 38919. 
(c) ¢ = ((3°)*)°. 


33. Using the table of indices, compute the least positive residue modulo 
29 of the following integers: 

(a) a = 583 x 1875. 

(b) 6 = 10518”. 

(c) ¢ = (5°)°. 
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34. Using the table of indices, solve the congruence 
25x = 15 (mod 29). 
35. Let ai, ..., a, be pairwise relatively prime positive integers, a = 


[[j-1 ai, t = lem{y(a1),..., p(a,)}. Show that if b € P(a) then bf = 1 
(mod a). 


36. Compute the four last digits of: 


(a) ((9°)%)?. 
(b) 99°), 


Hint: For (b) use the previous exercise. 


37. Let p be a prime number, r > 2 an integer, f € Z|X] and assume 
that f(a) = 0 (mod p’~'), where 0 < a < p""!—1. Let f’ € Z[X] be the 
derivative of f. Show that: 


(a) If f’(a@) 4 O (mod p) then there exists a unique integer b such 
that b = a (mod p’~!), f(b) = 0 (mod p”), and0 < b < p™—1. 

(b) If f’(a) = 0 (mod p) then there are p integers bo, ..., bp-1 
such that f(b;) = 0 (mod p”), 0 < b; < p" — 1, when f(a) = 0 
(mod p") and these integers satisfy b; = a (mod p"~*); on the 
other hand, if f(a) 4 0 (mod p”) there exists no integer b, b = a 
(mod p™—') such that f(b) = 0 (mod p’). 


38. Solve the congruences: 


(a) 2° +52 — 8 =0 (mod 52). 
(b) 2° — 3x +2 =0 (mod 245). 


39. Find the decomposition into irreducible factors of the following 
polynomials: 


(a) X44 2X —3 € Fs[X]. 
(b) x4 + 3X3 — 2X2 —9X — 3 € F41[X]. 
(c) X* — 3X3 — 4X74 X —4€ F,[X]. 


40. Any mapping f from the set of positive integers with values in 
a domain R is called an arithmetical function. Moreover, if f(mn) = 
f(m) - f(n) when m, n are relatively prime, then f is said to be a 
multiplicative function. Show that if f is multiplicative, if g is defined 
by g(n) = dain f(a), then g is also multiplicative. 
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Al. Let o(n) denote the sum of positive divisors of n > 1, and let 7(n) de- 
note the number of positive divisors of n. Show that o, 7 are multiplicative 
functions. 


Hint: Use the preceding exercise. 


42. If n = [];_, ps’ is the prime decomposition of n, show that 


Tr e;+1 
er’ — ] 
o(n) =— J] & 
pi — 1 
1=1 
T(n) = | [le + 1) 
i=l 


43. Show that > anit (@)]° = [Man T(a))’. 


44. Let R be a domain and let A be the set of all arithmetical functions 
with values in R; that is, the set of sequences s = (81, S2,...,Sn,--.-) of 
elements of R. On the set A we define the following operations: 

(Sn) + (S,) = (Sn + 8); 
and 
(Sn) * (s,) = (tn) where ty = S- SdSq'- 
dd’=n 


Besides, if r € R, (s,) € A, we define a scalar multiplication as 


r(Sn) = (TS8y). 


Show: 


(a) A is a commutative ring and also an R-module; the zero element 
is 0 = (0,0,...) and the unit element is e = (1,0,0,...). 

(b) For every s = (Sn), s 4 0, let m(s) be the smallest integer n 
such that s, 4 0; let 7(0) = oo, where 00 - n = c©O- CO = ov for 
every integer n > 0. Show that m(s * s’) = m(s) - 7(s’), hence A 
is a domain. 


(c) s € Ais invertible in A if and only if 7(s) = 1 and s; is invertible 
in the ring R. 


45. Let wu = (1,1,1,...) € A and let pw € A be its inverse; that is, 
ux* p = e. The arithmetical function p is called the Mobius function. 
Prove that w(1) = 1, u(n) = 0 when some square greater than 1 divides 
n, and p(n) = (—1)" when 

mM = Pip2.--Pr 


(product of r distinct primes); deduce that yz is a multiplicative function. 
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46. Show the Mobius inversion formula: If s,s’ € A then u*s = s’ if 
and only if s = y * s’. As an application, prove the following relations: 


1 whenn=1, 
a) Tula = {4 when n £ 1. 


(b) vin) = (5). a 


d|n 


c)n= Y oan (5). 


d|n 


d)1= > rau(3) 
47. Prove: 


(a) 7(n) is odd if and only if n is a square. 
(b) 7(2” — 1) > r(n) when n > 1. 


T( 
( 
(c) 7(2% + 1) is at least equal to the number of odd positive divisors 
of n. 


48. Show that if d = gcd(m,n) then 


n) = (5) 


tld 


Hint: First consider the case where m, n are powers of the same 
prime number. 


49. Prove that ifm > 0, n > 1, then 
a(m) c a(mn) 
m mn mn 


50. Prove that n is equal to the product of its proper positive divisors 


if and only if n = p? or n = pip2, pi # po (where p, pi, po are prime 
numbers). 


51. Let A be the von M angoldt arithmetical function defined as follows: 


A(n) = logp when n is a power of some prime number p, 
A(n) = 0 otherwise. 


Prove: 


(a) logn = 3 A(d). 


d|n 
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=> u(d) los(5) = —S- u(d) 


d|n d|n 


52. Let A be the Liouville arithmetical function, defined as follows: 
A(1) = 1, and ifn = [E-, p;', each p; prime number, e; > 1, set 


, 
1 when ) e; Is even, 
i=1 


A(n) = . 
—1 when S- e; is odd. 


i=l 
Prove: 


(a) A(mn) = A(m)A(n) for any positive integers m, n. 
b) Md y= { 1 when n is a square, 


QO otherwise. 
d|n 


53. For every real number z let [x] denote the unique integer such that 
la] <a < [a] 41. 
Prove: 


(a) [x] + [yl < [e+ 9). 

(b) [x/n] = [[{x]/n] for every positive integer n. 

(c) The number of multiples of n which do not exceed z is [x/n]. 
) 


(d) [2] + [y] + [e + y] < [22] + [2y]. 


54. Let f, g be arithmetical functions such that f(n) = S> djn 9 (d). Show 
that 


» f(m -> [n/m]g(m). 


55. Prove that 


56. Prove that ifn > 1 then )°" _, r(m) = 7" _, [n/m]. 
57. Let n > 1 and k = [\/n]. Show that 


m=l 
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58. The numbers F, = 22" + 1 (n > O integer) are called Fermat 
numbers. 
Prove: 


(a) Ifr > 0 then F,, divides Fy4, — 2. 
b) Any two Fermat numbers are relatively prime. 
) 


( 
(c) Ifa@ > 2 and a” + 1 is prime then a is even and r is a power of 2. 
(d) 641 divides Fs (Euler). 


We note in this respect that the only Fermat numbers which are known 
to be prime are Fo, Fy, Fo, F3, Fy. On the other hand, it has been shown 
that F,, is not prime when 5 < n < 23 and for many other values of n. 
The largest known composite Fermat number is F,, with n = 23471 (see 
Ribenboim [25, Chapter 2, Section VI]). 

It is an open question whether the number of Fermat primes is finite. 


59. A natural number n is said to be perfect when n is equal to the sum 
of its proper divisors. Prove: n is an even perfect number if and only if 


n = 2P-1(2P — 1), 


where p, 2? — 1 are primes. Give examples of even perfect numbers. 

Note: It is not known whether there exists any odd perfect number. 
Any such number must have at least eight distinct prime factors and be 
greater than 10°°°. Any prime q of the type q = 2? — 1 (where p is a prime) 
is called a Mersenne prime. The known Mersenne primes correspond to 
p = 2, 3, 5, ..., 19937, 21701, 23209, 44497, 86243, 110503, 132 049, 
216091, 756839, 859433, 1257787, 1398269, 2976221, 3021 377, 
6 972 593. It is not yet known whether there are infinitely many Mersenne 
primes; equivalently, it is not known whether there are infinitely many even 
perfect numbers (see Ribenboim [25, Chapter 2, Section VII]). 


60. Show that if n is odd and has at most two distinct prime factors, then 
a(n) < 2n, hence n is not a perfect number. 


61. Let n be an odd perfect number. Prove that n = p’m?, where p is 
a prime number not dividing m and p = 1 (mod 4). On the other hand, 
given m, there is at most one odd perfect number of the type p’m?, with 
p prime not dividing m. 


62. Prove that the nth cyclotomic polynomial is expressible directly by 
means of the Mobius function as follows: 


®,, _ I] (x4 _ p)ni(r/a) 
d|n 


63. Let f, g, h be arithmetical functions, f * g = h, and assume that h 
is multiplicative. As an application deduce anew that if g(n) = \~ d|n f (d) 
and g is multiplicative then so is f. 
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64. If R is a unique factorization domain, show that every arithmetical 
function with values in F# is the product of a finite number of “prime” 
arithmetical functions. 


65. Show that the ring of arithmetical functions with values in the domain 
R is isomorphic to the ring of unrestricted formal power series S = 
Ri{[X1,...,Xn,.-.|]]. Explicitly, S consists of all countable infinite formal 
sums of monomials in the variables X; with coefficients in R. The addition 
in S is componentwise, while the multiplication follows the same pattern 
as for polynomials (note that for every monomial m € S there exist only 
finitely many monomials m’,m” € S such that m’m"” = m). 

Note: Cashwell and Everett * established that if R is a field then 
the ring of arithmetical functions with values in this field is a unique 
factorization domain. 


66. Let G be an Abelian group of order m and assume that for every 
prime p dividing m, G has exactly p — 1 elements of order p. Show that G 
is a cyclic group. 


67. Show that a finite Abelian group G is cyclic if and only if 
G = Z/p\' x --- x Z/pr, 
where pj, ..., Dr are distinct prime numbers. 


68. We say that a finite Abelian group G is indecomposable if it is not 
possible to write G = G, x Gg, where G;, G2 are Abelian groups of strictly 
smaller order. Show that G is indecomposable if and only if it is cyclic of 
prime-power order. 


69. Show that the number of pairwise nonisomorphic Abelian groups of 
order m = [][;_, p;' is [];_, 7(e:), where we define 7(e) as follows: it is the 
number of nonincreasing sequences of integers n} > ng >--- > nj > 0 
such that $“/_, nj =e. 


70. Determine the number of pairwise nonisomorphic Abelian groups of 
order 8, 16 200. 


71. Let G = Z/p" x Z/p? x---x Z/pe* where e; > €2 > --: > ex > O. 
Let G, = {x € G| px = 0}. Show that G, is a subgroup of G having 
order 


prreiti +--+e, 


where 7 is the unique index such that e; > r > e;41 (with the convention 
k 
that e€9 = ) 75-17, ekt+1 = 0). 


* The Ring of Number Theoretic Functions, Pacific J. Math., 9, 1959, 975-985. 


Exercises o9 


72. Let G be as in the previous exercise. Show that the number of 
elements of order p” in G is equal to 


ritej;zit- +b (r—1)jt+ej4it-+ex 
b) 


Pp — ?p 
where 7, j are such that e; > r > €i41, €7 > r—1 > e741 (with the 
same convention as in the previous exercise). As a corollary, show that G 
has p* — 1 elements of order p; thus G is cyclic if and only if it has p — 1 
elements of order p. 


73. Let G be an Abelian group such that every nonzero element has order 
p. Show that G is a vector space over the field F,. If G is finite, show that 
G = Z/p x --- x Z/p (for a finite number of copies of Z/p). Such Abelian 
groups are called elementary Abelian p-groups. 


74. Show that if G is an elementary Abelian p-group of order p” and 
1 <r <n then the number of distinct subgroups of order p” of G is 


(p” — 1)(p" — p)(p" — p”),---,(p" — p"™*) 
(p" — 1)(p" — p)(p" — p?),..-, (p" — p™*) 
In particular, there are 1+ p+ p? +---+p"—! subgroups of order p"~! or 


also of order p. Moreover, the number of subgroups of order p” is the same 
as the number of subgroups of order p”~". 
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(Quadratic Residues 


4.1 The Legendre Symbol and Gauss’ Reciprocity Law 


In this chapter we investigate the following question. Let m > 1 and let a 
be an integer relatively prime to m. When is the residue class @ a square in 
the multiplicative group P(m)? In other words, when does there exist an 
integer x such that x7 = a (mod m)? 


Definition 1. If m > 1 and a are integers, and gcd(a,m) = 1, we 
say that a is a quadratic residue modulo m when @ is a square in P(m). 
Otherwise, we say that a is a quadratic nonresidue modulo m. 

The first results will reduce the problem to that of finding the quadratic 
residues modulo an odd prime p or 4 or 8. 


A. If m = pi... pe" is the prime-power decomposition of m, uf a ts 
an integer relatively prime to m, then a is a quadratic residue modulo m if 
and only if it is a quadratic residue modulo p;‘ for alli = 1,...,r. 
Proof: By Chapter 3, (F), P(m) © [];_, P(p#‘). 

An element of a Cartesian product of groups is a square if and only 
if its components are squares. If @ € P(m), its component in the group 


P(p;‘), by the above isomorphism, is the residue class of a modulo p;' for 
allt =1,...,7r. a 


The study of squares in P(p*) will now be reduced to that of squares in 
P(p), when p # 2: 


B. Let p be an odd prime, e > 1, and let wo be a primitive root modulo 
p. If a is an integer prime to p, the following conditions are equivalent: 


(1) a is a quadratic residue modulo p*°. 
(2) a is a quadratic residue modulo p. 


(3) a = wh (mod p) where t is even. 


Proof: (1) — (2) Let x be an integer such that a = xz? (mod p°). Then 
a = x* (mod p). 
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(2) + (3) From a = x? (mod p) and a = w9é (mod p), x = wo 
(mod p) it follows that t = 2u (mod p — 1) because the group P(p) has 
order p — 1. Thus ¢ is even. 

(3) — (1) By Chapter 3, (J), P(p*) is the cyclic group generated by 


———__. —1 
w(1+ p) where w = wh . Hence a = w*(1 + p)*® (mod p*) for some 


s,1<s < p®. Since wo = wo (mod p) and (1+p)* = 1 (mod p) then 
a = wg (mod p). By hypothesis a = w6 (mod p), hence s = ¢ 
(mod p — 1) and from t we even deduce that s is even, say, s = 2u. 
We conclude that a = [w%(1 + p)“]? (mod p*). a 


For p = 2, we have: 


C. Let a be an odd integer. Then: 


(1) a is a quadratic residue modulo 4 if and only if a = 1 (mod 4). 

1 (mod 8). 

(3) a is a quadratic residue modulo 2° (where e > 3) if and only if a 
is a quadratic residue modulo 8. 


(2) a is a quadratic residue modulo 8 if and only if a 


Proof: Since P(4) = {1,3}, P(8) = {1,3,5, 7}, then the only square in 
P(4), P(8) is the residue class of 1. 
Let e > 3. Ifa is an integer, by Chapter 3, (K), we may write 


a= (-1)° 5° (mod 2°), 


where e’ € {0,1}, 0 < e” < 2°. 

If x is an integer such that x* = a (mod 2°), letting x = (-1)f 5f° 
(mod 2°), where f’ € {0,1}, 0 < f” < 2®?, it follows that 2f’ = 
(mod 2) and 2f” =e” (mod 2¢~?). These congruences have a solution if 
and only if e’, e” are even, that is, a = Be (mod 2°), where e” is even. 
This is equivalent to a = 1 (mod 8). a 


Let us note that, for e > 3, in P(2°) there are exactly 2&~° squares, 
hence 2¢~! — 2¢-3 = 3. 2-3 nonsquares. 
Putting together these results, we have: 


D. Let m > 1 anda be relatively prime integers. Then a is a quadratic 
residue modulo m if and only tf: 


(1) a is a quadratic residue modulo p, for every odd prime p dividing 
mM, 
a = 1 (mod 4) if 4 divides m but 8 does not divide m; 

a= 1 (mod 8) if 8 divides m. 


(2) 
(3) 


Proof: This results immediately from (A), (B), and (C). a 
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In order to determine the quadratic residues modulo p, we introduce the 
following terminology: 


Definition 2. Let p be an odd prime and let a be a nonzero integer 
not a multiple of p. We define the Legendre symbol (*) of a, relative to 
Pp 


p, as follows: 


a\ _ 1 when a is a quadratic residue modulo p, 
~ | -1 when a is a quadratic nonresidue modulo p. 


a 
For typographical reasons, we also use the notation (*) = (a/p). 


E. The Legendre symbol has the following properties: 


(1) ofa = b (mod p) then (a/p) = (b/p). 
(2) (ab/p) = (a/p)(/p). 


Proof: ‘The first assertion is immediate. 

Let w be a primitive root modulo p. If a, 6 are integers, not multiples of p, 
we may write a = w’ (mod p), b = w® (mod p) where0 <1, s < p—1. 
By (B), we have (a/p) = 1 if and only if r is even, and similarly (b/p) = 1 
when s is even. Since ab = w’ (mod p), witht = r+s (mod p-—1), then 
t is even if and only if r, s have the same parity. This proves the second 
assertion. | 


F. For every odd prime p, there are as many quadratic residue classes 
as there are quadratic nonresidue classes modulo p© where e > 1. 


Proof: First we assume e = 1. Consider the mapping o : P(p) — P(p)?, 
defined by o(%) = Z?. Then o(%) = o(y) if and only if Z = y or F = —Y, 
because P(p) = F,. Since p # 2 this shows that P(p) has twice as many 
‘elements as P(p)?, so there are as many square residues as nonresidues 
modulo p. 

If e > 1 we consider the group homomorphism f : P(p*) — P(p), 
defined by f(@) = G, where @ is the residue class of a modulo p® and @ is 
the residue class of a modulo p. By (B), @ is a square if and only if @ is a 


square. Therefore P(p*) has as many squares as nonsquares. a 


Let us note that the above result does not hold for p = 2 (as we have 
already remarked) as well as for products of different primes (for example, 
when m = 15 there are only two quadratic residue classes and six quadratic 
nonresidue classes modulo 15). 

We may find whether an integer is a quadratic residue modulo p by 
explicit determination of the multiplication in the group P(p) or by first 


64 4. Quadratic Residues 


determining a primitive root modulo p. For large primes this may be rather 
involved. We shall be interested in simpler methods. 


G. (Euler’s Criterion). Let p be an odd prime and let a be an integer 
not a multiple of p. Then 


(a/p) = a-")/? (mod p). 


Proof: Let a = w* (mod p), where w is a primitive root modulo p and 
0O<t< p-—1. Since® is not a square in P(p) (as follows from (B)) and 
w'P-1)/2 = _] (mod p), we have 


= q'?-1)/2 (mod p). a 


H. —1 is a square modulo p if and only if p = 1 (mod 4). 


Proof: (—1/p) = (—1)~!/? (mod p) implies the equality (—1/p) = 
(—1)'P-)/2 (since these integers are either 1 or —1). So (—1/p) = 1 exactly 
when p = 1 (mod 4). a 


If pis large Euler’s criterion is not convenient, since it gives rise to lengthy 
computations. 
A better criterion is due to Gauss. If p does not divide a there exists a 


unique integer s, 1 < s < (p—1)/2, such that a = s (mod p) ora = —s 
(mod p). 
I. (Gauss’ Criterion). Let p be an odd prime, let a be an integer, not a 


multiple of p, and let v be the number of elements ka in the set 


p-1 
2Qa,..., 
‘a a 5 al 


such that ka = —s (mod p) where 0 < s < (p—1)/2. Then (a/p) = 
(-1)". 
Proof: If 1 <k < k’ < (p—1)/2 then ka ¢ k’a (mod p), otherwise p 
would divide k — k’. Also, ka # —k’a (mod p), because p does not divide 
k +k’. 

Thus, all integers s = 1,...,(p—1)/2 are such that s or —s is congruent 
modulo p to some multiple ka (1 < k < (p—1)/2). Taking into account 
the definition of v we have 

— 1] —] 

P ; (—1)"-1-2----. ‘— (mod p). 
We deduce that a'?~)/2 = (—1)” (mod p). By (G), we conclude that 
(a/p) = (—1)". | a 


a:-%e-eee. 


—) 
II 
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We can use this criterion to determine when 2 is a quadratic residue: 


J. 2 is a quadratic residue modulo p if and only if p = +1 (mod 8); 
explicitly (2/p) = (—1)(? —)/8, 


Proof: We apply Gauss’ criterion. Among the integers 2, 4, ..., p— 1, 
those satisfying p/2 < 2k < p—1 are the ones such that 2k = —s (mod p), 
with 0 < s < (p—1)/2. Their number v is equal to the number of integers 
k, such that p/4 < k < (p—1)/2. If p = 1 (mod 4) there are (p — 1)/2 — 
(p + 3)/4 +1 = (p — 1)/4 such integers. If p = —1 (mod 4), there are 
(p — 1)/2 — (p+ 1)/44+ 1 = (p + 1)/4 such integers. 

Now, if p = 1 (mod 8) then (p — 1)/4 is even, if p = 5 (mod 8) then 
(p — 1)/4 is odd, if p = 3 (mod 8) then (p + 1)/4 is odd, and if p = 7 
(mod 8) then (p+ 1)/4 is even. In conclusion, (2/p) = 1 if and only if 
p = +1 (mod 8). The last expression is obvious, if we note that (p* — 1)/8 
is even exactly when p = +1 (mod 8). a 


We shall indicate now a relationship between Legendre symbols relative 
to different primes; this will be used later as the basis for a very satisfactory 
method of computation of the Legendre symbol. 

Gauss gave several proofs of this theorem which is a special case of the 
profound reciprocity law in class field theory. 


Theorem 1 (Gauss’ Quadratic Reciprocity Law). If p, q are distinct 
odd primes, then 
p-1 q-1 


(p/q)(q/p) = (-1) 2? . 
Proof: By (I), we have (q/p) = (—1)” where v is the number of integers 
z, 1<a < (p—1)/2, such that gz = py +r where —p/2 <r <0, and y 
is an integer. 
We must have 1 < y < (q — 1)/2, because y is neither 0 nor negative 
and 


=r“q-r < ——qi-=< 
Py — tq —T ap IT 5 


hence y < (¢ + 1)/2, so y < (q — 1)/2. 

Similarly (p/q) = (—1)", where yp is the number of integers y, 1 < y < 
(q — 1)/2, such that py = qx + s where —q/2 < s < 0 and z is an integer; 
again, we have 1 < x < (p—1)/2. 

Therefore (q/p)(p/q) = (-1)”**. 

We observe that v + yu is the number of pairs of integers (z, y) such that 
1<a<(p-—1)/2, 1<y< (q—1)/2, and —p/2 < qx — py < q/2. 

Let us consider the following sets of pairs of integers: 


p-l p p 
5 (a+ I), 


S = {(z,y)|1<2< (p—1)/2, 1 <y < (¢—-1)/2}, 
Si = {(z,y) € S| qx — py < —p/2}, 

So = {(z,y) € S| —p/2 < qx — py < q/2}, 
Sy’ = {(z,y) € S| q/2 < qu — py}. 
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The mapping 6: S — S, defined by @(z,y) = (2’,y’) where x’ = 
(p+1)/2—<2, y’ = (¢q+1)/2 — y has the following properties (which are 
easy to verify): 6 is a one-to-one mapping from S onto S, 6? is the identity 
mapping, 0(S;) = Sj, 0(S;) = Si, so that 6(S9) = So. 

Therefore, #(S) = #(51) + #(So) + #(S}) = #(S0) (mod 2) so 


a a =vy-+y (mod 2). 
Thus, 
(p/q) - (a/p) = (-I) "Po *, 7 


We may also rewrite the above relation as follows: 


(p/q) = (q/p)(-1) "3 *. 


This form is obtained by noting that (q/p)* = 1. 

The following corollary is immediate: if p, q are distinct odd primes 
and p or q is congruent to 1 modulo 4 then (p/q) = (q/p). Otherwise, 
(p/q) = —(a/p). 

We have now a very effective method of computation of the Legendre 
symbol (a/p), where p # 2. Indeed, if a is a nonzero integer not a multiple 
of p, a = (—1)42° []i_, ai®! where d € {0,1}, e > 0, e; > 1, and each q; 
is an odd prime distinct from p, then by (E) we have 


Tr 


(a/p) = (~1/p)*(2/p)* [](ai/p)* 


Using (H), (J), we have only to compute (q;/p); this may be done by 
application of (E) and successive reductions using Gauss’ reciprocity law. 

We illustrate the method by means of a numerical example. Let p = 
2311, a = 1965 = 3 x 5 x 131. Then 


(58) - (os) (oh) (i) 
(a) = CB )e0 =) == 


where we used Gauss’ reciprocity law and the congruence 2311 
(mod 3): 


(ain) = CP )are = (82) =) = 


| 
— 
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by using the reciprocity law and the congruence 2311 = 1 (mod 5): 
131.) _ (2311) _jyosxuss _ _ (2311 
2311 131 131, 
— (84\ (27 (3 7 
~  \ag1y 131 131 131 
~ (2). (ZL) -_ (282) (232) -aypna ayo 
31 131 3 7 
1 


1 
13 


DE) --OG) 
afar ()-@)- 


using several times the reciprocity law, the congruences 2311 = 84 
(mod 131), 131 = 2 (mod 3), 131 = 5 (mod 7), 7 = 2 (mod 5), and 
the fact that 3 and 5 are not congruent to +1 modulo 8. Therefore 
(1965/2311) = 1, that is, 1965 is a square modulo 2311. 

Recapitulating our results, we arrive at the following interesting obser- 
vation. The fact that —1 is a quadratic residue modulo p depends only on 
the residue class of p modulo 4. For 2, it depends on the residue class of 
p modulo 8. Finally, for an odd prime gq, q # p, it depends only on the 
residue class of p modulo 4q. 

This is easily seen, for if p’ is a prime of the form p’ = p+ 4kgq (k integer) 


then 
/ 
()- (foe 
Pp q 


= (2) (1) 1 8 


I 


We may now consider the following inverse problem. Given —1, or 2, or 
an odd prime q, how many odd primes p does there exist such that —1, 2, 
or g is a quadratic residue modulo p? 

We have: 


(—1/p) = 1 if and only if p is a prime in the arithmetic progression 
{1,5,9,...,4n+1,...}. 

(2/p) = 1 if and only if p is a prime in one of the arithmetic progressions 
{1,9,17,...,8n+1,...} or {7,15,...,8n-—1,...}. 


Similarly, let po be an odd prime dividing q — 1 or q — 4 (if gq -— 1 


is a power of 2) then (g/po) = (1/po) = 1, or (¢/po) = (4/po) = 1; 
therefore there exists at least one prime po such that q is a quadratic 
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residue modulo po; then for every prime p in the arithmetic progression 


{po, Po + 4q, po + 8q,---,Po + 4nq,...} we have (q/p) = 1. 
Dirichlet’s theorem on arithmetic progressions states: 


In any arithmetical progression {k,k+m,k+2m,...,k+nm,...} where 
O<k<™m, andk, m are relatively prime, there exist infinitely many prime 
numbers. 


We shall give a proof of this remarkable theorem in Chapter 20. 
Applying this theorem, we obtain at once the answer to the problem 
considered above: 


K. For each of the numbers —1, 2, or any prime q # 2, there exist 
infinitely many primes p such that —1, 2, org is a quadratic residue modulo 
Dp. 


For the case of an odd prime q, we shall compute explicitly (q¢/p), where 
p is any odd prime. 


L. Let q be an odd prime; q is a quadratic residue modulo the odd prime 
p # q if and only if p 1s congruent modulo 4q to one of the following 
integers: +1°, +37, +57, ..., +(q — 2)°. 


Proof: If p = (2a + 1)? (mod 4q) then p = 1 (mod 4) and by Gauss’ 
reciprocity law 


(f) = (E)ip ee = yest a1. 
P q 
) = (yon = (Goa 


= (-1)*2 -(+*s) —] 


(by Euler’s criterion). 
Conversely, let us assume that (q/p) =:1. By Gauss’ reciprocity law and 
Euler’s criterion we deduce that 


(2) = ys = (UE) 


hence (p(-1) 9/7 /1) = 1. Thus there exists x such that 


p(—1)?-Y/? = x? (mod q). 


Since x? = (q — x)* (mod q) and z or q — x is odd, we may assume, for 
example, that x is odd, hence x? = 1 (mod 4). If p = 1 (mod 4) then 
p = x” (mod gq); from x* = 1 (mod 4) we deduce that p = x* (mod 4g). 
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If p = —1 (mod 4) then p = —2x? (mod q); from p = —2x* (mod 4) we 
conclude that p = —x? (mod 4g). | 


We may illustrate this result with some numerical examples. 
If ¢g = 3 then 


(=) _ { 1 when p = +1 (mod 12), 


p —1 when p = +5 (mod 12). 


Indeed, a = 1 is the only number such that 0 < a < 12, a = 1 (mod 4) 
and (a/3) = 1. Thus, (3/p) = 1 exactly when p = +1 (mod 12). 

Similarly, if ¢ = 11, we consider the squares 17, 37, 5%, 77, 97, 
whose residue classes modulo 44 are 1, 9, 25, 5, 37. By our result, 
(11/p) = 1 when p is congruent modulo 44 to any of the integers 
+1, +5, +9, +25, +37. 

The result which follows may be called the “global property of quadratic 
residues.” Its interest lies in the fact that a property is deduced for an 
integer whenever a similar property relative to residue classes modulo p, 
holds for all primes p. 


Theorem 2. A nonzero integer is a square if and only if it is positive 
and also a quadratic residue modulo p, for every prime p. 


Proof: If a= b* then a > 0 and a = b? (mod p) for every prime p. 

Conversely, let us assume that a is not a square, so it is of form a < 0 or 
a= m’*p,...p, where pj, ..., Dy are distinct primes, r > 1, and ifi < r 
then p,; 4 2. 


Casel: a>Q0O. 

We shall show that (a/p) = —1 for some prime p. 

First we prove that if g is an odd prime there exists an integer u such 
that u = 1 (mod 4), q does not divide u, and (u/q) = —1. Indeed, we 
exclude from the set of g integers {1,5,9,...,4q — 3} those which are the 
least positive residues modulo gq. We also exclude q when g = 1 (mod 4) or 
3q when gq = —1 (mod 4). There remains a set with g — (q — 1)/2-—1 = 
(¢q — 1)/2 > 1 elements. If u belongs to this set we have (u/q) = —1. We 
apply this fact for g = p, when p, is odd. If p, = 2 we take u = 5. 

By the Chinese remainder theorem there exists an integer x satisfying 
the following congruences: 


x = 1 (mod py), 
r=1l (mod Pr—1); 
x =u (mod 4p,). 


By Dirichlet’s theorem there exists a prime p such that 


p= ax (mod 4p, --- pr_1pr). 
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Then a = m?p)p2---p, satisfies 
GH) GG) AE) 
Pp Pp Pp Pp 
— (2) (yo -( P Jays | (2) — 1, 
P\ Pr-1 P 


since p = x = 1 (mod p;) for alli =1,...,r-—1; p= ax =1 (mod 4); 
(2/p) = —1, since p = 5 (mod 8) when p=, = 2; 


(2) = (Bn (2) = 


because p = u (mod p,). 


Case 2: a < 0. 
If a = —m?, let p be a prime such that p = —1 (mod 4) (for example, 


p = 3); then (a/p) = (—1/p) = —1. 


If a = —m*p,---p, where pj, ..., pr are distinct primes and r > 1, 
we consider a prime p such that p = 1 (mod 4) and (—a/p) = —1, which 
exists by the first case. Then (a/p) = (—1/p)(—a/p) = —1. a 


4.2 Gaussian Sums 


We now want to present another more penetrating proof of Gauss’ reci- 
procity law. This proof will illustrate the possibility of deriving properties 
of integers by considerations in algebraic extensions of the field Q of ratio- 
nal numbers. This is just one instance of a very fruitful method, and we 
shall later encounter more applications of this idea. 

We assume that the reader has a familiarity with the basic concepts of 
the theory of commutative fields as found in the Introduction and in several 
textbooks. 

Let p be an odd prime and let Ko = Q or Ko = Fy (where gq is prime 
distinct from p). Let ¢ be a primitive pth root of unity (in an algebraic 
closure of Ko). Thus 1, ¢, ¢7, ..., ¢?7! are all the pth roots of 1 in the 
algebraic closure, and C? = 1. We agree to write (* = (%, where @ denotes 
the residue class of a modulo p. From 0 = ¢? — 1 = (€ —1)(C?71 4 CP-4 + 
--»4+C+41), €1, it follows that CP-! + cP-2 +---4+¢641=0. 

For every @ € P(p) we shall consider the sum 


ray = So (2 )co 


ZTEP(p) P 
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which is an element of the field K = Ko(C). It is called the Gaussian sum 
over Ko belonging to a. The principal Gaussian sum is 


M. 


For every @ € P(p) we have T(@) = (a/p)r(1) 


Proof: Leta@-% = y for every Z € P(p). Since P(p) is a finite multiplicative 
group then 


= ().E Be 


zeP(p) \? 


XX G)e= & (e= 


yEP(p) P 
We deduce, by multiplication with (a/p), that 7(@) 


| 


= (a/p) -7(1). a 
Now, we compute the square of the principal Gaussian sum over the field 
Ko. It is convenient to denote by 1 the unit element of Ko. 
N. 


T(1)? = (—1)®-))/2p - 1, or explicitly 


a= | p:-1 when p=1 (mod 4), 


—p-1 when p = 3 (mod 4). 
In particular, since Ko has characteristic different from p, then T(1) 4 0 


Proof: ‘The statement is proved by a straightforward computation 


w-[z, 0} 12,06 


yEP(p) P 


Let us write 
group); hence 


G8 


r(I)? = 3 (Eon 


p 


_ | x(1+t) 
= — ¢ 
x, ( ‘ 


zEP(p) 


| 
| 
8 
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If1+t+O0then {z(1 +t) |Z € P(p)} = P(p), thus, 
S> cr) 64 (7 4... 4 (P71 = 1, 


ZEP(p) 


Ifl+t=0 then Veep) Ut? = (p—1)- 1. Therefore, 


(GPA E Ga Graces 


te P(p) 


because there are as many quadratic residues as nonresidues modulo p (by 
(F), (H)). In particular, since Ko has characteristic different from p, then 
T(1) £0. r 


The above expression of (1)? will soon be used in an important instance. 


O. Let q be an odd prime different from p. For the principal Gaussian 
sum (for the prime p) over F, we have 


r(1)! = (4) 7. 


S> GG _ S> (= Jc 
ZEP(p) P rEP(p) P 


(7) Le, Ge] =) 


xZEP(p) 


Proof: 


ae 
on" 
| 
— 
2 

| 


since F,(C) has characteristic g. We conclude that r(1)@~! = (q/p)-1 


because T(1) # 0. | 
We are now ready to indicate a new proof of the quadratic reciprocity 
law, which is also due to Gauss. 
Let p, q be distinct odd primes. We compute in the algebraic closure of 
F, the value of the Legendre symbol (q/p). Let p* = (—1)'?-))/2p and let 
1 be the unit element of F,. By (O): 


G\ a t(D)?! = [e(T)2)49-Y/2 = (pt) 9-2/2 | T. 
(4) -i (Ty) = [ray (p") i 


By Euler’s criterion we have the equality in the field F,: 


G)- (SS) -G) oO) 
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so that (p/q)(q/p) = (-1) "2". a 
This method of proof implies the following interesting result: 


P. If K|Q is an algebraic extension of degree 2, then there exists a root 
of unity ¢ such that K C Q(¢). 


Proof: We may assume that K = Q(Vd) where d is an integer with no 
square factors. Indeed, by the theorem of the primitive element (see Chapter 
2, Section 6) there exists an element t such that K = Q(t). The minimal 
polynomial of t is of degree 2, X° + aX + b. Replacing t by t’ = t + (a/2), 
it follows that K = Q(t’) and t’ is a root of X* — d;/dz, where d,/d2 = 

a*/4 — b, with d;, do € Z, do # 0.S0o kK = Q(/d1/d2) = Q(V did), 
hence K = Q(Vd), where d is an integer with no square factors. Thus 
d= +2°p,----- pr, where e = O or 1, r > 0, and each p; is an odd prime. 
It follows that K = Q(Vd) C Q Jal /2, 2, ./P1,---, Pr). Here /—1 is 
a primitive root of unity C4 and My is expressible in terms of a primitive 
eighth root of unity Cg because 


(e+¢5')? =@G+74+2=G44+¢'42=2, 


thus Q(v2) € Q(¢s). 7 

Finally, if p is any prime, p # 2, then +p = [r(1)]? (by (N)), therefore, 
Vp = T(1) € Q(¢,) or Jp = V—Ir(1) € Q(4, CG»), where ¢, is a primitive 
pth root of unity. 

Combining these facts, K = Q(Vd) C Q(Cg, Cpis-- +s Sp) © QC), 


where m = 8p; ----- p, and ¢,, is a primitive mth root of unity. a 


The preceding result has a far-reaching generalization, which is the 
classical Kronecker and Weber theorem: 


If K|Q is an Abelian extension (that is, a Galois extension with Abelian 
Galois group) of finite degree, then there exists a root of unity C, such that 
KC Q(¢). 


We postpone the proof of this theorem until Chapter 15, since it requires 
deep considerations of an arithmetical nature. 


4.3 The Jacobi Symbol 


We conclude this chapter by indicating a generalization of Legendre’s 
symbol, which is useful in the study of quadratic number fields. 

Let a be a nonzero integer, and let b be an odd integer relatively prime 
toa, |b] = IT, 2°” (p odd prime, 6, > 1). 
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We define the Jacobi symbol A (also denoted |a/b|) by 


§]-[S)-1G)- 


p|b 


In particular [a/1] = [a/—1] = 1. Let us note that since gcd(a, b) = 1, if 
Bp = 1, then p does not divide a, so that the Legendre symbol (a/p) has a 
meaning. 

The Jacobi symbol has value 1 or —1. If b = p is an odd prime number 
then [a/p| = (a/p). We write (3) or (a/b), instead of H or [a/b], without 


ambiguity. 
Below we list some of the properties of the Jacobi symbol (under the 
above assumptions about the numerator and denominator): 


Q. (1) Ifa =a’ (mod b) then (a/b) = (a’/b). 
»(@)-G() 
© (i) = Gl) 


(4) If the class of a modulo b > 1 is a square in P(b) then (a/b) = 1. 


Proof: These properties follow easily from the corresponding properties 
for the Legendre symbol. 

To show (4) we note that if a = x? (mod b) and if p is a prime dividing 
b then a = x? (mod p), so (a/p) = 1. Thus (a/b) = 1. a 


Let us observe, however, that it may happen that a modulo 0 is not a 
square in P(b) and yet (a/b) = 1. For example, (2/9) = (2/3)* = 1, but 
2 is not a square modulo 9. Similarly (2/15) = 1, but 2 is not a square 
modulo 15. 

To deduce other properties we first observe the following simple facts. If 
b= Hp. p°» is an odd integer then b = 1 (mod 4) if and only if there 
is an even number of primes p such that (@, is odd and p = 3 (mod 4). 
Hence, 


S_ Bp « (p — 1)/2 = (b — 1)/2 (mod 2). 
p|b 


Similarly, b = +1 (mod 8) if and only if there is an even number of primes 
p such that 6, is odd and p = +3 (mod 8). Thus 


S > Bp(p? — 1)/8 = (b? — 1)/8 (mod 2). 


p|b 
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R. For odd integers b we have 


vl _ (—1) I-02 _ 1 when |b] = 1 (mod 4), 
—1 when |b| = 3 (mod 4), 


2\ (-1)@-v/8 _ 1 when b = +1 (mod 8), 
7 ~ | -1 when b = +3 (mod 8). 


Proof: By definition and (H) we have 


= (@) IB) = aber -camen 


p\|b 


In the same way 


(3) =I] (2) = (1) EnV _yyePnys 


p|b P 


S. The reciprocity law for the Jacobi symbol is the following: 


(+) =<(-1)*r (*) 


where a, 6 are relatively prime odd integers and 


<= 1, whena or 6 is positive, 
~ )-1, whena <0, b< 0. 
Proof: First we assume that a > 0 and b > 0, and let a = Hoja qu, b= 


Ip). p?» be the prime decompositions of a, 6. The primes dividing 6 are 
different from those dividing a. Thus by the quadratic reciprocity law for 
the Legendre symbol 


() m6)" -nn)” 


p|b p\b gla 
ay Bp q-1 p-l 
(ye 
plb gla \4 
= TT (2) (aE evn 8 
q 
qla 
Since 
q-1l1 a-l 
S "ag a = 5 (mod 2), 
qla 
and 


76 4. Quadratic Residues 


we have 


q\a 


Now, if a < 0 and b > 0 then 


(5) =(2)(E) canner (iB 


_ ayer} (2). 


a 


Since 1 + (Ja] — 1)/2 = (a — 1)/2 (mod 2) when a < 0 and odd, then 


From 
a—1l —-b-1I1 —a—l1 a—-l b+1 a+1l 
2 2 2 2 2 2 
—1l1 6-1 
= (zl dt (mod 2), 


since ¢€ = —1 in this case. a 


EXERCISES 


1. Determine the squares in the following groups: P(7), P(11), P(12), 
P(16), P(49). 


2. Compute the following Legendre symbols: 


Gi) Ga) G) 
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3. Compute the following Legendre symbols: 
205 18 753 48 
307 }’ 461 ]’ 811)’ 1117) 


4. Determine the primes p modulo 68 such that 17 is a quadratic residue 
modulo p. 


5. Determine the primes p modulo 20 for which 5 is a quadratic residue 
modulo p. 


6. Determine the odd primes p for which 7 is a quadratic residue modulo 
Dp. 


7. Determine the primes p modulo 12 such that —3 is a quadratic residue 
modulo p. 


8. Determine the odd primes p for which 10 is a quadratic residue 
modulo p. 


9. Determine the odd primes p for which —2 is a quadratic residue 
modulo p. 


10. Prove that 7 is a primitive root modulo every prime p = ge 4] 
(k > 1). 


Hint: First show that 2* = 2 or 4 (mod 6), then 92° = 2or4 
(mod 7); next compute (7/p). 


11. If p is a prime number, p = 1 (mod 4), prove that there exists an 
integer x such that 1 + x? = mp, with 0 < m < p. 


12. Let p be an odd prime. Show that there exist integers x, y, and 
m, 0<m < p, such that 1+ 2? + y? = mp. 


13. Prove that for every integer a > 1 there exist infinitely many integers 
n which are not prime and such that a”~! = 1 (mod n). 


Hint: For every odd prime p not dividing a(a? — 1) consider n = 
(a2? — 1)/(a? — 1). 


14. Prove that 2199 = 1 (mod 10937). (The congruence was discovered 
by actual calculation by Meissner; the proof below is by Landau.) In this 
respect, let us mention that it seems to be only rarely that a prime number 
p satisfies 2?-' = 1 (mod p*); namely, p = 1093, p = 5311 are the only 
primes less than 4 x 10! for which this is true. 


Hint: In order to show that 2'°? = —1 (mod p*) establish that 
314 = 4n+1 (mod p?), 37-276 = —469p—1 (mod p?), 314-218% = —4p—1 
(mod p?). 
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15. Let p be an odd prime. Show that 


n=1 
Hint: Make use of the fact that n has an inverse modulo p. 


16. Let p be an odd prime. Prove that the number of pairs of consecutive 


integers n, n+1, with 1 < n < p—2, which are quadratic residues modulo 


p is equal to 4(p — 4 — (—1/p)). 


Hint: Use the previous exercise after evaluating ae + (n/p)) 
(1+ ((n + 1)/p)). 


17. Let p be an odd prime. Show that the product of the quadratic 
residues a modulo p, where 1 < a < p — 1, is congruent to —(-—1/p) 
modulo p. 


Hint: Group the quadratic residues by pairs. 


18. Let a,b,c € Z, and let p be an odd prime not dividing a. Show that 
there exists x € Z, such that ar* + bz +c = 0 (mod p) if and only if 
b* — dac is a quadratic residue modulo p. 


19. Prove that there are 5 P(p — 1) quadratic residues modulo p* and 
these are the solutions of the congruence 


eP(P-1)/2 = 1 (mod p?). 


20. Let p be a prime number, p = 1 (mod 4), and let aj, ao, ..., 
Q(p—1)/2 be all the quadratic residues modulo p such that 1 < a; < p— 1. 
Prove that 


(p—1)/2 
a, = p(p — 1)/4. 


i=1 
21. Show that if the prime number p divides 839 = 387 — 5-117, then 
(5/p) = 1. From this deduce that 839 is a prime number. 
Hint: Determine the primes for which 5 is a quadratic residue. 
22. Show with the same method that 757 is a prime number. 
Hint: Write 757 = 55° — 7 - 187. 


23. Let p be a prime number, a an integer not multiple of p, and assume 
that there exist integers x, y such that p = x? + ay’. Show that —a is a 
quadratic residue modulo p. 
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24. Assume that the congruence x” = a (mod m), where a > QO, is 
solvable for every integer m > 1. Prove that a is the nth power of a natural 
number. 


25. Let p be an odd prime, 1 < a < pandn =ap+lorn=ap*? +1. 
Prove that if 2° # 1 (mod n) and 2”~! = 1 (mod n) then n is a prime 
number. 


Hint: Show that the order d of 2 modulo n is a multiple of p, hence p 
divides y(n); noting that p does not divide n, deduce that n = qm, where q 
is a prime number, g = 1 (mod p); conclude by proving that m > 1 leads 
to a contradiction in both cases n = 1 (mod p), n = 1 (mod p’). 


26. Let p be an odd prime, m > 2, 1 <a < 2”, n = 2a +1, and 
assume that (n/p) = —1. Prove that n is a prime number if and only if 


p\r—V/2 = —1 (mod n). 


Hint: Ifn is prime, use Gauss’ reciprocity law and Euler’s criterion. 
Conversely, consider the order d of p modulo q (a prime factor of n); show 
that 2™ divides d, hence g = 1 (mod 2™) and from this conclude that 
n= q. 


27. Apply the previous exercise to show that the Fermat number F;, (see 
Exercise 58, Chapter 3) is prime if and only if F,, divides 


gin D/2 4]. 


28. Find the smallest prime p which may be written simultaneously in 
the forms p = x? + y? = x3 + 2y2 = x12 + 3y2, where z;, y; € Z. 
29. Let p be a prime number, p > 7, p = 3 (mod 4). Prove (Euler): 

(a) 2p + 1 is a prime if and only if 2? = 1 (mod 2p + 1). 


(b) If 2p+ 1 is prime then the Mersenne number M, = 2? — 1 is not 
a prime number. 


(c) Show successively that 23|My,, 47|Mo3, 167|Mg3, 263|Mj31, 
359| M79, 383 | Mj91, 479 | Mo39, and 503 | M51. 


Hint: Use Exercise 25, this chapter. 


30. Show that if n is not a square, there exist infinitely many prime 
numbers p such that n is not a quadratic residue modulo p. 


31. Prove the following particular case of Dirichlet’s theorem: There exist 
infinitely many prime numbers in the arithmetic progression 


{12k +7|k =0,1,2,...}. 
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Hint: After computing the Legendre symbol (—3/p), show that 
4a? + 3 is divisible by a prime in the given arithmetic progression; conclude 
considering integers of the form 4(p,po...p,)? + 3. 


32. Prove the following particular case of Dirichlet’s theorem: In the 
arithmetic progression {1 + 2k | k = 0,1,2,...}, nm > 1, there exist 
infinitely many primes. 

Hint: First establish that if p # 2 is prime and p divides ge" 44 
then p = 1 (mod 2”). 


33. Prove the following particular case of Dirichlet’s theorem: In the 
arithmetic progression {1 + q"k | k = 0,1,2,...}, n > 1, q a prime 
number, there exist infinitely many prime numbers. 


Hint: First establish that if p is a prime number, p ¥ q, dividing 1 + 
n—1 n—-tl n-1 
ry 4+ 79 oe + ¢(9-a""" then p = 1 (mod gq”). For this purpose, 
write y= 2? and note that 


Ltyty testy? = (y- 1th + (‘Ju- 1)7-° 


+ (SJu-nete + (8 \w- re 


34. The Kronecker symbol. Let a # 0 and let p be any prime number. 
We define the Kronecker symbol +, = {a/p} as follows: if pla then 


{a/p} = 0; if p is odd and pfa then {a/p} = (a/p) (the Legendre symbol); 
next, 


a +1, ifa =1 (mod 8), 
15} = <¢ —l, ifa =5 (mod 8), 
undefined, ifa@=3 (mod 4). 


If b = pi --- pr, (pi,---, pr odd primes, not necessarily distinct), we define 
a a fa 
te} > (as Ht 
If b = 2°b’, where e > 1, 0b’ is odd, we define 
a to 
— >, if e is even, 
ti} > I 
bj a a oe 
15} ea if e is odd. 


(note that {a/b} = 0 if e is odd and a is even, and it is undefined when e 
is odd and a = 3 (mod 4) ). 
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Assuming that the Kronecker symbols below are defined, prove: 


a a’ 
(a) Ifa =a’ (mod 4b) then +a = ish 
a a a 
® dant tay ep 
(d) Let b = 2°b’ with e > 0, b’ odd. Then 
iF} = (—1)('l-1)/2 if e is even, 
b undefined if e is odd. 


—1)(6°-1)/8 if e is even, 


( 
0 if e is odd. 
2 
a 


where « = —1lifa <0, 6 < 0, and € = 1 otherwise. 
(h) If gced(a, b) = 1, b > 0, a = 2£a’ with e > 0, a’ odd, then 


15} = 15} (-1) et 4 tat 
(i) If bj, b2 are odd, b; = bg (mod 4a), and b;b2 > 0, then 
ti) = tas] 
by bf 
(j) For every a not a square there exists b such that {a/b} = —1. 


35. Prove the following properties of the Kronecker symbol where 
a =Oor1 (mod 4): 


(a) a _ 1 whena > 0, 
la} —1f  |-1 whena < 0. 
(b) If b = —b’ (mod |a|) then 
te} when a > 0, 
}- 
-{5} when a < 0. 
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Algebraic Integers 


9.1 Integral Elements, Integrally Closed Domains 


The arithmetic of the field of rational numbers is mainly the study of 
divisibility properties with respect to the ring of integers. 

Similarly, the arithmetic of an algebraic number field K is concerned 
with divisibility properties of algebraic numbers relative to some subring 
of K, which plays the role of the integers. Accordingly, we shall define the 
concept of an algebraic integer. 

More generally, we introduce the following definition: 


Definition 1. Let R be a ring,* and A a subring of R. We say that the 
element x € FR is an integer over A when there exist elements a1,...,an, € 
A such that 2” + az" !+4+---+a, = 0. 

For example, if A = K and R = L are fields, then x € L is integral over 
K if and only if it is algebraic over K. 

The first basic result about integral elements is the following: 


A. Let R be a ring, A a subring of R, and x € R. Then the following 
properties are equivalent: 

(1) x ts integral over A. 

(2) The ring Ala] is a finitely generated A-module. 


(3) There exists a subring B of R such that Alx] C B and B is a 
finitely generated A-module. 


Proof: (1) — (2) Let us assume that 2” + a,2"-!+---+a, = 0 with 
Qj,.--,;@n € A. We shall show that {1,z,...,7"~!} is a system of gen- 
erators of the A-module A[z]. Indeed, from 2” = —(a,;r2"~!+---+a,) 
it follows that 2"+!, 2+? ... are expressible as linear combinations of 
1, z, ..., x”~! with coefficients in A. 


* We shall consider commutative rings with unit element, and the image of the unit 
element by all ring-homomorphisms is again the unit element. 
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(2) — (3) It is enough to take B = Afr]. 
(3) — (1) Let B= Ay, +---+ Ayn. 


Since z,y, € B then zy; € B; thus there exist elements ay (J = 


1,...,n) such that ry; = jal aijyj for allz = 1,...,n. Therefore, 
letting 6;; = 1 when i = j, 6;; = O when i # Jj, we may write 
yj a1 6ig@ — aay )yy = 0 for alla = 1,...,n. 

In other words, the system of linear equations a1 (6152 — aij)Y; = 0 
for allz = 1,...,n has the solution (y,,..., Yn). 

Let d be the determinant of the matrix (6;;2 — a;;);,;. By Cramer’s rule, 
we must have dy; = 0 for all j =1,...,n. 


Since 1 € B, it may be written in the form 1 = )7"_, cjy; with c; € A, 
hence d =d-1= )/,_, ejdy; = 0. 
Computing d explicitly: 


tL — Qj —a12 an —Qin 
—Q21 L— agg °° —Q2n 
d = det ; ; 
—QAn1 —An?2 sf. L— ann 


we deduce that d is of the form 0 = d = 2” + bir"! +---+6, where each 
b; € A. This shows that x is integral over A. a 


With this result we are able to deduce readily several properties of 
integral elements. 


Definition 2. Let R be a ring and A a subring. We say that FR is 
antegral over A when every element of FR is integral over A. 

The following fact is evident: 

Let R be a ring integral over the subring A, let 0: R — R’' bea 
homomorphism from FR onto the ring R’ and 6(A) = A’. Then R’ is integral 
over the subring A’. 


Definition 3. Let R be a ring and A a subring of R. If every ele- 
ment of R which is integral over A belongs to A, then A is said to be 
integrally closed in R. 

If A isa domain, R = K (the field of quotients of A) and A is integrally 
closed in K, we say that A is an integrally closed domain. 

The following properties are easy to establish: 


B. Let R be a ring, A a subring, and let x1,...,%, € R. If x, 18 
integral over A, if xq 1s integral over Alx,|, ..., if Xp is integral over 
Alr1,...,%n—1}, then Alxi,..., 2] is a finitely generated A-module. 


Proof: By (A), Alx,] is a finitely generated A-module and A(z, x9] is 
a finitely generated A[x,|-module. Hence, A[x, x2] is a finitely generated 
A-module. 

The remainder of the proof is done similarly. | 
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C. Let AC BCC be rings. If C is integral over B and B is integral 
over A, then C is also integral over A. 


Proof: Let x € C, so there exist elements b),...,b, € B such that x” + 
br" 1 4.---4+b, = 0. 

But this means that z is integral over the subring A[b),..., bn]. By (A), 
the ring A[b,,...,bn, 2] is a finitely generated module over A[by,..., dn]. 
By (B), Albi,..., bn] is a finitely generated A-module, hence 


A(z] C Albi,.--5 On, 2), 


which is a finitely generated A-module. Thus, by (A) again, we deduce that 
x is integral over A, proving our statement. | 


D. Let R be a ring, A a subring, and let A’ be the set of all elements 
x € R which are integral over A. Then A’ is a subring of R, which is 
integrally closed in R, and integral over A. 


Proof: Clearly A C A’, because every element a € A is a root of the 
polynomial X — a. | 

Ifz,y € A’, then x+y, x — y, ry belong to the ring Al[z, y]. By (B), 
Alx, y| is a finitely generated A-module, hence by (A), 7+ y, © — y, ry 
are integral over A, so belong to A’. . 

By (C), A’ is integrally closed in R. a 


This result justifies the following definition: 


Definition 4. Let R be a ring, and A a subring. The ring A’ of all 
elements of R which are integral over A is called the integral closure of A 
in R. 


We examine these notions in the special case of domains and fields. 


E. If R is a domain, which is integral over the subring A, if J is a 
nonzero ideal of R, then JNA #0. 


Proof: Let x € J, x # 0; by hypothesis, there exists a monic polynomial 
f =X" 4+a,X"!4---+4a, € A[X] such that f(r) = 0. We may take 
one such polynomial of minimal degree. Then a, 4 0, otherwise 


gr} + a,x"? +---+4@,-1 = 0 
(since x 4 0 and R is a domain). Hence 
an = —(¢"—! + aye? +--+ an_1)2 E JNA. a 
F. Let R be a domain which is integral over the subring A. Then, R is 
a field if and only if A is a field. 


Proof: If R is a field, if x € A, x 4 0, consider its inverse x~! in R. It is 
integral over A, hence there exist elements a; € A such that 


(x~*)" + ay(z7")"- 1 +---+a, = 0. 
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1 


Multiplying by x”~~* we obtain 


cl} +a,+agrt+---+a,z”! =0, 


hence x~! € A. 

Conversely, let A be a field, let x € R, and x # 0. By (E) there exists 
aé€é RxrN A, a #0; soa = bz, withde R. 

Let a’ € A be the inverse of a, so 1 = a’a = (a’b)z; hence z is invertible 
in # and R is a field. a 


As a corollary: 


G. Let R be a ring integral over the subring A and let Q be a prime ideal 
of R. Then Q is a maximal ideal of R if and only if QN A is a mazimal 
ideal of A. 


Proof: If Q is a maximal ideal of R then R/Q is a field, which is integral 
over the subring A/(Q NM A); thus A/(Q 1M A) is a field and QN Aisa 
maximal ideal of A. 

Conversely, if @ M A is a maximal ideal of A then the domain R/Q is 
integral over the field A/(Q 9 A). So R/Q is a field and Q is a maximal 
ideal of R. a 


The important situation for algebraic numbers is the case where A is an 
integrally closed domain, with field of quotients AK, and L is an algebraic 
extension of K. 


H. Let A be an integrally closed domain with field of quotients K and 
let L be an algebraic extension of K. If x © L is integral over A, then its 
minimal polynomial over K has all its coefficients in A; all conjugates of x 
over K are also integral over A. If B is the integral closure of A in L then 
BOK =A. 


Proof: Let f € K[X] be the minimal polynomial of x over K. Since z is 
integral over A, there exists a monic polynomial g with coefficients in A, 
such that g(x) = 0. Hence f divides g. 

Let L’ be the splitting field of f over K, that is, the field generated over 
K by the roots of f. Let A’ be the integral closure of A in L’. Then A’N K 
is integral over A, hence must be equal to A (which is assumed integrally 
closed). 

The conjugates of x are also roots of g, hence integers over A, so they 
belong to A’. 

The coefficients of f are, up to sign, equal to the elementary symmetric 
polynomials in the conjugates of x, hence f has coefficients in A’N K = A. 

The last assertion follows from the hypothesis that A is integrally closed. 

| 
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Another useful property follows: 


I. Let A be an integrally closed domain with field of quotients K and let 
L be an algebraic extension of K. If B denotes the integral closure of A in 
L, then every element of L is of the form b/d, whereb€ B, d€ A(d #0). 


Proof: Let x € L, x # 0, so z is algebraic over K, hence there exist 
elements c;/d; € K with c;,d; € A, d; # 0 for? = 1,...,n, such that 
x” + (c1/dy)a"- 1 +-+-+en/dn = 0. 

Let d = d,---d, € A, then 


d™x" + (d"~"dic)a"~ 1 +---+d"-"dl cn = 0 


where dj = d/d; € A fori = 1,...,n. It follows that 

(dx)” + (dic:)(dr)"~'4+---+d"~'dl en = 0, 
with d’-'dic; € A for i = 1,...,n. Thus dr is integral over A, so dz = 
be B, b#0, and zg = b/d. | 


Let us now note some important types of integrally closed domains. 
J. Every unique factorization domain is an integrally closed domain. 


Proof: Let K be the field of quotients of the unique factorization domain 
A. Let x € K, x £ 0,so x = a/b with a,b € A, a,b # 0, and we may 
assume that gcd(a, b) = 1. 

If x is integral over A, there exist elements c1,...,Cn, € A such that 
(a/b)” + cy (a/b)"-1 +---+c, = 0, thus 


a” +.c,ba"- 1 +---+e,b" = 0. 


It follows that a” = —b(cja"~' + ---+enb"—!), so b divides a” = a-a™!. 
Hence, repeating the argument, b divides a, that is, x = a/b € A, proving 
that A is integrally closed. || 


In particular, since every principal ideal domain is a unique factorization 
domain, then every principal ideal domain is also integrally closed. 

By imitating the procedure in the case of the rational integers, we may 
prove the following result: 


K. Let A be a domain, satisfying the following property: if 
Aa, C Aay © sae C Aan Cee. 


1s an increasing chain of principal ideals of A, then there exists an integer 
n such that 


Aan = Aan+1 =: 


Then every nonzero element of A which is not a unit may be written as 
a product of indecomposable elements. 
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Proof: Let a € A, a # 0. If a is not a unit element of A, then either 
a is indecomposable or there exists an element a; € A, a, # 0, a; not 
a unit and not associated with a, such that a,|a; hence Aa C Aa,. This 
argument may be repeated with a,: either a; is indecomposable, or there 
exists ag € A, az #0, ag not a unit and not associated with a,, such that 
a2|a,; hence Aa C Aa, C Aag. In virtue of the hypothesis, repeating the 
argument, there exists n, such that a, is indecomposable. Thus, we have 
shown that ifa € A, a # 0, there exists an indecomposable element p; such 
that p,|a; hence there exists b} € A, b; # 0, such that a = p,b,, so Aa C 
Ab;. But again if 6; is not a unit there exists an indecomposable element po 
such that b; = p2be, so a = pipeb2, Aa C Ab; C Abo. By the hypothesis, 
there exists m such that b,, is a unit, hence a = p)p2--:(Pmbm), that is a 
product of indecomposable elements. a 


Let us note this reformulation of the unique factorization: 


L. Let A be a domain such that every element is a product of 
andecomposable elements. Then the following statements are equivalent: 
(1) Ifpi--- Pr = pi ++ py (where pi, p; are indecomposable elements 
of A) then s = r and there is a permutation o of {1,...,r} such 
that Pi ~ Pi): 
(2) If p is indecomposable and p divides xy (where x,y € A) then 
either p|x or ply. 


Proof: ‘The proof of this statement is very similar to the case where A is 
the ring of integers, therefore we leave the details to the reader. a 


The Euclidean division algorithm is an important and useful tool in the 
study of rings of algebraic integers. 


Definition 5. Let A be a domain. It is said to be a Euclidean domain, 
when for every element a € A, a # 0, a positive integer 6(a) is associated, 
and the following properties are satisfied: 

(1) If a,b € A are nonzero elements, then 6(ab) > 6(a). 


(2) If a,b € A, b # O, there exist elements q,r € A such that 
a = bq+randr = Oor é(r) < 6(0). 


Z is a Euclidean domain, by choosing 6(a) = |a| for every a € Z, a # 0. 
This statement is a rephrasement of the possibility of performing Euclidean 
division in Z with respect to the absolute value (that is, 6(2) = || for 
x #0). 


By imitating the usual proof in Z, we obtain: 
M. Every Euclidean domain is a principal ideal domain. 


Proof: Let J be a nonzero ideal of the Euclidean domain A. Consider the 
set of positive integers {6(a) | a € J, a # 0}. Let m be the minimum of 
the integers in this set and let b € J, 6 # 0, such that 6(b) = m. 
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Now if a € J, there exist g,r € A such that a = bq +r, with r = 0 or 
d(r) < 6(6) = m. But r = a — bq € J, so by the minimality of m, r = 0, 
that is, a € Ab, showing that J = Ab. | 


5.2 Rings of Algebraic Integers 


We shall now consider explicitly the above definitions and results for the 
case of algebraic number fields. 


Definition 6. An algebraic number, which is a root of a monic 
polynomial with coefficients in the ring Z of integers, is called an 
algebraic integer. 

It is also customary to say that the elements of Z are rational integers. 
We have seen that Z is integrally closed since it is a principal ideal domain. 
We may also give an independent direct proof that: 


If x € Q ts an algebraic integer over Z, then x € Z. 
Proof: We may assume that x > O and that 
a” +ayr" 1+---+a, = 0, 


with a1,...,@n € @Z. There exists an integer k > O such that 
kx, kx*,...,kx"~! € Z; we choose the smallest k with this property. 
Let [x] denote the unique integer such that [z] < x < [x] + 1. Let 


k’ = k(x — [r]) = kx — k[z] € Z, 
so 0 < k’ < k. Also 


and similarly 


k'a*,..., ka? 2 EZ 
Also 
k'c"—) = k(x — [x])x"~! = ka” — [z]kax"—} 
= —k(ayx") +---+4@n_-12 + Gn) — [z]kx”~} € Z. 
By the minimality of k, k’ = 0, that is, z = [z] is in Z. a 


From our results, we see that the conjugates of an algebraic integer are 
algebraic integers. 

If K is any field of algebraic numbers (of arbitrary degree over Q), if 
Ax = A denotes the ring of all algebraic integers in K, then A is an 
integrally closed domain, so AN Q = Z. We deduce that the trace (equal to 
the sum of conjugates) and the norm (equal to the product of conjugates) of 
an algebraic integer are rational integers (since they belong to AN Q = Z). 
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We shall be concerned with the arithmetic in an algebraic number field, 
relative to the subring of its algebraic integers. The natural question to ask 
is whether such rings must necessarily be unique factorization domains. 
and if this is not the case, how is it possible to describe their arithmetic. 

Concerning the units of the ring of algebraic integers, we have the 
following easy fact: 


N. An algebraic integer x is a unit if and only if its norm N(x) = +1. 


Proof: If z is a unit, there exists an algebraic integer x’ such that rz’ = 1: 
taking the norms, we obtain N(x) - N(x’) = 1, so N(x) is a unit in the 
ring Z, that is, N(x@) = +1. 

Conversely, if N(x) = +1, then letting x’ be the product of all conjugates 
of x, distinct from z, we have x- x’ = +1; but 2’ is an algebraic integer, 
so x divides 1 in the ring A of algebraic integers. a 


We deduce: 


O. Let A be the ring of algebraic integers of an algebraic number field 
K. Then everya € A, a # 0, which is not a unit, is the product of 
andecomposable elements. 


Proof: We apply (K). Let Aa; C Aag C --- be the chain of principal 
ideals of A. Since a; = bag, taking norms in the extension K|Q, then 
N(a,) = N(baz) = N(b)-N(az2). Since the norms are rational integers, then 
N(az) divides N(a,). This argument may be repeated, so N(a,) divides 
N(qa,) for every n > 1. 

Since each rational integer has only finitely many divisors, there exists 


n such that |N(@n4i1)| = |N(an)|. Thus an = can41 with c € A and 
N(c) = £1. So by (N), c is a unit and Aa, = Aan+1, which was required 
to be proved. | 


However, we have not established the uniqueness of decomposition into 
indecomposable elements. As we shall see this is actually not true. 
We add the following definition: 


Definition 7. The algebraic number field K is said to be Euclidean 
when the ring A of algebraic integers is a Euclidean domain. 

Often, we take the function 6 to be equal to the norm, but this need not 
be so. 


5.3 Arithmetic in the Field of Gaussian Numbers 


An important example of a number field is Q(,/—1), which is called the field 
of Gaussian numbers. Its elements are of the form a + be, where a,b € Q 


and i = /—1, that is, 7* = —1. Then [Q(i) : Q] = 2. 
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We shall describe the integers, units, and indecomposable elements in 

Q(z). 

P. The ring of Gaussian integers is Zli] = {a + bt | a,b € Z}. 

Proof: Since i = /—1 is a root of x? + 1, then it is a Gaussian integer. 
Thus Z|i] is contained in the ring A of Gaussian integers. 

Conversely, let a,b € Q and x = a+ bi € A. Then Tr(x) = 2a and 
N(x) = a? + b? are in Z. Thus (2a)? + (2b)? € Z, so (2b)? € Z and 
therefore 2b € Z. Since (2a)? + (2b)? = 0 (mod 4), then necessarily 2a, 26 
are even. This shows that a,b € Z. | 

Now we determine the units of the ring Z|z] of Gaussian integers. 

Q. The units of Z{i] are 1, —1, 1, —t. They are roots of unity. 


Proof: If a+ bi € Z[i] is a unit, by (N) N(a + bi) = a? + b? must be 
equal to +1, hence to 1. The only possibilities are a = +1, b = O, or 
a= 0, b= +1. These give 1, —1, 1, —7, which are indeed roots of unity. 

a 


Now we shall prove that Z|i| is a Euclidean domain with respect to the 
norm. 


R. If x,y € Zi], y 4 0, there exist q,r € Zii] such that x = qy + 
r, |N(r)| < |N(y)|. In other words, Q(i) is a Euclidean field with respect 
to the norm. 


Proof: Consider the Gaussian number x/y € Q(z), so we may write x/y = 
a’ + b'% with a’,b’ € Q. 
Let a,b € Z be the best approximations to a’, 6’, that is, 
ja’ —al < 5, jb’ — b| < 5. 
Let q=a+bi € Zi], so 
x = qy t+ |[(a’ — a) + (b' — b)ily 
and 
N([(a’ — a) + (b' — b)i]y) = [(a" — a)* + (b' — b)*)N(y) 
3 N(y) < N(y) 
because y # 0 implies N(y) 4 0. a 


IA 


It follows from (M), (R) that the ring Z[7| is a principal ideal domain, 
hence also a unique factorization domain. By (L), it is true that if p is an 
indecomposable element in Zt] and p|xry, then either p|z or ply. 

To complete our description of the arithmetic in Q(z) we still need to 
determine the indecomposable elements in Z/(;}. 


S. A Gaussian integer is indecomposable if and only if it is associated 
with one and only one of the following Gaussian integers: 
(1) Any rational prime p, such that p = 3 (mod 4). 
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(2) 1 +i. 
(3) a+bt wherea,b € Z, satisfya > 0, b #0, a is even, a* +b? = p 
where p 1s a rational prime, p = 1 (mod 4). 


Proof: First we show that every indecomposable Gaussian integer x 
divides one and only one rational prime. 
In fact, N(x) € Z, so 


N(x) = +p --- pr, 


where each p; is a rational prime; since xz divides N(x) (relatively to Z[i]) 
then x divides some p,. 

Next, if x divides the distinct rational primes p, p’, since there exist 
rational integers m, m’ such that mp + m'p’ = 1, it follows that z divides 
1, that is, x is a unit, which is contrary to our hypothesis. 

Now, we shall determine all indecomposable Gaussian integers x = a+ bi 
dividing a rational prime p. 

If p = 2, from z|p it follows that a? + b? = N(x) divides N(p) = p? = 4. 
The only possibilities are: a = +1, b = +1, or a = +2, b = 0, or 
a= 0, 6 = +2. Since +1, +2 are units in Z/i], then all integers 1+ 7, 1 — 
2, ~1+72, —1—2 are associated. Finally, 1 + 7 is indecomposable, since its 
norm is the rational prime 2; so, if 1+2= yz, with Gaussian integers y, z, 
then N(y) or N(z) is +1, so y or z is a unit. In the other cases, we get +2, 
or 27, which are associated, and from 2 = (1 + 2)(1 — 7) = —i(1 4 1)?, it 
follows that 2 is a decomposable Gaussian integer. 

Let p = 1 (mod 4). By Chapter 4, (H), —1 is a square modulo p, that 
is, pln? + 1 for some n € Z. But n2 +1 = (n+ i)(n — i). If z is an 
indecomposable Gaussian integer dividing p, then by (L), x|n +7 or z|n —1. 

x and p are not associated in Z|2], because this would imply that p divides 
either n + 7 or n — 1, hence 


would be a Gaussian integer, which is not the case. 

It follows that N(x) # N(p) and since x divides p then N(x) = p. Thus, 
ifz = a+ bi then p = N(x) = a? + b?. From p = 1 (mod 4) it follows 
that exactly one of a or 0 is even. 

Among such numbers we have x = a + bi with a? + b? = p, a> 0, a 
even, b £ 0. 

If b is even, then F2(a + bt) = +b + ai, so a+ bi is associated with b — ai 
(or —b + at) with b even, and b > 0 (or —b > 0). 

Moreover, if x = a+bi, y = c+ di are such that a* + b? = p, c? +d? = 
p, a, careeven,a>0,c>0, 640, d#0, andifx ~ y then zg = y. 
Indeed x = uy with u = 1 or —1 ori or —2. But u = —1 would imply 
a= —c <0, u=2 would imply a = —d is odd, and u = —i would imply 
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that a = d is odd. This establishes which are the indecomposable Gaussian 
integers dividing p, when p = 1 (mod 4). 

Finally, let p = 3 (mod 4). If zr = a + bi is an indecomposable Gaussian 
integer dividing p, then 1 #4 N(x) = a? +6? divides p’, so either a2 +b* = p 
or a?+b? = p?. But, from p = 3 (mod 4), it is not possible that a2+6? = p 
(since n? = 0 or n* = 1 modulo 4, for every n € Z). Thus N(x) = N(p) 
hence z/p is a unit, so x is associated with p. a 


Part (3) of (S) may be phrased more explicitly, and constitutes an 
interesting theorem about rational integers, discovered by Fermat: 


T. A positive integer n = pe +. ps is the sum of squares of two 


integers if and only if k; 1s even when p; = 3 (mod 4). 


Proof: First we note that 2 = 12+ 1%. If p is a prime number congruent to 
1 modulo 4, let x = a+ bi be an indecomposable Gaussian integer dividing 
p. Then p = N(x) = a? + b*. Now we observe that if 


ny = a? + bt, nz = as + bs, 
with a;,b; € Z, then also 


nyng = (a? + b7)(as + b5) = (a1a2 — by bo)? + (a,b + azb;)?. 


Altogether, we have shown that ifn = pe ... pks, if k; is even when p; = 3 


(mod 4), then n is the sum of two squares. 

Conversely, if p = 3 (mod 4) and n = p***!m, with k > 0 and m 
not divisible by p, then n cannot be the sum of two squares. Indeed, let 
n = a’ + b?, let d = gcd(a,b), soa = da,, b = dby, and gcd(aj, bi) = 1. 
Writing a? + b? = n; then d?n, = n. The exact power of p dividing d? has 
even exponent, hence p divides n,. Then a, and b; are not multiples of p, 
since they are relatively prime. 

Let c € Z be such that ajc = b; (mod p). Then 


| 


ny = at + bt = az(1 + c’) = 0 (mod P), 


and therefore c? = —1 (mod p), that is, —1 is a quadratic residue modulo 
p. Therefore p would be either 2 or p = 1 (mod 4), which is contrary to 
the hypothesis. a 


Due to its historical importance, it is now worthwhile to give Fermat’s 
own proof of this theorem. 
First we prove: 


T’. A prime number p is a sum of two squares if and only if p = 2 or 
p = 1 (mod 4). 


Proof: Ifp 4 2and p = a?7+6?, thena, b cannot be both even—otherwise 
4 divides p. If a, b are both odd, then p= 1+ 1 = 2 (mod 4), since every 
odd square is congruent to 1 modulo 4. Thus p = 2. If, say, a is odd and 6 
is even, then p= 1+0=1 (mod 4). 
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Conversely, 2 = 17+ 17, so let p = 1 (mod 4). By Chapter 4, (H), —1 is 
a square modulo p, so there exists z, 1 < x < p—1, such that z7+1 = mp, 
with 1 <m<p-l. 

Hence the set {m | 1 < m < p—1, such that mp = x? + y? for some 
integers x, y} is not empty. 

Let mo be the smallest integer in this set, so 1 < mp < p— 1. We show 
that mp = 1, hence p is a sum of two squares. Assume, on the contrary, 
that 1 < mo. We write 


L=cm+ 71, 
y= dmo + Yi, 


with —mo/2 < 21, y1 < mo/2 and integers c, d. We observe that x, or yj 
is not 0. Otherwise m% divides x? + y* = mop, hence mo divides p, thus 


Mo = p, which is absurd. 
We have 


O<ajt+yi< mo 4 mo = m9 
and 
ry + yy = mom’, 
with 1 < m’ < mo. But 
mop = 2? + y’, mom! = 27 + y%, 
hence 
mom'p = (x? + y*)(ay + yt) = (aa1 + yy)? + (zy — yi)”. 
We also have 
tr, + yy: = x(x — cmo) + y(y — dm) 
= (x? + y”) — mo(ae + yd) = mot, 
Ly. — yX, = r(y — dmo) — y(x — cm) 


—mMo(xrd — yc) = Mou 


for some integers t, u. Hence m'p = t? + u?, with 1 < m’ < mp. This is a 
contradiction and concludes the proof. | 


Now we may complete Fermat’s proof of (T). 

Let n = pt ... pk» and assume that k; is even if p; = 3 (mod 4). Then 
n= nen, where ng > 1, n, > 1, and n, is the product of distinct primes, 
which are either equal to 2, or congruent to 1 modulo 4. By (T’), each 
factor of n; is a sum of two squares; by the two-squares identity, n,, and 
therefore also n, is a sum of two squares. 

Conversely, let n = x? + y”; the statement is trivial if = 0 or y = 0. 
Let x, y be nonzero, let d = gcd(z, y), so d? divides n. 
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Let n = d?n', x = dz’, y = dy’, hence ged(z’,y’) = 1 and n’ = 
x'* +y’. If p divides n’, then p does not divide x’—otherwise p would also 
divide y’. 

Let k be such that kx’ = y’ (mod p). Then 2” + y” = 2/7(1+k2) =0 
(mod p). Thus p divides 1 + k?, that is, —1 is a square modulo p, so p = 2 
or p = 1 (mod 4), by Chapter 4, (H). 

It follows that if p; = 3 (mod 4) then p; does not divide n’, hence p,; 
divides d, so the exponent k; must be even. | 


9.4 Integers of Quadratic Number Fields 


Let K be a quadratic extension of Q, that is, |K : Q] = 2. 

As we already indicated in Chapter 4, (P), we have K = Q(Vd), where 
d is a square-free integer. 

Every element of K is of type a + bVd, where a,b € Q. The conjugate 
of a b\/d is a — bVd. Let A denote the ring of all algebraic integers of 
Q(vad). 


U. at+bvde A if and only if2a =u € Z, 2b= ve Z, andu? —dv? = 
0 (mod 4). 


Proof: If c = a+ bvd € A then its conjugate x’ = a — bV4d is also an 
algebraic integer. Sor+ 27’ = 2a€ ANQ=2Z, 24-27' =a*—-bd*de 
ANQ=Z. 
It follows that (2a)? — (2b)?d € 4Z and since (2a)? € Z then (2b)?d € Z; 
but d is square-free, thus 2b has denominator equal to 1, that is, v = 2b € Z. 
Conversely, these conditions imply a? — bd € Z, and since z is a root of 
X? — 2aX + (a? — 67d), then z is an algebraic integer. | 


The previous result may be reformulated as follows: 


V. Let K = Q(Wd) where d is a square-free integer; let A be the ring 
of all algebraic integers of K. If d = 2 (mod 4) ord = 3 (mod 4) then 
A = {a+ bVd| a,b €.Z}. Ifd =1 (mod 4) then 


a= {ete 


u,v € Z,u and v have the same pry} 


Proof: We examine all the possible cases in succession. 
If d = 2 (mod 4): 
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If d = 3 (mod 4): 


u* — dv? = (mod 4) 
If d= 1 (mod 4): 
(mod 4) 
Therefore, by means of (U), we deduce statement (V). a 


Let us note incidentally the following fact, which will be generalized later: 


W. Aisa free Abelian group. If d = 2 (mod 4) ord = 3 (mod 4) then 
{1, Vd} is a basis of A. If d = 1 (mod 4) then {1, (1 + Vd)/2} is a basis 
of A. 


Proof: The statement is obvious when d = 2 (mod 4) or d = 3 
(mod 4). Let us assume now that d = 1 (mod 4) and let us show that 
every algebraic integer (u+uvd)/2 (with u, v integers of the same parity) 
is a linear combination of 1 and (1 + Vd)/2, with coefficients in Z. 

If wu, v are even, u = 2a, v = 2b with a,b € Z, so 


ut wa = 0+ Wa = (o- 01 +26( 


1+ vd 
5 
If u, v are odd, then u — 1, v — 1 are even, so 


uted te ad 


2 2 2 2 


and this last summand is a linear combination of 1, (1 + Vd)/2 with 
coefficients in Z. a 


It has been shown that if d is square-free and Q(V/d) is a Euclidean field 
(with respect to the norm), then 


d=- 11, —7, —3, —2, —1, 2, 3, 5, 6, 7, 11, 
13, 17, 19, 21, 29, 33, 37, 41, 57, 73. 
In these cases, it follows from (N) that the ring of algebraic integers is a 
principal ideal domain. 
This rather negative result does not yet exclude the possibility that for 


all quadratic fields, the ring of algebraic integers is a principal ideal domain. 
The following classical example shows that this is not the case: 
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Example: Let us consider the field K = Q(./—5), so the ring of algebraic 
integers A consists of the numbers of the type a + b\/—5, where a,b € Z 
(by (V)). 


We may write 
21=3-7= (14+ 2V—5)(1 — 2V—5S). 


Each of the numbers 3, 7, 1 + 2,/—5, 1 — 2\/—5 is indecomposable in 
Z| /—5]. For example, if 3 = ry, with z, y not units, then taking norms, 
9 = N(x)- N(y), therefore N(x) = N(y) = 3. If 


r=a+bV-5 
then 
N(x) = a® + 5b* = 3, 


but this is impossible with a,b € Z. 

Also the numbers 3, 7, 1 + 2/—5, 1 — 2 V—5 are pairwise nonasso- 
ciated, since N(3) = 9, N(7) = 49, N(1+2/—5) = N(1 —2/—5) = 21, 
and 


1+2V-5 — -19+4/-5 é DIVaB). 
1 —2/—5 21 

This example shows what seems to be even stronger, namely, Z| /—-5 is 
not a unique factorization domain. (Later, we shall prove that the ring A 
of all algebraic integers of a field of algebraic numbers is a principal ideal 
domain if and only if it is a unique factorization domain.) 

These hopes being dashed, we may still ask which are the quadratic fields 
Q(Vd) having a principal ideal domain as the ring of integers? 

Besides the domains with Euclidean algorithms, if d < 0 then it must be 
equal to d = —19, —43, —67, or —163 (see Chapter 13, Section 7). 


The story of this proof is very interesting. Heilbronn and Linfoot proved 
in 1934 that there could exist at most one more value of d < 0 for which 
the ring of integers of Q(/d) would be a principal ideal domain. Lehmer 
used analytical methods to show that any other possible d could not be 
small in absolute value, say |d| > 5 x 10°. Heegner proved in 1952 that 
no other d could exist, but his proof, using modular forms, was flawed. In 
1966, Baker used his results on bounds of linear forms in logarithms, to 
prove that no other d < 0 could exist. In 1967 Stark gave another proof 
and Deuring corrected the errors in Heegner’s proof. 

We have mentioned these facts, since they serve to illustrate the need of 
appealing to delicate analytical methods. This is a recurring characteristic 
in the theory of algebraic numbers. 
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On the other hand, Gauss conjectured that there exist infinitely many 
fields Q(Wd), with d > 0, whose ring of algebraic integers is a principal 
ideal domain. No proof has yet been found for this statement. 


5.0 Integers of Cyclotomic Fields 


Let K = Q(C), where ¢ is a primitive pth root of unity and p is an odd 
prime number (for p = 2 the results are trivial). 
The minimal polynomial of ¢ over Q is 


®, = XP TE XP AL... +X +1, 


hence ¢ belongs to the ring A of integers of Q(¢). The roots of ®, are 


¢, 6°, ..., ¢P-*, thus 


in particular, p = ®,(1) = es; (1 — ¢*). Let us note that the elements 
1—¢, 1—¢%, ..., 1— C?7! are associated. In fact, if 1 <i, 7 < p—1 
then there exists integer k such that 7 = 7k (mod p); thus 
i-@  1-¢ So pei k-1)i 
- = ——_— =] ‘ Pe. 4 CURD € 4. 
oe = poe Tt +t te 
similarly, (1 — ¢*)/(1 — (7) € A, so1—(¢* = u,(1 — ¢), where u; is a unit 
of A. We conclude that p = u(1 — ¢)?~! where u = u,--: Up—1 iS a unit of 
A. 
The element 1 — ¢ is not invertible in A, otherwise p would have an 
inverse, which belongs to AN Q = Z. Hence A(1 — ¢) NZ = Zp, since the 
ideal A(1 — ¢) M Z contains p and is not equal to the unit ideal. 


X. A is a free Abelian group with basis {1,¢,...,¢€?~?}, so A = ZC). 


Proof: Obviously, 1, ¢, ..., €?~? are linearly independent over Q, other- 
wise € would be a root of a polynomial of degree at most p— 2, contradicting 
the fact that ®, is its minimal polynomial. 
If x € A there exist uniquely defined rational numbers ag, a1, ...,@p—2 
such that r = ap + a1¢ +--+ +@p—2¢?~*. We shall prove that each a; € Z. 
We have r€ = ag€ + a)C* +-+++@p_2¢?~! and subtracting: 


x(1 ~ €) = ao(1 — €) tai(G — C7) +--+ +ap_2(¢?-* — CP71). 


We note that the traces (in Q(€)|Q) of ¢, ¢7, ..., C7! are all equal 
(since these elements are conjugate). Hence 


Tr(x(1 — ¢)) = Tr(ao(1 — ¢)) = ag - Tr(1 — ¢) 
ao|(p — 1) + 1] = aop. 
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To show that a9 € Z, we compute Tr(z(1 — ¢)). 
Let x] = 2, %2,...,Zp-1 € A be the conjugates of x; so 
Tr(x(1 — ¢)) = 21(1 — ¢) + ta(1 — ¢*) +--+ apa (1 — ¢P-*) 
(1 — ¢)a’ € A(1 — ¢), 
since (1—¢'*")/(1-—¢) =14¢4+---+¢' € A. But Tr(x(1—¢)) € ANQ = 
Z, hence Tr(x(1 — €)) € A(1 — €) NZ = Zp, that is, ap € Z. 

Now, we show by induction that also aj,...,@)-2 € Z. To prove 
that a; € Z, we multiply by ¢?-7, obtaining 1¢?-J = ag¢P-J + 
ayCP-Ith 4. 4g OP +ajtajqiCtee+ + Ap—2¢?-J~?, and expressing 
¢P-! in terms of the lower powers of ¢, we may write x¢?~) in the form 


xCP~I = (ay — aj_1) +.ay'C +.a9/C7 +--+» tah _ oP? 


By induction a;_, € Z, so that by the same argument, a; — a;_; € Z, 
thus a; € Z. a 


EXERCISES 


1. Let x be a root of X* — 2X + 5. Compute the norm and trace of 
2x — 1 in the extension Q(z)|Q. 


2. Let x be an algebraic integer, x # 0. Let f € Q[X] be the minimal 
polynomial of x. Show that x7! is an algebraic integer if and only if f(0) = 
+1. 


3. Let f © Z[X] be a monic polynomial and let zx be an algebraic 
number. Show that if f(z) is an algebraic integer then x is an algebraic 
integer. 


4. Let J be a nonzero ideal of the ring A of integers of an algebraic 


number field A’. Show that there exists a positive integer m belonging to 
J. 


5. Give an example of a Gaussian number z = a+bi such that N(x) = 1 
but x is not an algebraic integer. 


6. Find the quotient and the remainder of the following divisions: 
(a) 2+ 32 by 1 +7. 
(b) 3 — 27 by 1 4+ 2i. 
(c) 4+ 57 by 2 — 17. 
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7. Find the greatest common divisor of the following pairs of Gaussian 
integers: 
(a) 15 + 122, 3 — 9%. 
(b) 6+ 7i, 12 — 32. 
(c) 34+ 8i, 12 +17. 


8. Find the decomposition into prime factors of the following Gaussian 
integers: 12 +7, 6+ 22, 35 — 122, 3+ 51. 


9. Show that if z = a + bi is an indecomposable Gaussian integer then 
either ab = 0 or gcd(a, b) = 1. 


10. Determine the indecomposable elements of the ring of algebraic 


integers of Q(V2). 


11. Determine the indecomposable elements of the ring of algebraic 


integers of Q(V/5). 


12. Let K = Q(V4d) and let A be the ring of integers of K. Show that A 
is a Euclidean domain if and only if for every z + yVd € K there exists 
a+b/d € Asuch that |N((z + yVd) — (a+ bvVd))| < 1. Consider the cases 
where d = 1 (mod 4) and d #1 (mod 4) and derive explicit relations. 


13. Prove that Q(./—1), Q(/—2), Q(/—3), Q(/—7), Q(./—11) are the 
only Euclidean fields Q(V/d), with d < 0. 


Hint: Use the previous exercise. 


14. Prove that if d = 2, 3, 5, 6, 7, 13, 17, 21, and 29 then Q(V4d) is a 
Euclidean field. 


Hint: Use Exercise 12. 


15. Prove that there exist only finitely many integers d such that d = 2 
(mod 4) or d = 3 (mod 4) and Q(V4d) is a Euclidean field. 


16. Prove that Q(/—19) and Q(V23) are not Euclidean fields. 


17. Determine the ring of integers of the field Q(/2, i). Prove that this 
is a Euclidean domain. 


18. Determine the ring of integers of the field Q(/2, V3) and prove that 
this is a Euclidean domain. 


19. Let ¢ bea primitive fifth root of unity. Prove that Q(C) is a Euclidean 
field. 


20. Determine the ring of integers of the field Q( 2). 
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21. Let w be a primitive cubic root of unity. Determine the norm of an 
arbitrary element a+ bw(a,b € Q). Determine the ring of algebraic integers 
and the units of Q(w). 


22. Let w be a primitive cubic root of unity. Prove that Q(w) is a 
Euclidean field. 


23. Determine the indecomposable elements of the ring of algebraic 
integers of Q(w), where w is a primitive cubic root of unity. 


24. In the ring Z| /—5] consider the following ideals: J = (3,4 + 
J/—5), I’ = (3,4 — /—-5), J = (7,44 V—5), J’ = (7,4 — V—5). Prove 
that J- I’ = (3), J- J’ = (7), T-J = (44+ V—-5), I’- J’ = (4- v—5S), 
and show that J, I’, J, J’ are prime ideals. 


25. Find algebraic integers rz, y € Q(./—5) such that 2, y have no com- 
mon factor different from a unit, but xr + ys # 1 for all algebraic integers 
r,s € Q(V—5S). 


26. Show that the ring of algebraic integers of Q(V10) is not a unique 
factorization domain. 


27. Let K be a Galois extension of degree n over Q. Show that for every 
nonzero algebraic integer x of K we have 


S° 0;(z) -o,(x) 2 Nn, 
i=l 


(where 01, ..., On are the automorphisms of K and @ denotes the complex 
conjugate of a). 


Hint: Consider the norm of xz and use the fact that the geometric 
mean of positive numbers does not exceed their arithmetic mean. 


28. Let 1, ..., Cy, be roots of unity over Q. Show that |Q;) +---+G,| <n 
and the equality holds if and only if ¢; = --- = G,. Conclude that if 
x= ¢,+---+G, and |z| < n then for every conjugate o(x) of x we have 
la(x)| <n. 


29. Let R be a domain, and let Kp be the free R-module with basis 
{1,2, 9, k}. 

On Kr we define an operation of multiplication which is bilinear and has 
the following multiplication table: 1 is the unit element; i? = j? = k? = 
—1; 47 = -—jt1 = k; gk = —kj7 = 1; ki = —ik = 7. With this operation 
Kp is an R-algebra, called the algebra of quaternions over R. We identify 
R with the subring R-1 of multiples of 1. In Kr we have the conjugation, 
defined as follows: if a = ag +a,i1+a9j +a3k then @ = ag — ai —a27 —a3k. 
Finally, let N : Ke — R be the norm mapping, defined by 


N(a) = 0@ = a2 +03 +0545 € RB. 
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Prove: 
(a) a+ B=a4+8, aB=aB, a= 
(b) N(aZ) = N(a) - N(8). 
(c) @ is invertible in Kp if and only if N(q) is invertible in R. 
) 


(d) If R is a field in which 0 is not a sum of four squares, of which 
some can be equal to 0, then N(qa) = Oif and only if a = 0; hence 
Kp is a skew- field, that is, a ring which is not commutative and 
such that every nonzero element is invertible. 

(e) The product of two sums of four squares in R is a sum of four 
squares in R. 


30. Prove EFuler’s identity: In any commutative ring we have 
(cy + 0p + 23 + 29)(yi + ye + y3 + y9) 
=(1y1 — Toyo — F3y3 — Laya)* + (x1y2 + roy + r3y4 — Lays)? 
+ (Z1y3 + U3y1 + Tay2 — raya)” + (t1y4 + Layi + ey3 — T3y2)”. 


31. A quaternion 
@ = 5(ao + ai + aoj + ask) € Kg 


is said to be integral when all coefficients a; are integers with the same 
parity. Let A be the set of all integral quaternions. Show: 

(a) A is a subring of Kg containing Kz. 

(b) A is a free Z-module with basis {$(1 +i+j9+k),i,7, k}. 

(c) Ifa € Athen N(a) € Z. 


(d) The only units in the ring A (that is, quaternions a@ such 
that a and a7! belong to A) are the following 24 quaternions: 
+1, +7, +7, +k, 5 (+1 +%74+ 7 +k). 


32. Leta, G € Kg. We say that @ is a right-hand factor of a when there 
exists y € A such that a = yf. Similarly, we define a left-hand factor. We 
say that a, @ are associates when there exists a unit ¢ of A such that 
a= Ge or a = eff. Prove: 

(a) Ifa,G € A, GB #0, there exists y, po € A such that a = By + p 
and N(p) < N({). 

(b) Let J be a right ideal of A, that is, J+ J C J, J- AC J. Show 
that J is principal; that is, there exists a € A such that J = aA. 

(c) Ifa, 6 € A, not both equal to 0, there exists a greatest common 
right-hand factor 6; 6 is unique up to a left-hand unit factor and 
may be expressed in the form 6 = pa+V0 with yp, v0 € A (Bézout 
property). 
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(d) Let a € A, let b € Z, b > O; show that the greatest common 
right-hand factor of a, b is equal to 1 if and only if ged(N(q), b) = 
1. 


(e) If a € A show that there exists one associate a’ of a which 
belongs to Kz. 


33. An integral quaternion 7 is said to be indecomposable whenever the 
only factors of 7 are units or associates of 7. Prove: 
(a) If p € Z is a prime number then p: is not an indecomposable 
quaternion. 
(b) An integral quaternion 7 € A is indecomposable if and only if 
N(7) is a prime number. 


34. Prove the following theorem of Lagrange: 


Every natural number is the sum of squares of four nonnegative integers. 


Hint: Use Exercise 30 to reduce to the case of a prime number; then 
use Exercises 32 and 33 to express p as the norm of an indecomposable 
quaternion. 
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Integral Basis, Discriminant 


We have seen in the numerical examples of the preceding chapter that 
the ring of algebraic integers of a quadratic number field, and also of the 
cyclotomic field Q(¢) (where ¢ is a primitive pth root of unity), are free 
finitely generated Abelian groups. 

In this chapter, we shall prove this fact in general and establish other 
interesting properties of the ring of algebraic integers. For this purpose, 
it will be necessary to develop theories which belong properly to algebra. 
However, we think that their inclusion in the text will be convenient to 
certain readers. Others, already well versed in these facts, may just take 
note of our notation and terminology. 

To conclude the chapter, we shall introduce the discriminant, which is a 
rational integer associated with every algebraic number field. It will be a 
recurring procedure in the theory to attach numerical invariants to alge- 
braic number fields, and in each case they will serve to measure a certain 
phenomenon. 


6.1 Finitely Generated Modules 


To begin, let us recall the notion of rank of a module. Let R be a domain, 
M an R-module. If n is the maximum number of linearly independent 
elements of M, then n is called the rank of M. 

If F is the field of quotients of R, if it is known that the R-module M 
is contained in a vector space V over F’, let FM denote the subspace of 
V generated by M (it consists of all elements of the form 4 a,x;, with 
a, € Fi x, € M CV fori =1,...,r). 

Thus for every element y € FM there exists a € R, a # O, such 
that ay € M. We note that the elements 7, ..., Z, of M are linearly 
independent over F if and only if they are also linearly independent over F. 
Hence, M has rank n exactly when the F-vector space FM has dimension 
n. 
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Thus, everything is as natural as possible, when M is contained in a 
vector space V over F’.. There are several instances in which this occurs, 
but we just want to mention the very simplest of these cases: 


A. Let R be a domain, F its field of quotients. If M is a free R-module 
having a basis with n elements, then there exists an F-vector space V 
containing M; any two bases of M have the same number of elements, 
equal to the rank of M. 


Proof: We take V = F&, @--- ® F€, to be the set of all “formal” lin- 

ear combinations of symbols €;, ..., €,, with coefficients in F’; thus, the 

elements of V may be written uniquely in the form )°"_, a;&;, with a; € F. 
Let {r1,...,2%n} be any basis of the R-module M, so 


M=R2x,0::-O Rrp. 


The mapping 6: M — V, defined by 0()>"_, aizi) = Soi, ai€i, is an 
isomorphism from the R-module M into V. Thus, replacing M by its image, 
we may consider M as contained in V. 

If yi, ..., Yr are elements of M C V, linearly independent over R then 
by our previous considerations r < n, the dimension of the vector space V 
over F’. In particular, any other basis of the R-module M has at most n 


elements. By symmetry, any two bases of the R-module M have n elements 
and n is the rank of M. | 


Let us prove a weak result, which already hints of the main theorem: 


B. Let R be an integrally closed domain, F its field of quotients, let K 
be a separable extension of degree n of F, and let A be the integral closure 
of Rin K. Then there exist free R-modules M and M' of rank n, such that 
M' CACM. Explicitly, if K = F(t) with t © A, if d is the discriminant 
oft in K|F, then 


M'=RORO--- OR”! = Rit], M = (1/d)Rit). 


Proof: Let t' be a primitive element of K over F, so K = F(t’). By 
Chapter 5, (I), we may write t’ = t/b, witht € A, b€ R. Thus K = Fit) 
and therefore {1,t,...,t’~'} is an F-basis of K. Since t € A, then A 
contains the free R-module M’ generated by this basis: M’ = R® Rt ® 
--. @® Rt’! C A; evidently M’ is free of rank n. 

To prove that A is contained in a free R-module M, we proceed as follows: 

Let d be the discriminant of t in K|F, that is, d = [],_;(ti — t;)°, where 
t; = t,to,...,t, are the conjugates of t over F; sod € F, d # 0, since the 
extension is separable. 

We shall prove that A C M C R(1/d) @ R(t/d) @--- @ R(t” +/d), and 


M is a free module of rank n. Let y € A, so we may write y = ean cit, 


where c; € F for all j = 0,1,...,n—1. Then y = ar dc; (t? /d) and our 
task is now to show that each element dc; belongs to R. We have dc; € F, 
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and since R is integrally closed, it is enough to show that dc; is integral 
over R. 
Let K’ be the smallest normal extension of F' containing K, let y = 


Y1,-++,Yn be the conjugates of y over F, so y;,t; € K’. From y = 
earn c;t) we deduce y; = ear c;t? for alli = 1 

j=0 & Y= j=0 C9 all? = 1,...,7. 

This set of relations indicates that co, ..., Cn—1 is the solution of the 
system of linear equations ar tiX; = y: (¢ =1,...,n) with coefficients 


t? € Kk’. To apply Cramer’s rule, we note that 
6 = det(t?) = [ [(t: - t,) 
i<j 


(as a Vandermonde determinant) so 6* = d and 6c; = e; where e; is the 
determinant of the matrix obtained from (t}) replacing the column of jth 


powers by the elements yi, ..., Yn. Since each y;, t) is integral over R, 
then 6 and e; are integral over R. Therefore, dc; = de; is integral over R, 
proving the proposition. | 


The preceding result leads to the following question: if R is a ring, if M is 
an R-module, when are all submodules of M finitely generated? We treat 
this question in a roundabout way, giving a name to the modules with the 
above property, and finding sufficient conditions for modules to belong to 
the class in question. 


Definition 1. Let R bearing; an R-module M is said to be Noetherian 
whenever every submodule of M is finitely generated. 
In particular, M itself is finitely generated. 


C. Let R be a ring; M an R-module. Then the following properties are 
equivalent: 


(1) M is a Noetherian R-module. 


(2) Every strictly increasing chain Ni C No C N3 C --- of submo- 
dules of M is finite. 


(3) Every nonempty family of submodules of M has a mazimal 
element (with respect to the inclusion relation). 


Proof: (1) — (2) Let N; C No C Nz C --- be an increasing sequence 
of submodules of M, and let N be the union of all these submodules. By 


hypothesis, N is finitely generated, say by the elements 71, ..., Xn. For 
every index 7 = l,...,n, there exists an index j; such that x; € N,,. If 
m > 3; for allz = 1,...,n, then each z; € Nm (t = 1,...,n) hence 


N = Nm, 80 Nm = Nm4i = °° 

(2) — (3) Let M be a nonempty family of submodules of M. Let 
N, € M; if N, is not a maximal element of M, there exists No © M such 
that Ny; C No; if No is not a maximal element of M, there exists N3 € M, 
such that N; Cc No C N3. This procedure must lead to a maximal element 
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of M, otherwise there would exist an infinite strictly increasing chain of 
submodules of M, which is contrary to the hypothesis. 

(3) — (1) Let us assume that there exists a submodule N of M which 
is not finitely generated. Let M be the family of all finitely generated 
submodules of M which are contained in N (for example, 0 € M); let N’ 
be a maximal element of M, so N’ #4 N. If x € N, x ¢ N’, the module 
N'+Rz is still finitely generated, and contained in N, hence N’+ Rx € M, 
with N’ Cc N’ + Ra; this contradicts the maximality of N’. a 


An important particular case is obtained by considering the R-module 
M=R: 


Definition 2. A ring R is said to be Noetherian when every ideal of 
R is finitely generated. 
Thus we may rephrase (C): 


C’. Let R be aring. The following properties are equivalent: 
(1) R is a Noetherian ring. 
(2) Every strictly increasing chain Jy C Jo C J3 C --+ of ideals of 
R is finite. 
(3) Every nonempty family of ideals of R has a maximal element 
(with respect to the inclusion relation). 


Thus, in particular, every principal ideal domain is a Noetherian ring. 

It follows at once that if R is a Noetherian ring and J is an ideal, J # R, 
then J is contained in a maximal ideal. 

Indeed, it suffices to consider the nonempty family of all ideals I of R, 
such that J C I # R and then to apply the above property (3). 

We shall now develop properties of Noetherian modules: 


D. Every submodule and every quotient module of a Noetherian module 
are Noetherian modules. 


Proof: Let M bea Noetherian R-module and N a submodule. Since every 
submodule of N is also a submodule of M, the first assertion follows from 
(C). 

Similarly, there is a one-to-one correspondence, preserving inclusion, be- 
tween the submodules of the quotient module M/N and the submodules 
of M containing N. Then the second assertion also follows from (C), part 


(2). 
In order to be able to use inductive arguments, we now establish the 
following result: 


E. Let M be an R-module having a submodule N such that N and M/N 
are Noetherian modules. Then M itself is a Noetherian module. 


Proof: Let y: M — M/N be the canonical homomorphism from M onto 
M/N. Let M' be any submodule of M. Since M/N is a Noetherian module, 
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there exist finitely many elements 21,...,2%, € M’ such that their classes 
modulo N generate the submodule (M' + N)/N of M/N. 
Ify € M’ then p(y) € (M’+N)/N so there exist elements a1,...,@n € 


R such that p(y) = >o_, aip(zi), so y — Doe, ait € Y7'(0) = N; but, 
on the other hand, y — 5° a;z; € M’. Since N is a Noetherian module, the 


submodule M’1 N is finitely generated, say by the elements y1,..-,%m € 
M'N;; hence there exist elements b},...,5,, € R such that 
n m 
y= Sai + S- b5Y;- 
i=l j=l 
This shows that {11,...,2n,Y1,---,Ym} is a system of generators of M’, 
and so M is a Noetherian module. a 


As a corollary, we have: 


F. If My, Mo,..., Mn are Noetherian R-module s, then the Cartesian 
product M, x My x --- x My 1s also Noetherian. 


Proof: It is enough to show the statement for two modules M,, Mo. 

M, x Moz has the Noetherian submodule M, such that the quotient mo- 
dule (My x M2)/M, = Mz is also Noetherian. Hence, by (E), M, x Mo is 
a Noetherian module. a 


G. If R is a Noetherian ring, if M is a finitely generated R-module, 
then M is a Noetherian module. 


Proof: Let x1, ..., Xp be generators of the R-module M. Let R” = 
Rx.---x R be the Cartesian product of n copies of the R-module R, let 
y:R”" — M be the homomorphism from R” onto M such that 


nr 
Yy(aj,..-,@n) = S- Q;Xj- 
i=l 


Then M = R”"/Ker(y), where 


m1 


Ker(y) = ¢ (a1,...,@n) S- a;x; = 0 
i=0 


(kernel of the mapping y). 
By (F), R” is a Noetherian R-module, and by (D), M is a Noetherian 
module. a 


Let R be a domain, K its field of quotients. An R-module M is said to 
be torsion-free when the following property holds: ifa € R, x € M and 
ax = 0, x £Othena = 0. 

We have: 


H. If R 1s a domain and M is a free R-module, then M 1s torsion-free. 
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Proof: Let (x2;)je7 be a basis of the R-module M. Thus if z € M it may 
be written in a unique way in the form 


—— ) Qj,2j, 


i€l 
with a; € R and a; = 0 except for a finite set of indices {i1,...,in} C J. 
Moreover, if x # 0, then n > 1. 

Ifa €e R, x € M, x # 0, and az = 0, then by the uniqueness of the 
representation of 0 we have aa; = O for every 2 € I. Since x # O then 
a;, # 0. From the hypothesis that R is a domain, we conclude that a = 0, 
showing that M is a torsion-free module. a 


The converse holds, when R is a principal ideal domain: 


Theorem 1. Every finitely generated torsion-free module M over a 
principal ideal domain R is a free module. 


Proof: If M = 0 then it is a free module, with an empty basis. 

Let {21,...,2%n} be a set of nonzero generators of M, with n > 1. If 
n = 1 then M = Rv is a free R-module, because if ajx7; = O, then 
a, = 0. 

We assume now that the theorem holds for modules with less than n 
generators, where n > 1. Let S = {y © M | there exists a € R, a # 0, 
with ay € Rz,,}. Since R is a domain, S is a submodule of M, containing 
Ln. The quotient module M/S is torsion-free; indeed, ifa € R, a # 0, and 
ay = 0 in M/S (where ¥ denotes the image of y in M/S), then ay € S, so 
there exists a’ € R, a’ £ 0, with a’ay € Ray; since a’a # 0 then y € S, 
that is, 7 = 0. 

The module M/S is finitely generated by the images 7, ..., n-1. By 
induction, M/S is a free R-module with a finite basis. In the following 
lemma, we shall prove that M = S @(M/S). 

It will be enough now to show that S is itself a free R-module; then a 
basis of S, together with a basis of M/S, will constitute a basis of M. 

We show that S' is isomorphic to a submodule of the field of quotients K 
of R. Namely, ify € S, y 4 0, let a,b € R, a # 0, besuch that ay = bz,,; if 
a’,b’ € R, a’ # Oare also such that a’y = b’z,,, then ba'y = bb’x, = ab’y, 
so (ba’ — ab’)y = 0, thus ba’ = ab’, that is, b/a = b’/a’ (in K). This 
allows us to define a mapping 6: S — K by putting @(y) = b/a (where 
y #4 0, ay = bry with a,b € R, a # O) and #0) = O. It is easy to 
check that 9 is an isomorphism of the R-module S into K. But M is a 
finitely generated R-module and R is a principal ideal domain, hence a 
Noetherian ring; by (G), M is a Noetherian R-module, so S and @(S) are 
finitely generated R-modules. If b;/a,,...,6m/@m are generators of 6(S), 
then S ~ @(S) C Rz, where z = 1/a,...@m. 

We shall soon prove in a lemma that every submodule of a cyclic 
R-module is again cyclic (when R is a principal ideal domain). This implies 
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therefore that S is a cyclic module, S = Ry D> Rar, £ 0, and since S is 
torsion-free, it must be free. 
The proof of the theorem is completed, except for two lemmas. | 


Now, we fill the gaps in the above proof establishing the necessary 
lemmas. 


Lemma 1. Let R be any domain, and let M be an R-module, M' a 
free R-module, and assume that there exists a homomorphism y~ from M 
onto M'. Then there exists an isomorphism w from M' into M, such that 


M = Ker(y)  ¥(M’). 


Proof: Let {x;'}ie7 be a basis of M’ and for every 7 € I let us choose 
arbitrarily an element x; € M such that y(z;) = 2}. 

We define » : M’ — M as follows: if 2’ € M’, let 2’ = oj.) aiz; 
be the unique expression of x’ as a linear combination of the basis; we put 
(x') = doe, aix;. Then y is a homomorphism from M’ into M, and yoy 
is the identity mapping of M’, hence w is one-to-one. 

Now, we may prove that M = Ker(y) 6 ¥(M’). If x € M, let x’ = 
p(t) = Dyer ait}, then 


r= 12- S- Q;X2; ) + Sax; = (x — W(x") + w(x’), 


i€l iel 
with x — )0,<, ait; € Ker(y), o(x’) € Y(M’). Also Ker(y) N Y(M") = 0, 
showing the lemma. a 
Lemma 2. The ring R 1s a principal ideal domain, if and only if every 


submodule of a cyclic R-module is again cyclic. 


Proof: Assume that FR is a principal ideal domain and let N be a cyclic 
R-module, so N = Raz; if 6: R — N is defined by 0(a) = az, then @ is 
a homomorphism of R-modules, having a kernel which is an ideal J of R. 
Since 0(R) = N then N & R/J. | 

If N’ is a submodule of N, then its inverse image by @ is an ideal J’ 
of R, J C J’. But R is a principal ideal domain, so J’ = Rb and N’ = 
6(J’) = R- 6(b), so it is a cyclic R-module. 

The converse holds, because FR is a cyclic R-module and by assumption 
every submodule of R, that is, every ideal of R, has to be principal. a 


We apply this theorem, obtaining the following corollary: 


I. If R is a principal ideal domain then every submodule of a free 
R-module of rank n 1s again free, of rank at most n. 


Proof: Let M be free of rank n, so M is torsion-free (by (H)). If N is 
a submodule of M, it is also torsion-free, and finitely generated (by (G)), 
hence by Theorem 1, N is a free R-module. 
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The assertion concerning the rank of the submodule is trivial. | 


6.2 Integral Basis 


We apply the preceding results to the ring of algebraic integers of an 
algebraic number field K of degree n over Q. 
To begin, we note: 


J. The ring of algebraic integers of an algebraic number field 1s a Noe- 
therian ring. 


Proof: Let A be the ring of algebraic integers, so by (B), A C G, where 
G is a free Abelian group (that is, a Z-module) of finite rank. Since Z is 
a Noetherian ring, by (G), G is a Noetherian Z-module, and by (D) A is 
a Noetherian Z-module. Since Z C A, every A-submodule of A (that is, 
ideal) is also a Z-submodule of A (that is, a subgroup). Using (C), part 
(2), A is a Noetherian A-module, that is, a Noetherian ring. a 


Thus, every ideal of the ring of algebraic integers is finitely generated. 
We shall show later that, even when an ideal is not principal, it may still 
be generated by two elements. 

From the preceding results we also obtained the following important 
theorem: 


Theorem 2. If K is an algebraic number field of degree n, then the 
ring A of algebraic integers is a free Abelian group of rank n. 


Proof: By (B), there exist free Abelian groups M’, M of rank n, such 
that M’ C A C M. By (I), A is a free Abelian group of rank necessarily 
equal to n. a 


Definition 3. Any basis of the free Abelian group A (ring of algebraic 
integers) is called an integral basis of K. 

An integral basis is therefore also a basis of the vector space K over Q, 
since it has n = [K : Q] elements. 

We may apply (I), to obtain: 


K. Let A be the ring of integers of an algebraic number field of degree 
n. Then every nonzero ideal J of A is a free Abelian group of rank n. 


Proof: By (I), J is a free Abelian group of rank at most equal to n. 
However, if {2,,...,2n} is an integral basis of A, ifa € J, a 4 0, then 
{ax1,...,@2%n} is a linearly independent set of elements of J. Thus J has 
rank equal to n. a 
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Actually (K) may be considerably improved by a statement which relates 
two bases of the Abelian groups A and J. 


L. Let R be a principal ideal domain, let M be a free R-module of 
rank n, and let M’ be a submodule of M of rank m. Then there exists a 
basis {x1,...,%n} of M and nonzero elements f,,...,fm € R such that 
{fi21,---,fm&m} is a basis of M’. Moreover, we may choose the elements 
fi,.-.,fm $0 that f; divides fig1 fort =1,...,m—1. 


Proof: ‘The proof will be done by induction on m. The statement is trivial 
for m = 0. 

Let {y1,---,Yn} be any basis of the free R-module M. Every element 
y € M may be written in a unique way in the form 


n 
y= S- aii, with a; € R. 
1=1 


Let p; : M — R be a mapping defined by p,;(y) = a;, so p; is a linear 
transformation, namely, the zth projection. Since M’ # 0 there exists an 
index 2 such that p;(M’') 4 0. 

So, we may consider the nonempty set of linear transformations u: M > 
R such that u(M’) # 0. Since R is a principal ideal domain, hence a Noe- 
therian ring, there exists a maximal element in the family of principal ideals 
u(M’) # 0 so obtained, say u;(M’) = Rf, £ 0. 

Let z1 € M’ be such that ui(z1) = fi. We shall show that if wu is 
any other linear transformation from M to R we have f = u(z,) € Rfy. 
Indeed, R is a principal ideal domain, therefore the ideal generated by 
fi, f is principal, say equal to Rf’; thus there exist elements r1,r € R 
such that f’ = rifi t+rf = (ryu, + ru)(z1). For the linear transformation 
ryu, +ru: M — R we have Rf; C Rf’ C (ryu; + ru)(M’). By the 
maximality of Rf, we conclude that (rju;+ru)(M’) = Rf, hence f’ € Rf; 
and Rf Cc Rfj. 

In particular, considering the projections p; associated with the basis 
{y1,---;Yn} of M, we have p;(z;) € Rf; for every i = 1,...,n. Therefore 
zy = oy, pi(zi) - ys = fir1 for some element x; € M; we conclude that 
fi = ui(21) = fi - u(x), thus uy(xz1) = 1. 

Let N be the kernel of u;; then M = Ra, @ N and M = Rfj,x, 
(NM M’). Indeed, Rx; 1 N = 0 since rx, € N implies r = u, (rx) = 0; 
in particular, Rfjxz; 7 (NM M’) = 0. On the other hand, if y € M then 
we may write y = uy(y)t1 + (y — ui(y)21) with uy(y)z, € Rx, and 
ui(y — ui(y)r1) = 0; this shows that M = Ra, ®N. Also, if y’ € M’ 
then ui(y’) € uy(M’) = Rf,, hence uj(y')z, € Rfjx,; = Rz, C M’ and 
y’ — ur(y’)z1 € M’ON. 

Now M’N N is a module of rank m — 1 contained in the free module 
N of rank n — 1. By induction, there exists a basis {x2,...,2,} of N and 
nonzero elements fo,..., fm € Rsuch that {fore,..., fmm} is a basis of 
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M'QN and f; divides f;4, for? = 2,...,m—1. So, {71,29,...,an}isa 
basis of M and {fi21, fere,..., fm&m} is a basis of M’. 

We still have to show that f, divides fo. We prove first that if u : 
M — R is any linear transformation, then u(M'N N) C Rf. Assuming 
the contrary, we consider the linear transformation v : M — R, which 
coincides with u on N and coincides with u; on Raz; explicitly, if r; € 
R, y € N, then v(ria1 + y) = 71 + u(y). Then v(M’) = Rf, +u(NAM’), 
and because u(N MM’) is not contained in Rf, we conclude that v(M’) 
contains properly Rf, contrary to the maximality of the ideal Rf,; this is 
a contradiction. 

Now let ps be the linear transformation from M to R defined by p}(x2) = 
1, p5(z;) = Owhenz € 2. Then Rfp = ps(M'NN) C Rf; by the preceding 
considerations, and f; divides fo. | 

It is possible to prove that if {x},...,2,} is another basis of M 
and fi,...,fm © R are nonzero elements such that fj divides f/,, for 
2=1,...,m—land {fjzj,...,f7,27,} is a basis of M’, then fi, f/ are 
associated for 2 = 1,...,m. 


6.3 ‘The Discriminant 


Our purpose now is to introduce and to give elementary properties of 
the discriminant, which is a numerical invariant attached to the algebraic 
number field. 


M. Let K be a field of algebraic numbers, A the ring of algebraic 


integers, and {%1,...,X%n} an integral basis. If x{,..., x1, € A then 
discrxjg(21,.--,%n) = diserxig(z},.-.,2p) 
f and only if {x},...,x1,} ts an integral basis. 


Proof: By definition (see Chapter 2, Section 11): 
discrn)Q(@1,---,%n) = det(Trx Q(xix;)) F 0. 


We have ri = S07, aja; (with aj; € Z) for 7 = 1,...,n, hence 


discrx|Q(tj,---,2,) = det(a;;)]° discr x)Q(T1,--., Ln). 


The matrix (a;;);,; has determinant +1 if and only if it is invertible, or 
equivalently {x},...,2;,} is an integral basis. | 


Definition 4. The discriminant (in K|Q) of any integral basis is called 
the discriminant of the field K, and denoted by 6x\g = 6x. Thus, dx € 
Z, On # 0. 

We shall see later the significance of the discriminant. For the moment, 
we are interested in computing the discriminant in some special cases. 
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For this purpose the following remarks will be useful. 


N. Tet K = Q(t) be an extension of degree n, t an algebraic integer. 
Then 6x divides discr x \Q(t) and the quotient is the square of an integer. 


Proof: Let {x1,...,2%,} be an integral basis of K|Q. We may write 
nr 
= S- agar; (j = 0,1,...,n —1) with a; € Z. 
i=1 


Hence, discrx)Q(t) = discrgjg(1,t,...,t%~ 1) = (det(ai;))* -6« and there- 
fore 6x divides discr x ;Q(t) € Z, and the quotient is the square of an integer. 


This limits the search of the discriminant, once a primitive integral ele- 
ment has been found. A further limitation comes from the following result 
due to Stickelberger: 


O. Let K|Q be an extension of degree n, and let {yi,..-, Yn} be any 
Q-basis of K, where each y; 1s an algebraic integer. Then 


discrx\Q(Yi,---,Yn) = 0 or 1 (mod 4). 
Proof: By definition, if o1,...,o@, are the Q-isomorphisms of K then 
, 2 
discr ig (¥1, me :Yn) — idet(a;(y;))| — (P _ N) — (P + N) 7 4PN, 


where P (respectively, N) denotes the sum of the terms with positive sign 
(respectively, negative sign) in the expression of the determinant. Since 
P+ N and PN remain unchanged by the action of each o;, then by Galois 
theory P+ N, PN € Q. On the other hand, P+ N, PWN are algebraic inte- 
gers, hence P + N, PN € Z. Therefore, discrxjQ(y1,.-., Yn) is congruent 
to 0 or to 1 modulo 4. a 


6.4 Discriminant of Quadratic Fields 


P. Let K = Q(Vd), where d is a square-free integer. If d = 
2 (mod 4) ord = 3 (mod 4) then the discriminant of K is 6x = 4d. 
Ifd = 1 (mod 4) then 6x = d. 


Proof: By Chapter 5, (W), if d = 2 (mod 4) or d = 3 (mod 4) then 
{1, Vd} is an integral basis. Therefore 


Trxjg(1) Treig(va)| [2 0 
On = = = 4d. 
Trxig(Vd) — TrxQ(d) 0 2d 
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If d= 1 (mod 4), then {1, (1 + Vd)/2} is an integral basis, so 


Trx\Q(1) Tr \Q (! " 4) 


2 
bx = 
1+ vd 1+Vd 
TKiQ | 5 Ixi@ | 5 
2 1 
=|, bag) ata -le=d. | 
2 


Thus, the possible discriminants of quadratic fields are integers 6 such 
that 6 = 1 (mod 4), or 6 = 8 (mod 16) or 6 = 12 (mod 16). 
Let us also note in all cases: 


Q. The integers of Q(Vd) may be written in the form (a+ bV6)/2 where 
a,b € Z, a* = 6b? (mod 4), and conversely. 


Proof: Indeed, by Chapter 5, (U), this is true when d = 1 (mod 4), since 
6 =d. If d = 2 (mod 4) or d = 3 (mod 4), then 6 = 4d and if a + bVd 
is an algebraic integer, a,b € Z, so 


a + bVd = (2a + 2bVd)/2 = (2a + bV6)/2 


with (2a)? = 6b? (mod 4); and conversely. | 


6.5 Discriminant of Cyclotomic Fields 


R. Let K = Q(C), where ¢ is a primitive pth root of 1, and p 1s an odd 
prime number. Then the discriminant of K|Q is 


6= (-1)P-D/2 pp? 


Proof: By Chapter 5, (X), {1,¢,¢?,...,¢?7*} is an integral basis of Q(¢). 
The minimal polynomial of ¢ over Q is the pth cyclotomic polynomial 
®, = XP} 4+ XP-24.-.-4+ X +1. By Chapter 2, Section 11: 


6 = discr(®p) = (—1)lVO-MP Ng ej9(8Q(6)) 


where ®@ is the derivative of ®,. But X? — 1 = (X — 1), hence taking 
derivatives, pX?~' = ®, + (X — 1)®/; thus for every root C/ of ®, (j = 
1,2,...,p— 1), we have p(¢/)?-? = (C — 1)®4(C2). 
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Now, Noecjo(®,(¢)) = [Tf 1 OC (1), so we compute 


p-1 
[1 = Newio( = (-1?!-1 = 1, 
j=l 

p-1 p-1 | 

(7 —1) = J] -¢’) = ®(1) = p: 
j=1 j=1 
hence, 
—] . 1 

Nacoa(p(6)) = 2 = pr. 


and therefore 
6 = (—1)?- De 2)/2p—2 — (—1)-)/2pp-2 


since [(p — 1)(p — 2)]/2 = (p — 1)/2 (mod 2). a 


EXERCISES 


1. Let ¢ be an algebraic integer of degree n over Q, and let 71,...,2%n € 
Z\t| be such that discr(xz1,...,2@n) is a square-free rational integer. Prove 
that {z1,...,2n} is a basis of the Abelian group Z[t]. 


2. Let d be a square-free rational integer, and let 6 be the discriminant 
of the field Q(Vd). Show that {1, (6 + V6)/2} is a basis of the Abelian 
group of all algebraic integers of Q(Vd). 


3. Let J be a nonzero ideal of the ring A of integers of an algebraic 
number field K. Let {xz1,...,2,} be an integral basis of K. Show that J 
has a basis {y1,..., Yn} over Z of the following type: 


Y1 = 4417}, 
Y2 = 2121 + a2272, 


Un = Ani®, + An2Z2+°+++AnnIn, 
with a;; € Z satisfying 0 < ay < aj; < ai; for every i,j = 1,...,n. 


Hint: 1. Construct inductively a basis {y;,...,y/,} for the Z-mo- 
dule J in the following way: using Exercise 4 of Chapter 5, show that there 
exists the smallest positive integer a}, such that y; = aj,x1 € J; then 
consider the smallest positive integer a5. for which a linear combination 
Yy = A,L1 + GhoX2 belongs to J; define y3,..., y/, in a similar manner. 
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2. Note that if {yi,...,y),} is a basis of the Z-module J andi # 
j, m € Z, then 


{uit = MY; Vig sah} 


is also a basis of J; using this fact, subtract a suitable multiple of y!_| 
from y,,, so that the new coefficient of z,_ 1 is not negative and smaller 


than a;,_1,-1; repeat this procedure. 


4. Let K = Q(V—5), and A the ring of integers of K. Find a basis over 
Z for each of the following ideals of A: 


(a) The ideal generated by 3 and 4 4+ ./—5. 
(b) The ideal generated by 7 and 4 + /—5. 


5. Let {r,,...,2%,} be a linearly independent set of algebraic integers 
of the field K of degree n over Q. Prove: 
(a) discrx)Q@(r1,..-,2n) is a multiple of the discriminant 6 of the 
field K. 
(b) {x1,...,2%n} is an integral basis if and only if 
ldiscr KjQ(21,---,%n)| = [6]. 


6. Let K = Q(t) be an extension of degree n, t € A (the ring of 
algebraic integers of K), and let d be the discriminant of t in K|Q. For 
each 7 = 1,...,n, among all integral elements of the form 


(ag + ayt +--+ +a;t") (with any a; € Zand a; 4 0) 


Ql ee 


let x; be one such that |a;| is the least possible. Show that {2),...,2,} is 
an integral basis of K. 


7. Let K|Q be an extension of degree n, let {r),...,2,} be a Q-basis 
of K composed of algebraic integers. Show that {r1,...,2,} is an integral 
basis of K|Q if and only if |discrx)Q(11,..-,2n)| < |discrxnig(y1,---,Yn)| 
for every Q-basis {y1,..-, Yn} of K composed of algebraic integers. 


8. Compute the discriminant of the field Q(V2, V3). 
9. Compute the discriminant of the field Q( V2, 1). 
10. Compute the discriminant of the field Q( 1/2). 
11. Compute the discriminant of the field Q( v2). 
12. Let R bea ring, and M an R-module. If x € M, let 
Ann(z) = {a € R| ax = 0} 
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(the annthilator of x). We call x a torsion element when Ann(x) 4 0 and 
a torsion-free element when Ann(x) = 0. M is called a torsion module 
if all its elements are torsion elements. Show: 

(a) For every x € M, Ann(z) is an ideal of R. 


(b) If R is a domain, the set T of all torsion elements of M forms a 
torsion submodule of M, and M/T is a torsion-free R-module. 


13. Let R be a commutative ring, let Mf be an R-module and let N 
be a submodule of M/. We say that N is a pure submodule of M when 
N aM = aN for every a € R. Prove: 

(a) If M = N @N’‘ then N, N’ are pure submodules of M. 


(b) If M is a torsion-free module then the submodule N is pure if 
and only ifar€é N, ae R, a 40, cE M imply ce N. 

(c) Let M be a torsion-free module; N is a pure submodule of M if 
and only if M/N is a torsion-free module. 


14. Let R be a principal ideal domain, let M be a free R-module of rank 
n, and let N be a submodule of M. Show that N is a pure submodule of M 
if and only if there exists a submodule N’ of M such that M2 NON’. 


15. Let R bea principal ideal domain, let M be a free R-module of rank 
n, and let N be a submodule of M (hence N is also a free R-module). Show 
that N is a pure submodule of M if and only if every basis of N may be 
extended to a basis of M. 


16. Let K C L be algebraic number fields, and let A C B be their rings 
of algebraic integers. Show that the Abelian group A is a pure subgroup of 


B. Conclude that every integral basis of A is a part of an integral basis of 
B. 
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The Decomposition of Ideals 


7.1 Dedekind’s Theorem 


We have shown that the ring A of algebraic integers of an algebraic number 
field is Noetherian and integrally closed. However, it is not true in general 
that A is a principal ideal domain. What can be said about ideals which 
are not principal? 

We shall imitate the theory of divisibility, replacing elements of A by 
ideals of A, and more generally, elements of K (not in A) by a more general 
type of ideals. 


Definition 1. Let A be any domain and K its field of quotients. An 
A-module M, contained in K, is said to be a fractional ideal of A when 
there exists an element a € A, a # 0, such thata- M C A. 

Thus, every ideal of A is also a fractional ideal (taking a = 1), and if 
necessary, we shall call it an zntegral ideal. 

However, K itself is not a fractional ideal of A (unless A = K’), otherwise 
there exists a € A, a # 0, such that K = A(1/a). Then 1/a” = b/a, with 
b € A, and so 1/a = b € A, showing that K = A(1/a) = A. 

The set F of nonzero fractional ideals of A is endowed with an operation 
of multiplication: M-M' = {)°"_, aaj |n>1,2; € M,xi © M’}. 

It is easy to verify that M - M’ is again a fractional ideal. If M, M’ are 
integral ideals, so is M- M’. 

This operation is commutative, associative, and has a unit element, 
namely the ideal A itself: M-A = M. It generalizes the operation defined 
for integral ideals in Chapter 1, Section 2. 

We say that a nonzero fractional ideal M is znvertible when there exists 
a fractional ideal M’ such that M-M’' = A. We shall return later to this 
concept. It is enough to observe now the following general fact: M,, Mo 
are invertible fractional ideals if and only if M, - Mg is invertible. 

Among the fractional ideals, we consider the principal fractional ideals, 
namely those of type Ar, where x € K. Every nonzero principal fractional 
ideal is invertible. We denote by Pr the set of nonzero principal fractional 


ideals of A. 
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If M, N are nonzero fractional ideals of A, we say that M divides N, and 
write M/|N, when there exists an integral ideal J C A suchthat M-J = N. 

The following properties are immediate to verify: M/|M for every nonzero 
fractional ideal M; if M, M', M” are fractional ideals, and M|M', M'|M" 
then M|M"; if M|M' then M' C M (because MW’ = M-J CM-A=M); 
if M|M’ and M'|M then M = M’. 

Thus, the relation of divisibility between nonzero fractional ideals is an 
order relation, which implies the reverse inclusion. Actually, we shall see 
soon that for rings of algebraic integers the divisibility relation is equivalent 
to the reverse inclusion. 

Let us also note that if a,b € K’, then a divides 5 if and only if the 
principal fractional ideal Aa divides Ab. 

In the theory of divisibility of Z the prime numbers play a basic role. As 
we know, n € Z is a prime number if and only if Z/n is a domain different 
from Z (and then also a field). 

Thus the nonzero prime ideals of Z are Zp, for all prime numbers. So, 
the nonzero prime ideals of the ring A of algebraic integers of an algebraic 
number field K are candidates to play a similar role as prime elements do 
in the case of the ring Z. 


A. Let A be the ring of integers of an algebraic number field K. Then 
every nonzero prime ideal P of A is a maximal ideal, and it contains exactly 
one prime number p. Moreover A/P is a finite field containing F, = Z/p. 


Proof: Let P be a nonzero prime ideal of A. Since A is integral over Z, 
by Chapter 5, (E), PZ is a nonzero ideal which is obviously prime. Thus 
PZ = Zp for some prime number p. No other prime p’ £ p is contained 
in P, otherwise taking m, n integers such that 1 = mp + np’ we would 
have 1 € P, which is not the case. 

But A/P is integral over the field F, = Z/p. Hence, by Chapter 5, (F), 
A/P is a field and P is a maximal ideal of A. a 


Summarizing, we have shown that A is a Noetherian, integrally closed 
domain in which every nonzero prime ideal is maximal. These properties 
are already very strong and have significant implications on the arithmetic 
of the ring A. 

We shall soon establish a fundamental theorem, which encompasses the 
results of Dedekind, Noether, Krull, and Matusita. We begin with some 
easy generalities. 

We recall first (see the remark after Chapter 6, (C’)): If A is any Noe- 
therian ring, every ideal J # A is contained in a prime ideal, because every 
maximal ideal is a prime ideal. 

Let A be any domain and K its field of quotients. If J is any nonzero 
ideal of A, let J~1 = {x € K | xJ C A}. 

Then J~! is a fractional ideal, AC J7~' and JC JJ“! C A. 
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Indeed, J~! is obviously an A-module contained in K and ifa € J, a ¢ 
0, then aJ~! C JJ~! C A, so J! is a fractional ideal. From 1 € J~!, we 
deduce that A C J}. 

If J is a nonzero ideal then J is an invertible ideal if and only if JJ~! = 


A. 


B. Let R be an arbitrary domain, let Pj, ..., P, be invertible prime 
ideals, and let J = P,---P,. Then if J = Pi ---P,, with P; prime ideals, 
we have s = r and after some permutation of indices, P; = P;, for all 
j=1,...,7. 


Proof: Let P, be a minimal ideal among P,, Po, ..., P, (relative to 
inclusion). From P; > J = P;--- PJ, it follows that there exists an index 
j, say 7 = 1, such that P; D P;. Similarly P/ > J = P,---P,, hence 
Pj > P, for some i; thus P, D P; and by the minimality i = 1 and 
P, = Pj. 

Now, since P, is invertible, multiplying the relation P;---P, = J = 
P{.-- Pi by P,*, we have P)---P, = P>'J = P§.-- P! where Pr} J is 
still an integral ideal. We proceed inductively and arrive at the required 
conclusion. | 


C. If A is a Noetherian ring and if J is an ideal of A, J # A, there 
exist prime ideals P,, ..., P, of A such that P; D J for alli = 1,...,7, 
but J ») P, Po -° -P.. 


Proof: ‘The assertion holds if J is a prime ideal. Let S be the set of all 
ideals J # A for which the statement does not hold. If S # @, since A 
is a Noetherian ring, by (C’) of Chapter 6 there exists an ideal J € S 
which is maximal in S (with respect to inclusion). Then J is not a prime 
ideal. Thus, there exist elements a,a’ € A, a,a’ ¢ J, but aa’ € J. Let 
I=J+Aa, I’ = J+ Aa’',soTI,I' > J, hence I,I' ¢ S. Also II' C J. 
Thus, there exist prime ideals P,;, ..., P;, Pj, ..., P! of A, such that 
P, > ID P,---P, and P; 2 I' D> Pi---P! for each i = 1,...,5 and 
j =1,...,7r. Hence P;,P; > J 2D II' D P,---P,Pi--- Pf for all i, 7. 
Then J ¢ S, which is a contradiction and concludes the proof. | 


Now we are ready to prove the following basic theorem: 


Theorem 1. Let A be a domain. Then the following properties are 
equivalent: 


(1) A ts Noetherian, integrally closed and every nonzero prime ideal 
of A is maximal. 


(2) Every nonzero (integral) ideal of A is expressible in a unique way 
as the product of prime ideals. 


(3) Every nonzero (integral) ideal of A is the product of prime ideals. 


(4) The set of nonzero fractional ideals of A is a multiplicative group. 
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Proof: (1) — (2) First we show: 


(a) Every nonzero prime ideal P of A is invertible. 


We have seen that P~! is a fractional ideal of A, PP~! C AC Pu}. 
We show now that P~! # A. Let c € P, c # 0, hence by (C) there exist 
prime ideals P,, ..., P, such that P D Ac D P,---P,, with P; D Ac 
for every 1 = 1,...,r. We may choose r to be the minimum possible, for 
which this property holds. But P must contain one of these prime ideals, 
say P > P,, hence P = P,, since by the hypothesis every nonzero prime 
ideal is maximal. By the minimality of r, we have Ac J P)--- P,, so there 
exists a € P2---P,, a ¢ Ac, that is, a/c ¢ A. However a/c € P™!, 
because (a/c)P C (1/c)P,P2---P, C A,so AC Pu. 

Next, we prove that PP~! = A. At any rate P= P-AC PP"!CA, 
and PP! is an ideal of A, so either PP~! = Aor PP~! = P If this second 
case takes place, then PP~* = (PP~!)P~! = PP™! = P and similarly 
PP-" = P for every n > 1. Thus, ifa € P, b € P~' then ab” € PP" = 
P for every n > 1. The ideal J = )°~°_, Aab” is finitely generated, because 
A is a Noetherian ring, so there exists n > 1 and elements cp,...,Cn_1 € A 
such that ab” = an c,ab’, hence 6” — arn c;b* = 0; this shows that b is 
integral over A, hence b € A because A is integrally closed. Thus P~! C A, 
which is contrary to the fact that A C P~!. Therefore, PP~! = A, proving 
(a). 

Now we may prove the implication (1) — (2) 

If J = A the assertion is trivially verified. 

If J is a nontrivial ideal of A, let P,,...,P, be prime ideals of A such 
that P; D J (t = 1,...,r) and J D P,---P, (by (C)); we may assume 
that r is the minimum possible, r > 1. 

We shall prove by induction on r that J is expressible as a product of 
prime ideals. 

Ifr =1 then P, > J D Py, hence J = P,. 

If the statement holds for ideals containing a product of at most r — 1 
prime ideals, let P be a prime ideal of A, such that P > J; from P D 
J > P,---P,, it follows that P contains some of the ideals P;, say P D P, 
hence P = P,; from (a), we have A = PP~! D JP7! D> P,--- P,P! = 
P,---P,_. By induction, JP—'; = P/.--P! where each P! is a prime 
ideal, and so J = JP~'P, = P]--- PIP... 

The uniqueness of the decomposition into a product of prime ideals was 
established in (B). 

(2) — (3) This statement is trivial. 

(3) — (4) It will be enough to show that every nonzero prime ideal 
of A is invertible. In fact, if J is any nonzero fractional ideal of A, let 
d¢ A, d#0 be such that d- J C A. Then J = (Ad)~! - (Ad - J) where 
(Ad)~! = Ad! is the inverse of the principal ideal Ad. By the hypothesis, 
Ad-J and Ad are products of nonzero prime ideals; if each nonzero prime 
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ideal of A is invertible, then the same holds for J. Thus the set of all nonzero 
fractional ideals of A is a multiplicative group. 

Now, let P be a nonzero prime ideal, and let a € P, a 4 0; by hypothesis 
Aa is a product of prime ideals, so P D Aa = P,---P,. Since Aa is 
invertible then each ideal P; is invertible. But P is prime, hence it contains 
some ideal P;. The proof will be finished if we show that P; is a maximal 
ideal, thus P = P, is invertible. 

So, we are led to prove: 


(b) If P is an invertible prime ideal of A, then P is maximal. 


Let a € A, a ¢ P, and consider the ideals J = P+ Aa, J’ = P+ 
Aa’. By hypothesis (3), J = P,-:-Pm, J’ = Pi---P/, where P,, P; 
are prime ideals, which must contain J, J’, respectively, and so contain 
P. In the domain A = A/P, we consider the image @ of a. Then A- @ = 
P,---Pr, A-a? = Pi. -. P’, where P; = P;/P, P! = P;/P are invertible 
prime ideals of A (because @ 4 0 so A@, Aa? are invertible ideals). Since 
A -a? = (A@)?, by (B), we must have 2m = n and, after renumbering, we 
have Pi, = Pi, =P, for every i = 1,...,m; therefore Pj, , = P3; = P; 
and so (P + Aa)? = P+ Aa’, thus P C P+ Aa* = (P+ Aa)(P + Aa) C 
P? + Aa. This implies that every element z € P may be written in the form 
z=yt+zawithy € P?, z€ A.Soza=x-—y€ Pandsincea ¢ P then 
z € P. So, actually P C P* + P- Aa C P, therefore P = P(P + Aa) and 
since P is invertible then A = P+ Aa. This is true for every a € A, a ¢ P, 
so P is a maximal ideal. 

(4) — (1) We show first that A is a Noetherian ring. Let J be any 
(integral) ideal of A, J # 0; let J~! be its inverse, so A = JJ~', therefore 


there exist elements 21,...,2n € J and y1,...,yn € J~! such that 1 = 
yo-1 Liyi- If a € J we have a = >, ri(yia) with yia € J~'J = A, so 
the elements z1,...,2Z,, generate the ideal J. 


Next, we prove that A is integrally closed. Let x € K be a root of 
a monic polynomial, with coefficients in A : X™ + a,X™ 1+---+ay. 
Then x™ = —(a,x2™~1!+---+€@m_12+Qm) belongs to the fractional ideal 
J generated by 1, z, ..., 2” ~!. From this fact, we have J* C J, and since 
J # Ois invertible, then J C A; in particular, x € A and so A is integrally 
closed. 

Finally, let P be a nonzero prime ideal of A, let a € A, a ¢ P and 
consider the ideal J = P + Aa. Since J is invertible, then J’ = J~'P is 
such that JJ’ = P, so J’ D P. 

We note now that J’ = J-1P C JUJ =A. 

On the other hand, if y € J’, then ay € P; froma ¢ P it follows that 
y € P, showing the other inclusion J’ C P. Thus J’ = P and JP = P 
implies that J = A. This is true for every a € A, a ¢ P, so P is a maximal 
ideal. | 
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According to the previous results, the ring A of algebraic integers of an al- 
gebraic number field K of finite degree satisfies condition (1) in Theorem 1. 
Thus we may state: 


Theorem 2. Let A be the ring of integers of an algebraic number field K 
of finite degree. Then every nonzero fractional ideal J of K 1s, in a unique 


way, of the form J = [[j_, Py’, where Pi, ..., P, are distinct prime ideals 
and €1, ..., €, are nonzero integers. Moreover, J is an integral ideal if 
and only if e; > 0 for eachi = 1,...,7r. 


Proof: By definition, there exists a € A, a # 0, such that Aa- J is an 
integral ideal. By Theorem 1, Aa and Aa-J may be written, in a unique way, 
as products of prime ideals. By part (4) of Theorem 1, J may be written, 
in a unique way, in the form indicated. The last assertion is obvious. & 


The unique factorization of ideals of the ring of algebraic integers was 
discovered by Dedekind, so this fact is usually known as Dedekind’s theo- 
rem. Hurwitz gave a direct algebraic proof, and later Noether found which 
purely algebraic properties of a domain imply the unique factorization of 
ideals into prime ideals; Krull improved the form of Noether’s properties, 
showing that (1) implies (2). Matusita proved the equivalence of conditions 
(2) and (3). 

Since the domains with the properties of Theorem 1 are so important, 
we introduce a definition: 


Definition 2. A domain A is said to be a Dedekind domain whenever 
it satisfies the equivalent properties (1), (2), (3), and (4) of Theorem 1. 
Thus the domain A is a Dedekind domain if and only if the group F of 
nonzero fractional ideals is the free Abelian group generated by the set of 
nonzero prime ideals of A. 
With this terminology, we may say that the ring of algebraic integers of 
an algebraic number field of finite degree is a Dedekind domain. 


7.2 Dedekind Domains 


Many of the results, which we may prove for the ring of algebraic integers, 
are actually valid for arbitrary Dedekind domains; thus, we shall state these 
results in full generality. The reader may consider Dedekind domains as a 
natural generalization of the principal ideal domains and as a counterpart 
of the unique factorization domains. 

As a bonus of Theorem 1, we arrive at several interesting consequences. 

Let us look at the prime and indecomposable elements of A. The element 
p (p # 0 and is not invertible) is said to be indecomposable whenever if 
a,b € A and p = ab then p is associated to a or to 6. The element p # 0 
is said to be prime if the principal ideal Ap is prime. 
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If p is a prime element then it is indecomposable. If p is indecomposable 
then the principal ideal Ap is not the product of (more than one) principal 
ideals (distinct from A). Thus, a reasonable generalization would be the 
following: an integral ideal P of the domain A is said to be indecomposable 
when it is not equal to a product P = J-J', where J, J’ are integral ideals 
different from P. But, actually, these are no new kinds of ideals: 


D. Let A be a Dedekind domain. An ideal of A is indecomposable if and 
only uf it is prime. 


Proof: The following implication holds for an arbitrary domain. Let P 
be an ideal, which is not indecomposable. Then we may write P = JJ’, 
where J, J’ are integral ideals different from P. From J|P, J’|P, it follows 
that P Cc J, P Cc J’, so there exist elements a € J, a’ € J’, such that 
a ¢ P, a’ ¢ P, however, aa’ € JJ’ = P. Thus, P is not a prime ideal. 
Conversely, if A is a Dedekind domain, and if J is an indecomposable 
ideal, either J = 0 (hence it is prime) or J # 0, and then J is a product 
of nonzero prime ideals; but since J is indecomposable, it must be a prime 
ideal. a 


Next: 


E. If P is a prime ideal in a Dedekind domain A, if J, J’ are ideals of 
A, and P\|JJ’, then P\|J or P|J'. 


Proof: By the uniqueness of the prime ideal decomposition of JJ’, from 
J J' = PI (where J is an integral ideal), it follows that P is present among 
the prime ideals in the decomposition of JJ’. Hence, either P|J or P|J’. 

a 


The divisibility between ideals means the reverse inclusion: 


F. Let M, M' be nonzero fractional ideals of a Dedekind domain. Then 
M divides M' if and only if M D M'. 


Proof: We have already shown that if M|M’' then M > M’. Conversely, 
if M > M'", since the nonzero fractional ideals form a group, there exists 
the fractional ideal M~! and M'’M~-! C MM~—! = A, so M'M7~! is an 
integral ideal such that (M'M~1!)M = M’; that is, M divides M’. a 


G. If J is any nonzero integral ideal of a Dedekind domain A, then 
there exist only finitely many integral ideals of A which divide J. 


Proof: Let J = [],_, Pri C A. Then the integral ideals dividing J are 
precisely those of the form TTj-1 Pp! ‘, where 0 < f; < e; for every 1 = 
1,...,7. Hence, there are only finitely many integral ideals dividing J. & 
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We may now consider the greatest common divisor and least common 
multiple of fractional ideals of a Dedekind domain. 


H. If M, M’' are nonzero fractional ideals of the Dedekind domain A, 
then M + M' is the greatest common divisor of M and M' and Mn M' 
is the least common multiple of M, M’. 


Proof: We begin by observing that if M, M’ are nonzero fractional ideals 
then M+ M’ and Mn M’ are also nonzero fractional ideals (for example, 
if b, b' € A are nonzero elements such that bf C A and 6’M’ C A then 
bb’(M + M’) C A; also, ifa € M, a’ € M’ are nonzero elements, then 
0 4 (ba)(b’a’) € AMN AM’ C MOM’). 

By (F), M+ M’ divides both M and M’ and if M"|M, M"|M' then 
M" > M, M” > M’,so M" > M4 M’, that is, M” divides M + M’; 
thus M + M’ is the greatest common divisor of M and M’. 

The proof is analogous for the least common multiple. | 


I. A domain, which is both a Dedekind and a unique factorization 
domain, must be a principal ideal domain, and conversely. 


Proof: ‘The converse has already been mentioned, so let us assume that 
the Dedekind domain A is also a unique factorization domain. 

It is enough to prove that every nonzero prime ideal P is principal. Let 
a € P, a #£ 0. Since a is not a unit, it is a product of prime elements, 
a=[[,_.p; > 1, r>0. 

From [|;_, p;' = a € P it follows that p; € P (for some index 7), hence 
Ap, © P. But Ap, is a prime ideal, because if a,b € A, ab € Ap; then 
p;\ab, thus p;\a or p,;|b, noting that A is a unique factorization domain. 

By ‘Theorem 1, Ap; is a maximal ideal, so P = Ap, is a principal ideal. 

a 


Thus, we have justified our previous remark, namely, the ring of integers 
of an algebraic number field is a unique factorization domain if and only if 
it is a principal ideal domain. 

Another useful fact follows: 


J. If A is a Dedekind domain, for every nonzero fractional ideal M there 
exists a fractional ideal M’, such that MM' is any given nonzero principal 
adeal. 


Proof: Given Aa # 0, since the nonzero fractional ideals form a group, 
there exists M’ such that MM’ = Aa. a 


One of the basic theorems in Dedekind domains is the generalization of 
the Chinese remainder theorem (see Chapter 3, Theorem 1 and (C)). We 
may prove an even more general result: 


K. Let A be a ring, let J be any ideal of A, and assume that J = 
(i-1 Qi, where the ideals Q; are distinct from A and satisfy the relation 
Q; + Miz; Qi = A for every j = 1,...,7. Then A/J = T]j_, A/Qi. 
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Proof: Let 6: A — [];_, A/Q; be the mapping defined as follows: 
O(a) = (61(a),...,6-(a)) where 6;(a) denotes the image of a by the natural 
mapping A — A/Q;. 

@ is a ring-homomorphism, whose kernel is equal to ();_,Q; = J. It 
remains to prove that 6 maps A onto [];_, A/Q,; in other words, given 
elements x; € A (2 = 1,...,7r), we shall show the existence of an element 
x € A such that x — x; € Q; for alli = 1,...,r. 


Special Case: There exists an index j such that x; = 0 for alli 4 j, 1 < 
1<r. 

Since Qj + (),z; Qi = A, we may write x; = y+ z with y € Qj, z € 
iz; Vi: hence z— 2; = —y € Q,, and z— x; = z € Q,; fori # j. We 
may therefore choose x = z. 


General Case: For every 7 = 1,...,r, we have shown the existence of 
an element z; € A such that z; — 2; € Q;, z; € Q; for allt # Jj. Let 
C= j=l 2j, then f — 2 = D0 4, 2) + (4 — ti) € Q; for alli = 1,...,7. 

| 


Theorem 3. Let A be a Dedekind domain, let J be an integral ideal, 
and J = [J,_, P’ wherer > 1, e; > 1, P, are distinct nonzero prime 
ideals of A. Then 


A/J = |] A/Ps. 
i=1 
Proof: It is enough to note that [];_, P°i = (\j_, Pi and Po? + 
II, 4; P* = A, when P;,...,P, are distinct prime ideals of the Dedekind 
domain A. This follows at once from (H). a 


We may sharpen slightly the main assertion of the preceding theorem: 


L. Let A be a Dedekind domain and let P,,...,P, be distinct nonzero 
prime ideals of A; let x1,...,2, € A and let e),...,e, be integers, e; > 0 
for every index i. Then there exists an element x € A such that 
c— 2, € Pe, x — x; ¢ Pet! forall 1=1,...,r. 

Proof: For every 1 = 1,...,7r, we have P“* C pet so there exists an 
element a; € P;*, a; ¢ perth By Theorem 2, there exists x € A such 
that x — (1%; + a;) € pert for every 1 = 1,...,r. Therefore, x — x; = 
[x — (2; + a:)] + a; € P* but cz — 2; ¢ PET. a 


We state a special case: with the same hypothesis and notations, there 
exists x € A such that x € P,, but x ¢ P; fori = 2,...,r. 
Here is a useful variant: 


M. Let A be a Dedekind domain and let P,, ..., P, be distinct 
nonzero prime ideals of A; let e,, ..., e, be integers, e; > 0 for every 
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i=1,...,r. Then there exists x € A, such that Ar = J-[];_, P', where 
gcd(J, jes P;) = A. 


Proof: We apply (L) with x] =--- = 2, = 0. Since Az C [];_, Py’ but 
x ¢ P®'*" for everyi = 1,...,7, then Ar = J-[][7_, Pf’ by (F). Moreover, 
P; does not divide J, for each i = 1,...,7r, so gced(J, [[;_, Pi) = A. a 


An interesting corollary concerns Dedekind domains, which have only 
finitely many prime ideals: 


N. If a Dedekind domain has only finitely many prime ideals then it is 
a principal ideal domain. 


Proof: Since every nonzero ideal of the Dedekind domain A is a product 
of nonzero prime ideals, it is enough to show that these are principal ideals. 

Thus, let P,,..., P, be the nonzero prime ideals of A. By (L), for every 
h, 1 <h <r, there exists an element y, € A, such that yr € Ph, yr ¢ 
P?, and yn ¢ P; for all 7 # h. This is just the statement of (L), with 
Tjy=-::=2,=0, e, = 1, ej; =O for 7 FA. 

Thus Pp|Ayn, P? does not divide Ay, and P; does not divide Ay, (for 
7 # h). Hence the decomposition of Ay, into prime ideals is Ay, = Ph, 
proving that each prime ideal Py is principal. | 


Since a Dedekind domain is Noetherian, all ideals are finitely generated. 
Actually, we may prove a much better result: 


QO. If A 1s a Dedekind domain, then every fractional ideal of A may be 
generated by at most two elements: one of these elements may be arbitrarily 
chosen. 


Proof: It is clearly enough to prove this statement for nonzero integral 
ideals J. Let a € J, a #0 so Aa C J hence J divides Aa, by (F). Let 
Aa = [];_, P;’ where P,,...,P, are distinct prime ideals and e; > 0 
for each 2 = 1,...,r. Thus J = IE, Pi with 0 < f; < e; for each 
i = 1,...,r. By (M), there exists b € A such that Ab = []j_, Pi - J’, 
where J’ is an ideal such that gced([];_, Pi, J’) = A and Aa+ Ab = 
ged(Aa, Ab) = []_, Pf = J. a 


We conclude by studying the integral closure of a Dedekind domain in a 
separable extension of its field of quotients: 


P. Let A be a Dedekind domain, and K its field of quotients. Let L|K 
be a separable extension of degree n and let B be the integral closure of A 
in L. Then B 1s a Dedekind domain. 


Proof: B is integrally closed, by definition. 

From Chapter 6, (B), we know that B is a submodule of a free 
A-module M of rank n; since A is a Noetherian ring then M is a Noe- 
therian A-module (Chapter 6, (G)), hence B is a Noetherian A-module; 
therefore, B is a Noetherian B-module, that is, a Noetherian ring. 
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Finally, if Q is a nonzero prime ideal of B, then QM A = P is a prime 
ideal of A and QM A # 0 (Chapter 5, (E)), so P is a maximal ideal of A 
and by Chapter 5, (G), Q is a maximal ideal of B. 

By Theorem 1, B is a Dedekind domain. | 


To conclude, we extend the relation of congruence. Let J be a nonzero 
integral ideal of the Dedekind domain A. Let a/a’,b/b’ € K be such 
that gcd(Aa, Aa’) = A, gcd(Ab, Ab’) = A, ged(Aa’,J) = A, and 
gcd(Ab’, J) = A. We define 

f= o (mod J) 
a’ b! 
if ab’—a’b € J. It is straightforward to verify that the relation of congruence 


modulo J is an equivalence relation and if 
a _ b a, _ by 
7 =a (mod J), a = be (mod J) 


(with aj, a}, b,, b; subjected to the same hypothesis), then 


a Qa, b by 
—4+—-2-4— d J 
a! at b’ r bi (mod J) 
and 
a Q1 b bj 
-~,2 22.4 d J 
a a ww Wmod Y) 


EXERCISES 


1. Let A be the ring of algebraic integers of an algebraic number field. 
Prove that A has infinitely many prime ideals. 


2. Let A be the ring of algebraic integers of an algebraic number field 
Kk. Prove successively the following facts: 
(a) If x is a root of h € A[X] then h/(X — x) has coefficients in A. 


Hint: Let d be the leading coefficient of h and m the degree of 
h; first note that dx is an algebraic integer; proceed by induction on m, 
considering the polynomial h — dX™7!(X — zx). 
(b) Ifh = d(X —2,)(X —22)---(X —2m) € A[X] then dx, x70--- Xp 
is an algebraic integer (for every k, 1 <k < m). 
(c) If f,g € A[X], ifc € A, c # 0, divides every coefficient of fg 
then, for every coefficient a of f and 6 of g, c divides ab. 


Hint: Express f, g as products of the leading coefficient and 
linear factors, consider fg/c € A[X]; apply (b) to this polynomial and 
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conclude noting that the coefficients of any polynomial are expressible 
in terms of elementary symmetric functions of its roots. 


3. Apply the previous exercise to obtain another proof, due to Hurwitz, 
that the ring A of algebraic integers of K is a Dedekind domain. Prove 
successively the following facts: | 

(a) For every nonzero ideal J of A there exists a nonzero ideal J of 
A such that IJ is a principal ideal. 


(b) If J, I’, I” are nonzero ideals of A and I- I’ = I- I" then 
=I". 

(c) If I, J are ideals of A such that IJ - J is a multiple of the prime 
ideal P of A then either P divides IJ or P divides J. 


(d) Every nonzero ideal I of A is equal to a product of prime ideals 
of A; this representation is unique, except for the order of the 
factors. 


4. Prove, using transfinite induction (or Zorn’s lemma) that every 
proper ideal J of a ring A (with unit element) is contained in a maxi- 
mal ideal. Assuming that A is Noetherian, indicate a simpler proof for the 
same fact. 


5. Prove the Hilbert basis theorem: If A is a Noetherian ring then the 
ring A[X,,..., X,] of polynomials in n indeterminates is also Noetherian. 


6. Prove that if the ring A’ is a homomorphic image of a Noetherian 
ring A then A’ is also a Noetherian ring. 


7. Let B bearing, A a Noetherian subring of B, and let 71,...,2, € B. 
Prove that the subring Alz,,...,2,] of B generated by A and z,...,2n 
is also a Noetherian ring. 


8. Let A be a domain, and let J, J be ideals of A. The conductor of J 
ento I is the set of all elements x € A such that x- J C J. It is denoted by 
I: J. 

Prove: 

(a) I: J is an ideal of A containing J. 


(b) If J’ is an ideal of A, then J- J’ C I if and only if J’ C I: J. 


For any ideals of A, show: 


n 
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9. Let A be a domain and let J be an ideal of A. The root VI of the 
ideal I is the set of all elements x € A having some power x” (n > 1) in J. 
Prove: 
(a) VI is an ideal containing J. 


(b) VVI = VI. 

(c) If J, J are ideals of A and there exists n > 1 such that J” C J, 
then JI C JJ. 

(d) VI-J=VINJ=VInVd. 
VIF JS =VVI+ VU. 


10. An ideal J of a ring A is said to be primary if the following condition 
is satisfied: If a,b € A, ab € I, a ¢ I, then there exists an integer m > 1 
such that 6” € I. 


Prove: 
(a) Every prime ideal is a primary ideal. 
(b) The root VI of a primary ideal J is a prime ideal P; in this 
situation, ifa,b € A, abe I, ag I, thenbe P. 
(c) If I is a primary ideal of A, if J, J’ are ideals of A such that 
J-J'CI, JZ 1, then J’ C vi. 


(d) If A is a Noetherian ring and J is a primary ideal of A, show that 
there exists an integer m > 1 such that (VI ym CT, 


11. Let J, P be ideals of a ring A and suppose that: 
(a) TC PC VI. 
(b) Ifabe I, ag I, then be P. 


Show that I is a primary ideal and P = VJ. 


12. Let B bea ring and A a subring of B. Let J, I’ be ideals of A and 
J, J’ ideals of B. For every ideal J of A let B - JI denote the ideal of B 
generated by I. Prove the following facts: 

(a) B-I is the set of sums 57, b.2;, withn >1, 2 € I, b; € B. 
(b) B(JN A) C Jand B(JNA)NA=H=JTINA. 
(c) B(B- IN A)=B-1. 
(d) (J+ J)NADINAZ J'NAand BI 4+ M)=B-I4+B-1'. 


B 
B 
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and VJIN A= VINA. 


13. Prove that the powers of any maximal ideal of a ring A are primary 
ideals. 


14. Show that the primary ideals of any Dedekind domain A are precisely 
the powers of the prime ideals of A. 


15. Let J, J be integral ideals of the Dedekind domain A. Prove that 
there exists an integral ideal I’ such that J - I’ is a principal ideal and 
J+ =A. 


16. Let A be a Dedekind domain, and let J be a nonzero integral ideal 
of A. Show that the ring A/I satisfies the descending chain condition for 
ideals (every strictly descending chain Jj D Jo D--: D Jn D--- Of ideals 
is finite). 

17. Let A be a domain satisfying the following properties: 

(a) A is a Noetherian ring. 
(b) A is integrally closed. 
(c) For every nonzero ideal J of A the ring A/J satisfies the 


descending chain condition for ideals. 


Prove that A is a Dedekind domain. 


18. Let A be a Dedekind domain. Show that the ideals of A satisfy the 
following distributive laws: 


INn(W+ J’) =UINSJ)+(10 I) 
and 


T+(JnJ)= (74+ J)0(14+ J"). 


19. Prove the following general form of the Chinese remainder 
theorem: Let A be a Dedekind domain, and let [j,...,J, be ideals of 
A. The system of congruences x = a; (mod J;) (fori = 1,...,n) hasa 
solution in A if and only if a; = a; (mod J; + I;) for any indices 2, 7. 


20. Let M be an additive subgroup of Q. Prove that the following 
statements are equivalent: 
(a) M is a finitely generated additive group. 
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(b) M is a fractional ideal of Z. 
(c) M is a principal fractional ideal of Z. 


21. Let p be a prime number. For each a = p’m € Z, with p not dividing 
m, r = 0, let vp(a) = r. For g = a/b with a,b € Z, a # 0, b F 
0, gcd(a,b) = 1, let vp(x) = vp(a) — vp(b). If J is any nonzero fractional 
ideal of Z then, by the previous exercise, J = Zr, x € Q, x # O. Define 
vp(I) = Up(2). 

Prove: 
(a) For every I # 0 we have vup(I) = 0 except at most for a finite 
number of primes p. 


If J, J are nonzero fractional ideals of Z then: 
(b) I C J if and only if up(J) > v,(J) for every prime p. 
(c) Up(I + J) = inf{up(Z), up(J)}- 
(d) up A J) = sup{up(Z), vp(J)}. 
(e) up(I- J) = up(I) + up(J). 


22. If M is a nonzero additive subgroup of Q and p is a prime number, 
define vp(M) = inf{v,(x) | x € M}. Show: 
(a) up(M) € ZU {—co}; for every M we have vp(M) < 0 except at 
most for a finite number of primes p. 


(b) M = {x € Q| uy(x) > vp(M) for every prime p}. 


23. Let S be the set of sequences v = (Np)p prime, Np € ZU {—oo}, such 
that n, < 0 except at most for a finite number of primes p. Let M denote 
the set of all nonzero additive subgroups of Q, and let 9: M — S be the 
mapping defined by 0(M) = (up(M))p prime- 

If M, M' € M show: 

(a) M C M’ if and only if v,(M) > vp(M’) for every prime p. 

(b) @ is a one-to-one mapping. 

(c) 6 maps M onto S. 

(d) M is a nonzero fractional ideal of Z if and only if 6(M) = (np)p 
is such that each n, is an integer and np = 0 except at most for 
a finite number of primes p. 

(e) M is a nonzero integral ideal of Z if and only if 0(M) = (np)> 
satisfies the above condition and, moreover, n, > 0 for every 
prime p. 

(f) M is a subring of Q if and only if v,(M) = 0 or —oo. 

(g) Q has 2®° distinct subrings. 
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(h) For every nonzero additive subgroup M of Q there exists a largest 
subring R of Q for which M is an R-module. 


24. Let A be a Dedekind domain, P any nonzero prime ideal of A. If J isa 
nonzero fractional ideal of A, let J = []p P?’” be its decomposition into 
prime ideals (where vp(J) € Z and vp(I) = 0 except at most for finitely 
many prime ideals, depending on J). Define also vp(x) = vp(Az) for every 
xéeA, x £0; finally, let vp(0) = oo. If J, J are nonzero fractional ideals 
of A, show: 

(a) up(xy) = up(x) + vp(y). 
) up(@ + y) 2 min{up(x), vp(y)}. 
c) If up(z) 4 vp(y) then vp(x + y) = min{vup(z), up(y)}. 

) I divides J if and only if vp(I) < vp(J) for every prime ideal 
PZOof A. 


vp(I) = min{vp(z) | x € I}. 
up(I - oT = a )+ up(J). 


25. Let A be a Dedekind domain, K its field of quotients, and M any 
A-submodule of K; let P be any nonzero prime ideal of A. Define vp(M) = 
inf{vp(Z) | for every fractional ideal J C M}. Show: 

(a) up(M) € ZU {—co}; for every M we have vp(M) < 0 except at 
most for a finite number of prime ideals P. 

(b) M = {x € K | vp(x) > vp(M) for every nonzero prime ideal 
P}. 


26. Let P be the set of nonzero prime ideals of the Dedekind domain A, 
and let M denote the set of all nonzero A-submodules of the quotient field 
K of A. Let S be the set of all sequences (np) pep, where np € ZU {—-co} 
and np < 0 except at most for a finite number of prime ideals P. Finally, 
let 0: M — S be the mapping defined by 6(M) = (up(M))pep. 

If M, M’ € M show: 
(a) M C M’ if and only if vp(M) > vp(M") for every P € P. 


) 
(b) @ is a one-to-one mapping. 
(c) @ maps M onto S. 
) 


(d) M is a nonzero fractional ideal of A if and only if 6(M/) = (np)p 
where each np € Z and np = O except at most for a finite 
number of prime ideals P € P. 
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(e) M is a nonzero integral ideal of A if and only if the preceding 
condition is satisfied and moreover np > O for every P € P. 

(f) M is a subring of K if and only if vp(A/) = 0 or —oo for every 
PeP. 

(g) If A is a Dedekind domain with countably many prime ideals 
then K has 2*° distinct subrings. 


(h) For every nonzero additive subgroup M of K there exists a largest 
subring R of K for which M is an R-module. 


8 


The Norm and Classes of Ideals 


We know already that the ring A of integers of an algebraic number field 
K need not be a principal ideal domain. In this chapter, we associate with 
every field AK a numerical invariant h, which measures the extent to which 
A deviates from being a principal ideal domain. h will be equal to 1 if and 
only if A is a principal ideal domain. 

To begin, we introduce the important concept of the norm of an ideal. 


8.1 The Norm of an Ideal 


In Chapter 7, (A), we have seen that if P is any nonzero prime ideal of the 
ring A of integers of an algebraic number field K, then the quotient domain 
A/P (which is a field) is necessarily finite. If PQ Z = Zp, then #(A/P) is 
a power of p. 

More generally: 


A. If P is a nonzero prime ideal of A, e > 1, then #(A/P®°) = 
#(A/P)°. 
Proof: The result is true for e = 1. We shall proceed by induction on e, 


assuming it true for e — 1. P®~!/P® is an ideal of the ring A/P*, hence by 
the isomorphism theorem for rings, we have 


(A/P°)/(P&"!/P*) = A/P*. 


It follows that #(A/P*) = #(A/P*~') - #(P*!/P®). By induction, it 
suffices to show that #(P°~!/P*) = #(A/P). We observe that P®~!/P* 
is a vector space over the field A/P, with a scalar multiplication so defined: 
ifa €¢ A/P, = € P®"!/P*, thenaZ = az (the reader may easily check the 
details). Thus it is enough to show that P®~!/P* has dimension at most 
1, since we know that P®~! 5 P®, the dimension of P®~!/P® is at least 1; 
this will imply that P®~!/P® & A/P, from which we deduce the required 
relation. Now, let x € P&!, x ¢ P®. Then P®& c P& + Ax C Pe}, 
so there exist (integral) ideals J, J’ such that (P© + Azx)J = P® and 
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Pe! J’ = P& + Az: moreover, J # A. Then P®-!JJ' = P® and therefore 
JJ' = P, hence J = P, J' = A. So P®-! = P® + Ax. This implies that if 
y €¢ P&—!/P® there exists a € A such that ¥ = @Z, which was required to 
be proved. | 


Let us note incidentally the following useful result: 


B. Let P be a nonzero prime ideal of A, e > 1. Let S be a system of 
representatives of A modulo P, such that 0 € S; lett € P, t ¢ P*. Then 


R = {so + sit +-+-+5e_1t*! | s; € S fori =0,1,...,e—1} 
1s a system of representatives of A modulo P®. 


Proof: The result is proved by induction on e; it is trivial for e = 1, and 
we now assume it true for e — 1. We show that if so, sg € S, if 


ry = $1 + Sott--- +518 *, orp = 8) + sht+---+80_, te? 


(with s;,s; € S for everyi =1,...,e—1), ifr = sg trit, r’ = sh +rit, 
andr # r' then r — r’ ¢ P®. Indeed, assume that r — r’ € P®, then 


(so — 89) + (ri — r})t € P®, 
SO 
So — 8) € At + P® CP, 


hence so = Sq and therefore (r; — r})t € P®, so P® divides A(r, — rj) - At. 
Since t € P, t ¢ P?*, then P|At, P?}{At, thus P®-!|A(r; — r{) hence 
ry — ri € P®~!. By induction, r; = r{ and we conclude that r = r’. 
Thus R already contains #(A/P)* different representatives of A modulo 
P*. From (A) if follows that R is a system of representatives of A modulo 
P®, a 


By means of Theorem 2 in Chapter 7, we deduce: 


C. = If J is any nonzero integral ideal of A, J = [],_, Pri then 
#(A/J) = || #H(A/Pi)*. 
i=l 


Proof: We just combine (A) with the above-mentioned theorem. a 


Thus, we have associated with every nonzero integral ideal a positive 
integer: 


Definition 1. The norm of an ideal J of the ring A of integers of an 
algebraic number field is defined to be the positive integer N(J) = #(A/J). 


Thus, if P is a nonzero prime ideal of A, e > 1, then N(P°) = N(P)£, 
as shown in (A). More generally, by means of (C), we obtain: 


D. If J, J’ are ideals of A, then N(JJ') = N(J)- N(J"). 
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Proof: If J = [["_, P®, J’ = []"_, P&, where e; > 0, ef > 0, then 
JJ' = T]j_, P*'*% | so by means of (C) we deduce that N(JJ’) = N(J) - 
N(J'). = 


The above property is usually called the multiplicativity of the norm. 

Previously, we have defined the norm of an element x € K (relative to 
the extension K|Q); in the case where x € A, x # O, we shall compare 
Nx \Q(z) and N(Az). 

For this purpose we need an important relation between the norm of an 
ideal and the discriminant of any basis of this ideal. 


BE. Let J be a nonzero integral ideal of A. Let {y1,.--,Yn} be any basis 
of the free Abelian group J, and 6 the discriminant of the field kK. Then: 


discr yee Un 
N(J)? = diser cj Q(Yis +--+ Yn) 
6 
Proof: By Chapter 6, (L), there exists an integral basis {1,,...,2n} 
and integers fj, ..., fn such that {fi71,..., fran} is a basis of the 


free Abelian group J. Thus, A = Zax; @--- @ Zan, while J = Zf,x, @ 
--- ® ZfnLn. Then the quotient Abelian group is A/J = [Tea Z/Lf;, the 


isomorphism being obviously the one which comes from the mapping 
nr nr 
A— |] 2/Zf:. S > ain, t+ (a; mod fi)i<i<n, 
i=l i=l 


by noting that the kernel is J. Therefore N(J) = #(A/J) = T]j_, [fil. 
Since discr(fj11,-.-, fn®n) = (TL, f;)? - discr(z1,..., Zn), noting that 
discr(x,,...,2n) = 6 (discriminant of the field kK), and 


discr x) (fi21, ty fn&n) — discr x \Q(Y15 coe Yn) 
for any basis {y,,.-., Yn} of the Abelian group J, we deduce that 


_ discrx\Q(y1, oe Yn) 


N(J)? : 


Now, we have: 
F. For every element y € A, y # 0: 
N(Ay) = |Nx\Q(y)I- 


Proof: Let {x1,...,2n} be an integral basis, so {yx,,..., yn} is a basis 
of the Abelian group Ay. Hence, by (E): 


2 discr x\Q(Y@1,---;YLn) 


N(Ay) F 
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However, by Chapter 2, Section 11: 


discr x \Q(y%1,.--,YLn) = det(ai(yz;))° 
= det(a;(yd;;))? - det(o;(2;))? 
= (Nxjo(y))? - 6 


(where 6;; = 1 when i = j, 6;; = 0 when: # j). Therefore, N(Ay)? = 
(Nxig(y))*, and since N(Ay) > 0 then N(Ay) = |NxQ(y)]. | 


One of the main facts about norms is the following: 


G. If J is a nonzero integral ideal of A, then J divides the principal 
ideal A- N(J). For every integer m > 0 there are only finitely many ideals 
with norm equal to m. 


Proof: Let N(J) = m = #(A/J); thus in the quotient group A/J the 
order of every element divides m; therefore, if c € A then mx € J. In 
particular m = m.-1 € J, so J divides Am. 

Since the ideal Am has only finitely many divisors (by Chapter 7, (E)) 
then there exist only finitely many ideals J with norm equal to m. | 


The following property will be used in a crucial way in the next section. 
Let {21,...,2%n} be an integral basis of the field K. For eachi = 1,...,n, 
let 7; ° = Xi, xy poses a” be the images of x; by the n isomorphisms 


from K (into C). Let 


Tt Tt 
w= [> ley; 


j=l i=1 


so ft is a positive real number depending on K (and the given integral 
basis). 
Now we prove: 


H. Let K be any algebraic number field, and let pp be defined as above. 
Then for every nonzero integral ideal J of A, there exists an element a € 
J, a #0, such that 


INx\Q(@)| < N(J) > wu. 


Proof: Let {71,...,2n} be an integral basis of K and let 4 > 0 be defined 
as above. 

If J is any nonzero integral ideal of A, let k be an integer such that 
kK” < N(J) = #(A/J) < (k +1)”. Consider the set S of all elements 
\,-1 dit; where 0 < d; < k. Since #(S) = (k +1)" > #(A/J), there 
must exist b,c € S, b # c, such that a = b—c = YS“), az; € J. We 
note that |a;| < k for each i = 1,...,n. It follows that |Nx Q(a)| = 


Tye okey aeary?| < 1G, ROY fae?) = ke < ND 7 
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8.2 Classes of Ideals 


As before let F denote the multiplicative Abelian group of nonzero fra- 
ctional ideals of A, let Pr be the subgroup of nonzero principal fractional 
ideals. We may therefore consider the quotient group F/Pr. 

Explicitly, two nonzero fractional ideals M, M’ are said to be equivalent 
when there exists x € K, x # 0, such that M’ = Ax- M. We write 
Mw~M’. 

This is clearly an equivalence relation, and if M, ~ M2, Mj] ~ M3, then 
M,-M] ~ M2- M3. Pr is precisely the subgroup of those ideals equivalent 
to the unit ideal A. Each element of ¥/Pr is called an ideal class of K, and 
F /Pr is the ideal class group of K. It is denoted by C(K) or also by Cl x, 
or some similar notation. Roughly speaking, the larger the group F/Pr 
is, the more the ring A fails to be a principal ideal domain. So, a natural 
question is the following: is it possible that #/Pr is an infinite group? 

We now prove a fundamental theorem due to Minkowski. The special 
case of quadratic fields is due to Gauss, while Kummer proved the theorem 
in the case of cyclotomic fields. 


Theorem 1. The number of classes of ideals of an algebraic number 
field is finite. 


Proof: The norm of every nonzero integral ideal is a positive integer. Given 
the real number yp, defined in (H), by (G) there exist only finitely many 
nonzero ideals Jj,..., J, such that N(J;) < p. 

We shall prove that if J is any nonzero ideal of A, then J is equivalent to 
some ideal J;; therefore the number of classes of ideals is at most k, hence 
it is finite. 

Now, let I~! denote the fractional ideal inverse of J, so there exists an 
element c € A, c # 0, such that cI! is an integral ideal. 

By (H), there exists an element b € cI~!, b # 0, such that N(Ab) < 
N(cI~1)- ys. Multiplying by N(J) and observing that Ibc~! C A, we obtain 


N(Ibe~') - N(Ac) = N(Ibc~' - Ac) = N(Ib) 
= N(Ab)- N(I) < N(cI~*)-N(1)p = N(Ac)p, 


thus N(Ibc~!) < yp, so Ibc~! = J; for some index 3. | 
We introduce the following numerical invariant: 


Definition 2. The number of classes of ideals of an algebraic number 
field K is called the class number of K and denoted by h = hx. 
An easy corollary follows: 


I. If J is any nonzero fractional ideal of the ring A then J” is a principal 
fractional ideal of A. 
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Proof: Just note that h is the order of the multiplicative group F/Pr of 
classes of ideals; thus the hth power of every fractional ideal is principal. 
a 


The following result gives the justification of the word “ideal”: 


J. Let K be an algebraic number field with class number h. There ezists 
an extension K’ of degree at most h over K with the following property: 
for every nonzero fractional ideal J of K there exists an element x € K' 
such that J = KM A’x (where A’ denotes the ring of algebraic integers of 
Kk‘). 


Proof: The Abelian multiplicative group ¥/Pr of classes of ideals has or- 
der fh and by the structure theorem for finite Abelian groups (Chapter 3, 
Theorem 3), #/Pr is the product of cyclic groups C;,...,Cm having or- 
ders hy,..., hm, respectively; moreover, h = hyh2...hm. Let Jy, ..., Im 
be nonzero fractional ideals whose ideal classes are the generators of 
Ci, ..., Cm. Then Jy = Aa; where a; € A for every i = 1,...,m. Let 2; 
be a root of the polynomial X” — a; (in C). Let K’ = K(2,...,2,) and 
let A’ denote the ring of algebraic integers ot kK’. We note that the field K’ 
depends on the choice of a;, x; and has degree [K’ : K] < hihg---hm = /h. 

Let J be any nonzero fractional ideal of K. Then there exist c € K, c # 


0, and integers e€1, ..., €m with O < e; < h; for every i = 1,...,m 
such that J = Ac- Jyj'---J&m. Writing h = hjhi (¢ = 1,...,m), we have 
h' h! em , 
Jr = Ach. Jp... ghem = A(chap---anmr®"), thus J* = Aa with 
h_hyer hy, €m 
a=C'a,’ --:am"™. 


Then the element x = cr}! --- a6 € K’' is such that J = KM A’z. In 
fact, we begin by noting that 2” = chy het -..ghem — gq, Now, if y € J 
then y” € J” = Aaso (y/z)? = y"/a € A, thus y/x € A’, since it is 
integral over A and belongs to K’. Thus y € KM A’z. 

Conversely, if y € KM A’x then y/x € A’, and y”/a = (y/zx)” € 
A'N K = A, so (Ay- J~')? is an integral ideal, hence Ay - J~! is also an 
integral ideal of the Dedekind ring A, showing that y € J. | 


The preceding result tells us that for every ideal J, not necessarily princi- 
pal in K, there exists some element x in a field K’ of degree at most h over 
kK, such that J is the set of multiplies in K of this element x; when J is not 
principal then x does not belong to K, so if we restrict our attention only 
to K, the element z is an “ideal element” and its multiples form the “ideal” 
J in K. This is the origin of this terminology introduced by Kummer, now 
so widespread. 

Since not every ring of algebraic integers is a principal ideal domain, the 
possibility still remains that in any particular case we may enlarge the field 
K to another field K’ whose ring A’ of integers is a principal ideal domain. 

In other words, is it always possible to find a finite extension K’ of K 
such that the class number of K’ is equal to 1? 
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In class field theory, which is an advanced branch of the theory of 
algebraic numbers, with every algebraic number field K is associated an 
extension K’ of degree h (the class number of K) over K. Among many 
important properties, for every fractional ideal J of K, the ideal A’J of K’ 
is principal. However, there may exist fractional ideals in kK’, not generated 
by ideals in K, which are not principal. The next natural thing to do is 
to repeat the procedure just indicated, obtaining the tower of class fields: 
Kk Cc K' Cc K” C ---and the question arises whether, after a finite number 
of steps one reaches a field with class number 1; that is, whether the above 
chain is finite. This has been referred to as the “class field tower problem.” 

In 1966, Shafarevich and Golod showed that there exist infinite class field 
towers. 

In this respect, we make the following remark. Let 7 be the set of alge- 
braic number fields having finite class field towers. Let K, denote the set of 
algebraic number fields having class number equal to 1. Then 7 is infinite 
if and only if K is infinite. 

Indeed, K, C T, so if 7 is finite, then K is finite. Conversely, if K, = 
{ky,..., Km}, if L € T, there exists K,; € Kj such that LD C Ky. Thus L 
belongs to the finite set of fields contained in some K; for 1 < i < m. Gauss 
conjectured that there exist infinitely many real quadratic fields with class 
number 1 (see Chapter 28). 

‘To conclude this section, we introduce more general class groups. 

Let J be a nonzero integral ideal, let #.; = ¥,(K) denote the set of all 
nonzero fractional ideals, which may be written as quotient I/I’ of integral 
ideals J, I’ # 0, with gcd(U/, J) = gcd(/’, J) = A. Clearly, F,; is a subgroup 
of F. 

Let Pr; = Pr j(K) be the set of nonzero principal fractional ideals of the 
form Aa/Aa’ where a,a’ # 0, gcd(Aa, J) = ged(Aa’, J) = A, anda = a’ 
(mod J). Equivalently, 


Pry = {Ar |xeK, «#0, x =1 (mod J)}. 


Thus Pr; is a subgroup of F;. For J = A we have F4 = F, Pra = Pr. 
It is clear that Pr; C Fy Pr. 

The quotient group Cy = C3(K) = Fj/Pry is called the group of clas- 
ses of fractional ideals associated to J. It follows from Theorem 1, 
that Cj is finite (see (K) below). We denote by hy = hj(K) the 
number of classes of ideals associated to J. 

We now introduce still another type of classes of ideals. 

Let J be a nonzero integral ideal. Let Pry, = Prj4(kK) denote the 
subset of Pr ;, consisting of all Ar € Pry such that x is totally positive 
(that is, all real conjugates of x are positive). So Prj4 is a subgroup of 
Pry. If J = A, then Pr, = Pra. consists of all the nonzero principal 
fractional ideals Az with zx totally positive. Thus Pry4 C Fy Pry. 

Let C74 = Cy4(K) be the quotient group Cz, = Fy/Prz4. 
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We note the canonical isomorphisms: Cy = (Fj/Prj4)/(Prs/Pru,+) 
and C = (F/Pr,)/(Pr/Pr+). Thus, Cy; is a quotient of C74, respectively, 
C is a quotient of C, = F/Pr,. We show: 


K. For every integral ideal J # 0, the groups C34, C+ are finite. 


Proof: By Theorem 1, the group C is finite. The group C, is also finite 
since there is only a finite number of residues modulo J. Now we show that 
Pr/Pry is a finite group. Let S = {1, —1} be the multiplicative group with 
two elements. Let a1, ..., o-, be the r; > 0 isomorphisms from K into 
R. For each x € K, x # 0 let the signature of x be 


sen(z) — (€1, £2, ce Er, ) € Ss”, 


where 


c= +1 if o;(x) > 0, 
i ) 1 if o;(2) < 0. 


For each C € Pr/Pr., choose x € K, x #0, such that AxPr, = C. 

We define © : Pr/Pr, — S™ by letting =(C’) = sgn(xr). Then if C £4 C’ 
we must have sgn(x) #4 sgn(x’). Otherwise x/zx’ is totally positive and 
Az = A(x/x')- Az’! € Pr. - Ax, contrary to the hypothesis. So ¥ is an 
injective mapping. Since S™ is finite, then so is Pr/Pr, and so Cy is a 
finite group. 

The proof for Cj; is similar, we should only consider the homomorphism 


: Pry/Pryi4 — (A/J)* x S™ 


defined by X(C') = (x (mod J),sgn(x)), where C € Prj/Prj4 is given 
by ArPr;, = C, for some z € K, x # 0. | 


We use the notations hy = #(Ci), hyi+ = #(Cr 4+). ha is called the 
number of restricted classes of ideals of K and we have h < hi. hy 
(respectively, hy) is called the number of classes of ideals (respectively, 
restricted classes of ideals) associated to J. 

Obviously, if K has no conjugate contained in R, then hy, = hj, hy = 
h. 


EXERCISES 


1. Let A be the ring of algebraic integers of the field K, let J be a nonzero 
integral ideal of A, and let a,b € A. We say that a, b are congruent modulo 
I, and we write a = b (mod J) when a — be I. Prove: 

(a) If Aa + J = A there exists x € A such that ax = b (mod I); 
moreover, if y € A satisfies ay = 6 (mod J) then x = y 
(mod [). 


Exercises 149 


(b) If I;, ..., Zp are integral ideals such that J; + 1, = A for1 F J, 
if aj,...,@, € A, then there exists x € A such that r = a; 
(mod J;) fori =1,...,n. 


2. Let J be an integral ideal of the ring A of algebraic integers of a field 
Kk. Let y(1) denote the number of congruence classes modulo I of elements 
a € Asuch that Aa + I = A. Prove: 


(a) If the ideals J, J are such that J + J = A, then yp - J) = 
p(I) - e(J). 

(b) If P is a prime ideal, then y(P) = N(P) — 1. 

(c) If J = P® (e > 1), then 


(I) = N(I) : - mI 


(d) If J = P;'---P€r (where P;, ..., P, are distinct prime ideals), 
then 


pI) = N(J) I 1 7 wy | 


(Note that in the particular case where K = Q then ¢ is identical with the 
Euler function.) 


3. Let I be a nonzero ideal of the ring A of algebraic integers of K. Show 
that ifa@ € A and Aa+J = A then 


a?) = 1 (mod J).. 


Deduce Fermat’s little theorem for ideals: If P is a nonzero prime ideal 
of A, ifa € A, a ¢ P, then 


aN(P)-1 = 1 (mod P). 


4, Let P be a nonzero prime ideal of the ring A of algebraic integers of 
the field K. Show that the set of residue classes @ = a + P of elements 
a € A, a ¢ P forms acyclic multiplicative group (of order N(P) — 1). 


5. Let P be a nonzero prime ideal of the ring A of algebraic integers of 
K, let a € A. Show that there exists an integer m € Z such that a = m 
(mod P) if and only if a? = a (mod P) where PN Z = Zp. 


6. Let P be a nonzero prime ideal of the ring A of algebraic integers of 
a field K. Let aj,...,@,, € A. Show that there exist at most m pairwise 
noncongruent integers x € A such that 


a” + a,;27 14+---4+am_12 + am =0 (mod P). 


150 8. The Norm and Classes of Ideals 


7. Let J be an ideal of the ring A of algebraic integers of an algebraic 
number field AK. Show that there exist a,b € I such that 


N(1) = ged(Nx1Q(a), Nijq(d)). 


8. Let P be a prime ideal of A. Show that there exists a € A with the 
following property: For every r > 1 and b € A there exists g € Z[X] such 
that b = g(a) (mod P*). 


9. Show that if P is a prime ideal, N(P) = p/, if a € A is the element 
with the property indicated in the preceding exercise, then there exists 
g € ZX], deg(g) = f such that P = (p, g(a)). 


10. Let J be an ideal of the ring A of algebraic integers of the field K. 
Show that in every class of ideals of K there exists an integral ideal J such 
that 7+ J =A. 


11. Let J be an integral ideal of the algebraic number field K. Show that 
if there exists a € J such that N(J) = |Nx)Q(a)| then J = Aa. 


12. Let J bea nonzero ideal of the ring of integers A of the real quadratic 
field K = Q(Vd). We assume that J? = Aa, Nx\g(a) < 0, and Nxig(u) > 
O for every unit u of A. Show that J is not a principal ideal of A. 


13. Let h be the class number of the field kK. Let J, J be nonzero fractio- 
nal ideals of K, pa prime number not dividing h. Prove that if J? ~ J? 
then I ~ J. 


14. Let A be the ring of algebraic integers of the algebraic number field K, 
and let x,y,z’, y’ € K. Show that the ideals J = (x,y) and J’ = (2’, y’) 
coincide if and only if there exist elements a, b,c,d € A, such that ad — bc 
is a unit of A and 


x’ = ax + by 
y’ = cx + dy. 


15. Let p be an odd prime, ¢ a primitive pth root of unity, K = Q(¢), 
and A the ring of integers of K. Show that if x € A there exists m € Z 
such that x? = m (mod A(1 — ¢)?). 


16. With the same notations as in the previous exercise, let x € A, x ¢ 
A(1 — ¢). Show that there exists a positive integer e such that ¢©x = m 
(mod A(1 — ¢)*) for some m € Z. 


17. Let K be an algebraic number field, and let C(K’) be the ideal class 
group of K. Show that there exists an integer gq > O and ideal classes 


~ 


I,, ..., Iq such that every ideal class Tof K may be written in a unique 


~ 


T ok kg . 
way inthe form J = i “++ IT, ,withO < kj < h;—1 where hyhg---hg = 
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~h; 
h (class number of A’), each h, is the power of a prime number, and J, is 
the unit element of C(A’). Moreover, g is uniquely defined; it is called the 
rank of the class group C(K). 


9 


Estimates for the Discriminant 


In this chapter we study the discriminant. A method of “Geometry of 
Numbers” is used to provide sharper estimates for the discriminant. 


9.1 The Theorem of Minkowski 


In the n-dimensional vector space R” of all n-tuples of real numbers we 
shall consider certain additive subgroups. 


Definition 1. A lattice A in R” (n > 1) is the set of all linear 
combinations, with coefficients in Z, of n R-linearly independent elements 
a)... al © R®., 

In other words, A is a free Abelian group of rank n, contained in R”, 
having a basis which is also an R-basis of R”. 

The fundamental parallelotope of A is the set 


Tt 
= > oe” a ER, 0 < ge <= Lior k= 1,.e.n 
k=1 


The volume of II shall be denoted by p = p(II). 


Definition 2. A subset S' of R” is said to be convex when it satisfies 
the following property: If y, y’ € S then the line segment joining y, y’ is 
contained in S. 

We can also phrase this property as follows: If y, y’ € S,ifA, A’ € R, 0 < 
A, A’ <1, and A+ A’ = 1, then Ay + Ay’ € S. 

We recall now some well-known notions: 

If S is any set, and a € R, a > O, we define the homothetic image 
of S (with ratio a) to be the set aS = {ar = (az,,...,a%) | © = 
(11,.-.,2%n) € S}. Then any homothetic image of a convex set is convex. 
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A subset S of R” is said to be a bounded set when there exists a suffi- 
ciently large real number y such that |z| < y for every x € S.* In other 
words, S is contained in the n-dimensional sphere of center 0, and radius 
y > 0. 

If S is bounded, and a > 0 then aS is also a bounded set. 

A subset S of R” is said to be closed when it satisfies the following 
property: If y@), ..., y“), ... is any sequence of elements in S then every 
accumulation point of this sequence still belongs to S. This means that S' is 
a closed set in the topological space R” (with its natural topology). Again, 
any homothetic image of a closed set is closed. 


Definition 3. A nonempty convex, bounded, and closed subset of R” 
is called a convex body. 

If S is a subset of R” such that when y € S then —y € S, we say that S 
is a symmetric subset. 

It is very easy to indicate some symmetric convex bodies. For example, 
the closed n-dimensional cube S = {x = (21,...,%,) € R” | -l<a;< 1 
fori = 1,...,n} and the closed n-dimensional sphere S = {x € R” | |z| < 
1} are symmetric convex bodies. Similarly, if n = 2, if C’ is an ellipse of 
center at the origin, the closed bounded region S of R* determined by C 
(and including the points of C) is a symmetric convex body. This is true, 
whatever the radii of the ellipse are and for any slopes of the axes; thus, 
we may also consider very elongated ellipses, with center at the origin and 
axes with irrational slopes. 

The “form” of a convex body may be rather difficult to describe. How- 
ever, our considerations will depend on the volume, rather than on the form 
of the convex body. 

Here is not the place to enter into lengthy discussions on the concept of 
volume; let us only say that it will be used in an intuitive way. 

For the convenience of the reader, we state the main pertinent facts: 


(1) Let ey = (1,0,...,0), e2 = (0,1,...,0), ...-, en = 
(0,0,...,1) be the standard basis of R”; then the parallelotope 
determined by the origin and e), ..., €, has volume equal to 1. 


(2) If y is an invertible linear transformation of R”, then the volume 
of the parallelotope determined by 0, y(e1), ..., ylen) is equal 
to |d|, where d = det(aj;) and y(ei) = D7, ajiej (@ = 1,.--,n). 

(3) If.S,, So are subsets of R” such that S; C Sy» and if their volumes 
are defined, then vol(S;) < vol(S2). 


(4) If S is a subset of R”, a € R, a > 0, let aS = {ax | x € S}; if 
the volume of S is defined so is vol(@S) and vol(aS) = a”-vol(S). 


* Ife = {x1,...,2£n} then |x| denotes the positive square root \/ x4 +---+22, which 
is the distance from z to the origin. 
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(5) If S is a subset of R” whose volume is defined, if c € R”, and 
r+ S$ ={x+y|y € S} then the volume of z + S is defined and 
equal to the volume of S. 


(6) If S is a bounded subset of R” and its volume is defined, then 
0 < vol(S) < co. 

(7) If.S,, Sg are disjoint subsets of R” and their volumes are defined, 
so is the volume of $; U Sg, and vol(S} U S2) = vol(.$;) + vol(S2). 


It will be quite clear that for all the subsets S which we shall encounter, 
it is possible to define the volume in an unambiguous way. More generally, 
a theorem due to Blaschke states that it 2s possible to define the volume of 
every convex body. 

Before proceeding, let us note this easy fact: 


Lemma 1. If y, y’ are points in the interior of a convex set S, then 
every point of the line segment joining y, y’ also lies in the interior of S. 


Proof: We recall the concept of an interior point. We say that y © S is 
an interior point if there exists a real number c > 0 such that, for every 
element x € R” with |x — y| < c, we have z € S. 

If y, y’ are interior points of the convex set S, we may choose c € R, c > 
0, so small that if x € R”, |x — y| < c, then x € S and also if |x — y’| < c, 
then x € S. 

Consider now any point Ay + A’y’ of the segment joining y, y’, so 0 < 
A, A’ <1, A+A’ = 1; since S is convex then Ay+ A’y’ € S. Let x € R” be 
such that if z = x — (Ay+’y’) then |z| < c. We have x = z+Ayt+'y' = 
A(y+z)+A'(y’ +z) with [(y+z)—-—y| <c, |(y’ +z) -—y’| <c since y, y’ 
are in the interior of S, then y + z, y’ + z are in S and therefore x € S, 
showing that Ay + A’‘y’ is an interior point of S. a 


Theorem 1 (Minkowski). Let A be a lattice in R” (n > 1), and let pu 
be the volume of the fundamental parallelotope of A. 

If S is a symmetric convex body having volume vol(S') > 2” py, then there 
exists a point of A, distinct from the origin, which belongs to the interior 
of S. 

However if vol(S) = 2", it can only be said that there is a point of A, 
distinct from the origin, which is in S (but not necessarily in the interior 


of S). 


Proof: We show that if there exists no point y € A, y # O in the interior 
of S then vol(S) < 2"; that is, 


1 
vol($S) = yn vol(S) < p. 


For every y € A, let us consider the convex body y + +S with center y, 
obtained by translation from 5S. 
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Ifyi,y2 € A, yi F Ye, we show that the interiors of y; + 5S, yo + +S are 
disjoint, or equivalently, if y € A, y 4 0, then the interiors of 5S, yt 55 
are disjoint. In fact, if x should be in the interior of $8 and of y + 5S, 
then y — x would be in the interior of y — (y + +S) =— $ S= 5S (since 
S is symmetric), hence sy = s(y —2)+ $x would be in the interior of 
5S (by Lemma 1), so y € A, y 4 0, would be in the interior of S contrary 
to the hypothesis. 

We denote by a"),..., a‘ € R® the generators of the lattice A. 

Let m > 0 be a sufficiently large integer, let A,, be the set of all lattice 
points y = >>, ya such that y; € Z, —m < yy < m for alli = 
1,...,n; thus, Am consists of (2m + 1)” elements. 

Since S is bounded, there exists a sufficiently large real number y > 0, 
such that if c = ean ria” € S, a; € R, then |z;| < y¥ for all 
2 = 1,...,n. Then for every point y = (y1,..-,Yn) € Am we have 
ly; + 5X; <m+ $Y for every point x € S. Thus A,, + 5S is contained 
in the parallelotope 


nT 
Il’ = S> cpa? [zp] << m+ $Y 
k=1 


But, Am + 5S = Users ly + 5 5]. Since the sets y + 55 have disjoint 
interiors, by the invariance of the volume by translation, we have 


vol[Am + $5] = (2m +1)" - vol[5S] < (2m 4+)" =u, 


this last quantity being the volume of the parallelotope IT’. 
The above relation is true for every sufficiently large integer m, therefore, 


2n+7\" 
1 _ 
vol( 35) <_lim (; <>) [= pL. 


Now we prove the second assertion. Let vol(S) = 2”. For every n > 
1, vol((1+1/n)S) > vol(S) = 2", hence by the first assertion, there 
exists t, € A, XZ, # 0, such that z, € (14+ 1/n)S C 2S. Since 28S is 
bounded, then 25M A is finite. Hence there exist ny < ng < --- such that 
In, = In. = +--+; call this element x. Thus for infinitely many indices 
n, x = (14+ 1/n)s,. If m is sufficiently large, namely |s| < m for all s € S, 
it follows that |x — s,| < (1/n)|s,| < m/n. So z is a limit point of S, hence 
reEeSondA, «x0. a 


We apply this theorem to show the existence of solutions for a system of 
linear inequalities; for n = 1 the following statement is trivial: 


A. Let n > 1, let L; = il ayjX; (i = 1,...,n) be n linear forms 
with real coefficients, such that d = det(a;;) # 0. 

If 71, .--, Tn are positive real numbers such that 7, ---Tn > |d|, given 
any index ip, 1 < t9 <n, there exist integers X1,...,%n € Z, not all equal 
to 0, such that |L;(x1,...,2n)| < 7% fort # to, and |L,,(@1,---,2n)| < Ty. 
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Proof: For simplicity of notation we may assume that i9 = n. If the 
assertion is not true, for all n-tuples (z,,..., 2») of integers, not all equal 
to 0, we have either: 


(1) there exists 7, 1 <7 < n—1 such that |D;(71,...,2n)| > 7%; or 


(2) if1 <i < n—1 then |D;(x1,...,2n)|< 7, but |LZn(ai,...,2n)|> 
Tn: 


Let T be the set of all n-tuples (x1,...,2,) of integers satisfying condi- 
tion (2). If T = © we have case (1). If T # , let (11,...,2,) € T and 
T,, be such that |Dn(a@z,..-,2n)| < Tp. 

Thus the subset 7” of T consisting of all n-tuples (2,..., 2») such that 
|\En(%1,---,2n)| < 7% is not empty; actually T” is a finite set, because the 
coordinates of its points are integers and the determinant of the coefficients 
of the linear forms is not zero. Therefore the minimum of the quantities 
\En(@1,---;2n)| when (21,...,2n) € T’ is t, + 6 for some 6 > 0, and 
the same holds for all points in T. Thus, we have shown the existence 
of 6 > O such that if z1,...,2, € Z, not all equal to 0, then either 
\Lj(@1,...,2%n)| > 7 for some i = 1,...,n — 1, or |Dn(x1,...,2n)| = 
Tm + 6. 

Let 6: R" — R” be the linear transformation defined as follows: If z = 
(Z1,..-,%m) then O(z) = (Li (z),..., Ln(x)). Since det(a,;;) = d # 0, then 
§ transforms the linearly independent vectors e\!) = (1,0,...,0), e(2) = 
(0,1,...,0), ..., e = (0,0,...,1) into linearly independent vectors 
A(e)), a(e2)), ..., A(e"™). Let A be the lattice defined by these vectors, 
and let the volume of its fundamental parallelotope be ps = |d|. 

Let S be the set of all elements x = (21,...,2%n) € R” such that |x;| < 7; 
fori = 1,...,n —1 and |z,| < 7, + 6. Thus, S is a symmetric convex 
body, having volume vol(S) = 271-272 +--+ 2T~1:2(™+6) > 2") ---T, = 
2”\d| = 2” - p. 

By Minkowski’s theorem, there is a point #(y) € A, O(y) 4 0, belonging 


to the interior of S. In other words, there exist integers y;, ..., Yn, not 
all zero, such that |L;(y)| < 7 fori = 1,...,n —1 and |Ly(y)| < m+ 6, 
which is a contradiction. a 


A similar result holds for linear forms with complex coefficients: 


B.  Letn > 1 and let Lj = oy, aij Xi (t = 1,...,n) be n linear forms 
with complex coefficients such that d = det(a;;) # 0. Let us assume that 
for every i there exists an index i' such that L; = jal G;;X,; (the complex 
conjugate form of L;) is equal to Ly; moreover, if L; has real coefficients 
then i’ = i. 


Let 71, ..., Tm be real positive numbers such that if L; = Ly then 7 = 
Tj. If T1+++T > |dl, given any inder ig such that L;, = L,,, there exist 
integers X1,...,Xn € Z, not all equal to 0, such that |L;(11,...,2n)| < 7 


fori # 10, and |Li, (21, wee ,2n)| < Tig: 
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Proof: We begin by associating real forms L; and constants 7/ (¢ = 
1,...,n) to the given forms L; and constants 7; in the following way: If L; 
is a real form let Li = L; and 7/ = 7; if L; is not a real form and Ly = L, 
we put Li = (L; + Ly)/2, Li, = (Li — Ly) /2V-1 and r/ = rf, = 7;/V2. 
Thus Li, Li, are real forms and L; = Li + /-1Li,, Ly = Li — J/-1 Li, 


and Tj ---T, = 27"7,--+T,, where rg denotes the number of pairs of 
nonreal complex conjugate forms L;, L;-. If d’ is the determinant of the 
coefficients of the forms L; (2 = 1,...,n) then |d’| = 2~"?|d|. The reader 


may easily do this verification. From 7,72---T, > |d| it follows that 
Ty *T2°**T, 22°" |d| = |d'. 


We are therefore in a position to apply (A), deducing the existence of 


integers £1, ..., Zn, not all equal to 0, such that |Li(r1,...,2¢n)| < 7/ for 
i # to and |L; (r1,...,%n)| < 7;,. 
It follows that if 2 4 i9 and L; = L, with i # 2’ then 
Li(a)? = Le(a)P = (Lie)? + (Lh @)P < b+ = 0? 
if L; = L;, then obviously |L;(x;,...,2%n)| < 1% for i # wg, and 
|Li,(@1,---,2n)| < Tip: | 


9.2 Estimates of the Discriminant 


As a first application of these methods, we may refine the result of Chapter 
8, (H): 


C. For every algebraic number field K, distinct from Q, and for every 
nonzero integral ideal J of A there exists an elementa € J, a # 0, such 
that 


INxio(a)| < N(J)- VI16I, 
where 6 1s the discriminant of K. 


Proof: Let {a1,...,an} be a basis of the free Abelian group J (Chapter 
6, (K)), and let us consider the n linear forms LD; = jl al) X, (i = 
1,...,n) where a) = aj,a\”, _ ay” are the conjugates of a; € K 
over 0. The determinant of the coefficients is equal, in absolute value, to 
ldet(ai”)| = N(J) - \/[6] 4 0 (by Chapter 8, (E)). 

Let 7) = 72 =--- == ldet(a\?)1/”. Since n > 1, by (B) there exist 
integers 71, ..., Xn, not all equal to 0, such that 


n . 
yay; 


j=l 


< det (a?) 1” forall 2=1,...,n, 


9.2. Estimates of the Discriminant 159 


with at most one equality, hence with at least one strict inequality. 
Hence, letting a = i= rj;a; € J we havea # 0 (since not all z,; are 
equal to 0), and 


nm 


INx)Q(@) -I 


Le x;| < |det(a\”)| = N(J) - V/\6]. a 


Let us observe at this point, that (C) 72s equivalent to the fact that in 
every Class of ideals there exists a nonzero integral ideal I such that N(I) < 
/ ||. 

Indeed, let J 4 O be an ideal in the given class, and let b € A, b # O 
be such that bJ~! C A; applying (C), there exists a € bJ~!, a # 0, for 
which 


INxQ(a)| < N(Ab- J7") V6); 


then letting J = Aab-! - J C A we have N(I) < /6]. 

Conversely, let J be a nonzero integral ideal and let J be an integral ideal 
in the class of J~! such that N(I) < WALIE then there exists a € K, a # 0 
such that aJ~' = I C A; hence a € J and |Nx\Q(a)| < N(J) - / 16]. 

By Chapter 8, (G), there are only finitely many integral ideals J; (¢ = 
1,...,t¢) such that N(UJ;) < J 16); therefore, every ideal is in the same class 
as some of the ideals J), ..., J:; this provides a new proof of Theorem 1 
of Chapter 8. 

A very important corollary follows now: 


D. If K is an algebraic number field, distinct from Q, then |6| > 2. 


Proof: We take J equal to the ye ideal, J = A. Then N(J) = 1 and 
therefore 1 < |Nx\Q(a)| < N(J)- V6] = v/|6| for some element a € 
A, a # 0. Since 6 is an integer, on |6| > 2. a 


We apply this method to obtain sharper estimates for the discriminant. 

Let K®, K'?), ..., K™) be all the conjugates of the field K (over 
Q). As we know, the complex conjugate of any field is a conjugate (in the 
algebraic sense), because if x is a root of a polynomial f, then its complex 
conjugate Z is also a root of, f. Of course, if a field is contained in the field 
of real numbers, then it coincides with its complex conjugate. Thus, the 
conjugates of K may be grouped and numbered as follows: let r; > 0 be 


such that K"), K'), .... KK‘) are contained in R: let ro > 0 be such 
that 

Kit) Kit) | a Ki (ritre) | K(tr2+)) K (1 tr2+2) a k™ 
are nonreal fields, with K(1+®) = K("+72+*) for 7 = 1,2,...,7r2; so there 


are Tg pairs of complex conjugate nonreal fields and 


m= Ty + 27ro. 
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It is also convenient to introduce the following notation: 1; = --- = 


l,, = 1, bry 41 = brs +2 = S bri tre = 2, so ye” lj = 171 + 2r2 = nN. 
If c € K, we denote by 2), ..., x) all its conjugates, where x" € 


K) (t=1,...,n). 
Let y: kK — R” be the isomorphism of Q-vector spaces defined by y(z) 
(€1,...,&,) € R”, where 


| 


Ej = a (2) | for 1 = 1,...,71, 
€; = Re(x)) for 7 =7) 4+1,...,71 +712, 


(for every complex number y = a + b\/—1 we denote a = Re(y), b = 
Jm(y)). | 

Let Dy = {(&,.--,&) © R™| ML 1&3 (6? + Fa) < Ue 
For example, ifr; = 1, ro = 0 then n = 1 hence D, is the closed interval 
[—1,1] and vol(D,) = 2. If r; = 0, ro = 1 then n = 2 is the closed disk 
of radius 1 and center 0, hence vol(D,) = 7. If r; = 2, rg = 0 then n = 2 
and D, is no more bounded; this is also true for every other case. 

We may consider symmetric convex bodies D contained in D,, and apply 
to them Minkowski’s theorem, as we did in (C). 


E. Let K be an algebraic number field of degree n and let J be a nonzero 
antegral ideal of A. For every symmetric convex body D in R”, such that 
D C Dj, there exists an element a € J, a £ 0, such that 


Titr2 
Nxig(a)l < —— N(J)- vi6h 


\(D) 
Proof: Let {a1,...,@n} be a basis of the free Abelian group J and con- 
sider the vectors y(a1), ..., Y(@n) in R”. We shall show that these vectors 


are linearly independent over R, by computing the determinant of their 
coordinates (relative to the canonical basis of R”). 


Let y(a;) — (aii, vee , Ani), therefore 
a) De ee eee al) 
al")? te ee ee we ee eh ee (v1) 
Re git) Dee eee Re gh tH 


det(a,;) = det Se ee we ew ww ew we ee ee 


Re gh" *72) ee Re git tr?) 
Im gh th) wee ew ee Im git) 


eo © © © e© © © ee @© e¢ © 8 © e@ © # e@® ee ee ee «@ 


(r1 +72) ~~ (r1 +12) 
Jma, Im a 


- 6 © 8 n 
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To compute this determinant we make successively the following: 


(1) Multiply by 2 = /-1 each of the rz last rows; this introduces a 
factor 1/272. 


(2) Add the (r; + ro + j)th row to the (r; + 7)th row to get a new 
(r; + 7)th row. 


(3) Subtract the (r; +7)th row from the double of the (r; +r2 + 7)th 
row and multiply the result by —1 to get the new (r; + r2+ 7)th 
row; this introduces a factor (—1)"? - (1/272). 


After these transformations we arrive at (—1/2i)" - det(a\” ) and 
therefore the absolute value of the determinant is 


1 1 
ldet(aiy)| = => Idet(a;”)| = 55 NU) v6] #0, 


as was computed in Chapter 8, (E). 

Hence, the vectors y(a;), ..., y(@n,) are linearly independent over R 
and define a lattice A, whose fundamental parallelotope has volume p = 
det (as)| = (1/272)N(J) - v8). 

Let p € R, p > 0 be such that p” = [2*72/vol(D)|N(J),/|6|. Thus, if 
we consider the homothetic image pD = {p&|&¢€ D}, then _ 


vol(pD) = p” vol(D) = 2T™ N(J) + \/|6| = 2". 


By Minkowski’s theorem, there exists € # 0, € € D, such that p€ € A = 
ini Ze(a) = v (7, Zai) = v(J); thus p€ = y(a), a € J, a #0. We 
have y(a) € pD C pDj, so p(a) = (pfh1,..-, PBn) with (G1,..-, Bn) € D1. 


Now, let us compute |Nx\Q(a)| = [[j_, la]. Since att) = 
a(i+9) for 7 = 1,...,rq then |a(™+t72+9)| - jalt9| = (Real 49)? + 
(Jmal™47)? = p?(Br 45 + Brare4y)s Similarly, ja] = p|Gj| for j = 
1,...,71; thus |Nx)Q(a)| < p” = [2%*72/vol(D)| N(J) - /|6]- a 


The statement of (E) gives an upper bound for the norms of elements of 
the ideal J. The larger the volume of the convex body D C Dj, the smaller 
the upper bound in question. 

For example, if r; = 0, ro = 1 and if we take D = Dj, we have 
vol(D,) = 7, and (E) states the existence of a € J, a # 0, such that 


Nivea) < =N(J) Vil < NC) V6 


this result was already proved in (C) for any extension K'|Q of finite degree. 

For larger values of r;, rg we have seen that D, itself is not a convex body, 
for it is unbounded and not convex. In this situation, we reach different 
estimates by appropriate choices of the convex body D. 


F. Let K be an algebraic number field of degree n, and let J be a nonzero 
integral ideal of A. There exists an element a € J, a # 0, such that 
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4\"? n! 
INxig(a)| < (=) ™ Vial NJ). 


Proof: Let 
D ={(E1,---5€n) © R® | Gil +--- + 1&1 | 


+ 2 \V ae] + CF ntl + uc + 24) C2 ars + E2 S n}. 


We show that D is a symmetric convex body. Everything is easy to check 
and only the convexity requires some computation. 

Lett An € R, O< Aw <1, Atm = 1. If (&,...,€n), (m,---5 7) 
are in D, then so is (A€; + un;);, because 


JAE + wm| +++: 
+ 2V(AEr 41 + Lr, 41)? + (AEp troti + Ur, +ro41)? fo... 


< AEs] + elm) +--+ AVE + arog 
+92 2 + 2 + eee 
My/ Mrit1 7 Wrytro4l 
< A{|€il+--> + 24/8 41 + eo mgi tot 
+ ut || Pe 24/ a + Te trot] re -} 


<An+ypn=(Atp)n=n 


(the above inequalities are straightforward). This shows that D is convex. 
Moreover D C Dj, because the geometric mean between positive real 
numbers is not greater than the arithmetic mean, thus 


l/n 
T1 71 +72 
2 2 
T[lel- LT] 6G? +64) 
j=l j=ritl 
r1 T1+7T2 tin 
2 
= ([[lel- [] l6 + 641 
j=l g=r14+1 
1 rT rit+Tre2 
S- SiG) +2 So Gj + 1&) 47 
j=l j=r,+1 
1 ry ry+re2 
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We may apply (E), so there exists a € J, a # 0 such that 


ri tre 


INiiq(a)l < NY) 15). 


It remains to compute vol(D), which depends on r;, ra. More generally, 
if p > 0 let D‘*) be the set of vectors (€;,...,£n) € R” such that 


Srp toe +24 Cr 41 + EF try tl +--+ Sp. 


We denote by f,,.7,(p) the volume of D‘). For example, fi,o(p) = 
20, foi(p) = mp*/4. For larger values of r1, ro the computation is done 
by induction and we shall omit the details. Let us just note that 


p 
frrra(p) =2 / fn -1ra(p ~ t) dt 


and 


Sry,ro(P) — [| fri.ro—-1(p — 2 t? + u?) dt du 
t?+u?<p?/4 
p/2 
= 27 fry,ro—1(P — 2t)t dt. 
0 
Performing the induction, we obtain f,,.,,(p) = 2" (2/2)"p"/n! and 
taking p = n we have vol(D) = 2"'(1/2)"?n"/nl!. 
We conclude that 


gritr2 (2\" nl} 
Weel s = (=) Savy: vil 


T 


|| 
aN 
| 
NN—_ 
Re 
| 5 
= 

S 

> 


The preceding result gives the following sharper estimation of the 
discriminant: 


G. If K is an algebraic number field of degree n then 
a\ 272 (nr? a\" (nr? 
wi=(Z) (4) (4) (&). 
4 n! 4 n! 
Proof: We take J equal to the unit ideal; hence, applying (F), we deduce 


r2 


1 < |Nx\Q(a)| < (=) nial 


“>() G) =@) G)- 


therefore, 
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since 


7 <1 and 2rg <n. a 


We may note that (7/4)"(n"/n!)* increases monotonically with n. If we 
express n! by Stirling’s formula 


nl = Jorn nre Ptla/12n) 


where 0 < a < 1, then e%/12" < eM/12 < S>° (1/12”) = 12/11; hence 
|| > (we? /4)"(1/2mn)(11/12)?. 
Since me?/4 > 1, the right-hand side in the above inequality tends to 
infinity with n, hence 
lim min {|édx|} = oo. 
MOO [K:Ql=n 
From this fact we may now deduce the following interesting consequence 
due to Hermite: 


H. For every integer d there exist at most finitely many fields K having 
discriminant dx = d. 


Proof: Given d, there exists an integer no > 1 such that if n > no then 
(me? /4)"(1/2mn)(11/12)? > |d|, hence if K has degree n > no, then its 
discriminant is greater than |d|. Thus, it is enough to prove that for every 
integer n, there exists at most finitely many fields K of degree n having 
discriminant equal to d; this is true for |d| = 1, as we have seen in (D), so we 
may assume |d| > 1. Hence, r; = 1, rg = 0 is impossible. If r; = 0, ro = 1 
then n = 2, so K is an imaginary quadratic extension of Q, K = Q(,/a), 
with a € Z, a square-free; by Chapter 6, (P), d = 6x is either 4a or a, so 
there exists at most one quadratic field with discriminant d. 

From now on we may assume that r; + r2 > 1. Given K, with discrimi- 
nant d, we shall show the existence of a primitive element a of K which is 
an algebraic integer and such that |a")| < ,/|d| and fori 4 1, ja™| <1. 


Case l: r, > 0. 


Let {21,...,2n} be an integral basis of K, and let L; = i= wi X; for 
1 = 1,...,n; these linear forms have determinant det (| = |d|, since 
K has discriminant d. Given 7, = ,/|d|, 7 = 1 fori # 1, we deduce 
the existence of integers m,...,Mn € Z not all equal to 0, such that 


\Li(m1,.-.-,Mn)| < 7% = 1 fort 4 1, |Li(m,...,mn)| < 1 = Jd. 
This means that the element a = >-7_, mix; € A is such that |a“| < 
Vd], while ja | < 1 for i 4 1. From 1 < |Nx)Q(a)| < ja], we deduce 
also that all the conjugates of a!) = a are distinct from a and so a has n 
distinct conjugates and is a primitive element of K. 


Case 2: r, = 0. 
We proceed in a similar manner . Let {x1,...,2%n} be an integral basis 
of the field K. For each i = 1,...,n, let L; = i= ri X;, the numbering 
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being such that L;,,, = L;; so ldet(x\”)| = ,/|d|. We consider the following 


new linear forms: 


Li = (Li + L1)/2 = S> Me(x\”) X; 


j=l 


ire = (Gr ~ L1)/2)- VT = Yam (a) X), 


j=l 
Ce =L, for 141,147. 


The absolute value of the determinant of the coefficients of these forms 
is equal to 5 J/\dl. Let 7 = Vid|, m4r, = 1, % = 1 fori 4 1,14 1. 
By (B) there exist integers a], ..., @,, not all equal to 0, such that if 
a = So", ajxj, then |a| = ja" | < Jd], ja] <1 for all i 4 1. So, as in 
the first case, a € A, K = Q(a), and the required condition is satisfied. 

Now we consider the set S of all fields K of degree n and discriminant 
d; for each such field, let a be chosen as indicated, so K = Q(a). We 
shall associate with AK, or better with a, an element of a fixed finite set S, 
with depends only on n, d; explicitly, S is the set of n-tuples of integers 
(m1,...,;Mn), where —uw < mm, < p(t =1,...,n) and 


aes (1) via 


This is achieved as follows. Let f = X" +c,X"7!4+--++e, € Z[X] be 
the minimal polynomial of the algebraic integer a, thus c; = (—1)*s; where 
s; is the ith elementary symmetric polynomial on a and its conjugates; 
hence |c;| = |s;| = |)> (products of 7 conjugates of a)| < >> |products of 7 


n 
conjugates of a| < (") V |d| < p. 
2 


With K = Q(a), we associate the n-tuple (c,,..., Cn) which belongs to 
S. There are at most finitely many fields K which give rise to the same 
element (c},...,Cn), namely the conjugates of K = Q(a). Thus, S is a 
finite set, proving our statement. | 


EXERCISES 


1. Construct a symmetric convex body S of volume 2”y and having no 
lattice point in its interior, except the origin. 


2. Develop in detail the argument in the proof of Theorem 1, where it 
is asserted that if y € A, there exists y’ € AMC such that py < py. 


3. Show that the homothetic image of a convex set is convex. 
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4. Establish the following assertions made in the proof of (B): 
(a ) Frisro(P )=2/* fri - L.rz (p (p — t) dt. 


(b) fry .ro(p) = fri.r2—1(P _ 2 t? + u*) dt du 
t?-+u2<p?/4 


p/2 
27 frysre—1(P — 2t)t dt. 
0 


27) (7/2)? p"/nl. 


I 


| 


(C) fri ro(P) 


5. Show that if K is a field of degree 3 then its discriminant satisfies 
6 < —12 or 20 < 6. 


6. Show that in every class of ideals of the algebraic number field K 
with discriminant 6, there exists a nonzero integral ideal J such that 


N(J) < (=) m/l 


mr 


7. Let K be a quadratic field with discriminant 6. Show that in every 
class of ideals of AK there exists a nonzero integral ideal J such that 


= vo when 6 > 0, 
N(J) < 
6] when 6 < 0. 


(see Chapter 16, (N)). 


8. With the notations of (B) show that if there exists 79, 1 < ti < n, 
such that L,,, does not have real coefficients, then there exist 71,...,%n € 
Z, not all equal to 0, such that |L;(71,...,%n)| < 7; for allt =1,...,n. 


10 


Units 


As we have said, two elements of a domain are associated precisely when 
they generate the same ideal. Thus, by considering ideals, we ignore the 
units. However, it will become apparent that a number of arithmetic pro- 
perties are intimately tied up with the units of the ring of integers A of the 
algebraic number field K. 

We shall first consider the simplest type of units. 

Any root of unity, that is, any root of a polynomial X™ — 1 (with m > 1) 
is an algebraic integer. If ¢ = 1 then C~™ = 1, so C7! is also a root of 
unity. Thus any root of unity in K is a unit of A. 

Let U = Ux denote the group of units of A and let W = Wx denote 
the subgroup of U consisting of roots of unity. W is a nontrivial subgroup 
of U, since 1, —1 € W. 

How large is W? Can it be infinite? What is the structure of the group 
W? Is W necessarily equal to U? If not, how can one determine the 
structure of U? 

These are the main questions we are faced with in trying to study the 
units. 


10.1 Roots of Unity 


We shall begin by describing rather accurately the group W, and after- 
ward we shall examine the units of quadratic fields and certain cyclotomic 
fields, to gain some insight into the possibilities for a reasonable structure 
theorem. 

First, we prove a remarkable fact: 


A. Let c be any positive real number and let K be an algebraic number 
field. Then there exist only finitely many algebraic integers x in K such 
that |x| < ¢ for all conjugates x of x. 
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Proof: We shall determine a finite set S, depending only on the constant 
c, and prove that if x is an algebraic integer of K, such that |2| < c for 
all its conjugates <™, then x € S. 


Let |K : Q] = n and let s1, 52, ..., Sn be the elementary symmet- 
ric polynomials in n variables, namely, s; = X; + X9+---+Xn, S2 = 
icy Ki X;, wee, SH = Xj >, ©, On 


Let c’ be a sufficiently large real number, for example 


c’ = max {ne aaa (ie - rae 


Let F’ be the set of all monic polynomials of degree at most n, whose 
coefficients are integers a such that |a] < c’; F is a finite set. Let S be the 
set of elements of K which are roots of some polynomial belonging to F’; S 
is also a finite set. 


If jz | < c for all conjugates of x € K, then |s;, (2, 2),...,2(™)| < 
c’ for every k = 1,...,n. Since x is an algebraic integer, then 
sp(x), 2, ..., 2") € Z, and therefore the polynomial []/_,(X — 2) 
belongs to F’; that is, x € S. a 


An immediate corollary is a characterization of the roots of unity in K: 


B. x is a root of unity in K if and only if x ts an algebraic integer of 
K such that ja) | = 1 for every conjugate of x. 


Proof: One implication is easily established, for if x is a root of unity, the 
same holds for all its conjugates. From x” = 1 it follows that |x|” = 1, so 
|x| = 1; the same holds for every conjugate of x. 

Conversely, by (A) there are only finitely many algebraic integers x in 


K such that |x| = 1 for all conjugates of z. 

Since z, x*, x?, ... all share this property, then there exist integers 
r, 8, r < s, such that x” = x*. Hence r*°~" = 1, showing that z is a root 
of unity. a 


Combining (A) and (B), we have the structure of the group W: 


C. The group W of roots of unity in K is a finite multiplicative cyclic 
group. | 


Proof: By (A) and (B), W must be finite. 

Let h be the maximum of the orders of the elements in W. By Chapter 
3, Lemma 2, the order of every element in W divides h, so W is contained 
in the group of hth roots of unity. By Chapter 2, Section 8, this last group 
is cyclic, and therefore W itself is cyclic. a 


The number of elements of W will be denoted by w. It is another nu- 
merical invariant attached to the field AK. Since 1, —1 are roots of unity 
belonging to any algebraic number field, then w is even. We shall prove in 
Chapter 13, (R), that w divides 26x. 


10.2. Units of Quadratic Fields 169 


Now we pause and determine the units in special cases. 


10.2 Units of Quadratic Fields 


Let K = Q(V-—d), where d is a nonzero square-free integer. If d < 0 it is 
pretty easy to find all units: 


D. Ifd <0, d#—-1, dF —3, then the units of Q(Vd) are 1, —1. 
The units of Q(—1) are 1, —1, i, —i. 
The units of Q(./—3) are 1, —1, (1+ V—3)/2, (1 — V—3)/2, (-1 4+ 
V=3)/2, (-1 — v=3)/2 


In all cases, every unit is a root of unity. 


Proof: If d = 2 (mod 4) or d = 3 (mod 4), then the integers of Q(V/d) 
are of the form x = a+bVd witha, b € Z; the conjugate of z is xz’ = a—bVd 
and the norm is N(x) = x2’ = a? — bd. In order that x be a unit, it is 
necessary and sufficient that N(x) = +1 (Chapter 5, (N)). Since d < 0, 
this means that a? — b?d = 1. 

The only possible solutions are a = +1, b = 0, except when d = —1 
where we have another solution: a = 0, 6 = +1. 

If d = 1 (mod 4) then the integers of Q(Vd) are of the form x = (a + 
b/d) /2, where a,b € Z have the same parity. With the same argument, we 
are led to solve a? — b?d = 4. The only possible solutions area = +2, b = 0, 


»] 


except when d = —3, where we have another solution: a = +1, b = +1. 
It is also quite clear that all units are roots of unity, those of Q(/—3) 
being sixth roots of unity. a 


Let us consider now the more interesting case where d > 0, so Q(Vd) 
is contained in the field of real numbers. Thus, the only roots of unity in 
Q(Vd) are 1, —1. We shall show that there exist other units in Q(V/d), 
when d > 0. 


Lemma 1. Ifa > 0 its an irrational real number, then for every integer 
m > 0 there exist integers a, b, not both equal to 0, such that |a| < m, |b| < 
m, and |a + abl < (1 + a)/m. 


Proof: Let f = X + aY and consider the set S of values f(a,b) = a + 
ab, when 0 < a < m, 0 < b < m. Since a is irrational, if (a,b) 4 
(a’, b’) then f(a, b) # f(a’, b’); therefore #5 = (m+ 1)?; all elements in S 
belong to the interval [0, (1 + a)m]. We divide this interval into m? equal 
parts; [0,(1 + a)/m], [1 + a)/m, 2(1 + a)/m], .... Since there are more 
elements in S than subintervals, there exist at least two elements in S in 
the same subinterval: 
r(l +a) (r+1)1 +a) 
m m . 


<a; +ab; < ag+ abo < 
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Therefore, letting a = az—a, 6 = bz —b,, we have |ja+ab| < (1+a)/m, 
with a, 6 not both equal to 0, and ja] < m, |b] < m. a 


E. If d is a positive square-free integer, then the group U of units of 
the field Q(Vd) is U © {1,—1} x C, where C is an infinite multiplicative 
cyclic group. 


Proof: As we have already said, W = {1, —1}. To show that there exists 
another unit in Q(Vd), we shall make use of Lemma 1, with a = Vd. For 
every m, let S;, be the set of all couples of integers (a,b), with a, 6 not 
both 0, such that Ja] < m, |b] < m, ja + bVd| < (1 + Vd)/m. By the 
lemma, each set S,, is nonempty. Let us write S, = S* US US? , where 
St = {(a,b) € S, | a> 0}, Sr = {(a,b) € Sy | a < 0}, S°, = {(a,b) € 
Sm | a = O}. If (a,b) € S* then (—a,—b) € S> and vice versa; also, if 
m = 1 then S? = {(0,1),(0,—1)} and if m > 2 then S°, = © because 
lb} /d < (1 + Vd)/m implies |b] < (1/m)(1 + 1/Vd) < (1+ 1/vd) <1 
which is impossible since 6 cannot be zero. 

If +1 Sm isa finite set then there exists mo such that 1/mo < |a+bvd| 
for all (a,b) € U,,s, Sm; however, if m is sufficiently large and if (a,b) € 
Sm then ja + bvVd| < (1+ Vd)/m < 1/mo, which is a contradiction. Thus, 
U,>1 5m is an infinite set, hence U., Sz, is also an infinite set (otherwise 
from #S,, = #51, for every m, it would follow that U., Sm is finite). 

From jal < m, |b| < m it follows that ja — bVd| < |a| + |blVd < 
m(1 + Vd) so 


0 # |a? — b?d| = |a — bVd| - ja + bVd| 
1+ Vd 
m 


< m(1 + Vd) = (1+ vd)? 
for every (a,b) € Us, Sm, hence also for every (a,b) € Us, Sit. 

Therefore, there exists some integer n, 0 < |n| < (1 + Vd)?, such that 
a* — b*d = n for infinitely many couples of integers (a,b), where a > 0. 

Consider n? + 1 among these couples (a,b). Let us define (a;,6;) = 
(a2, bo) when a; = a2 (mod n), b; = bg (mod n); thus we have at most 
n? equivalence classes. Since the number of couples is greater than n?, there 
exist at least two distinct couples (a1, 61), (a2, 62) in the same equivalence 
class. 

Let 2; = a, + bi Vd, ro = ao + boWVd, and consider u = £1 /X2. Since 
N(21) = N(xo) = n then N(u) = 1 and u ¥ +1, because 21 ¥ 22, 21 F 
—X2 since a; > 0, a2 > 0. 

But 

Ly Ly — £2 (a, — %o)x5 


a =] + —— =14+ 
L2 L2 N (2x2) 


— b; — 6 
1+ (* “2 + 1” Vi) (az — boVd). 


nm 
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Noting that (a, — a2)/n, (b, — b2)/n are integers, and multiplying out, we 
obtain u = a + bVd, with a,b € Z. Thus, wu is a unit, different from 1, -1. 

There must exist some unit u of Q(/d) such that 1 < u; in fact, if u 
is a unit, then u, —u, u-!, —u7! are units and the largest of these real 
numbers is greater than 1. 

Now we shall prove that among all units u > 1 there exists a smallest 
possible; it is enough to show that for every real number c > 1 there exist 
only finitely many units u such that 1 < u < c. Now, if uis such a unit, then 
from N(u) = uu’ = +1, it follows that 1/c < u’ < lor -1 <u’ < -1/e 
and at any rate |u’| < c. By (A) the set of such units must be finite. 

Let u; be the smallest unit such that 1 < u,. We shall prove that every 
positive unit u is a power of u,. In fact, there exists an integer m such that 
ur <u < ult: then u/u™ is again a unit such that 1 < u/uy < uy, 
hence necessarily u = uj”. Similarly, all negative units are of the form —u7”, 
for m € Z. 

Let C be the multiplicative cyclic group generated by uj. 

The mapping U — {1,-1} x C, defined by u® » (1,u7), -u? BH 
(—1, uy’) is clearly an isomorphism. a 


The smallest unit u, > 1 is called the fundamental unit of Q(Vd). 

A crude method of determining the fundamental unit is the following. 
First let d = 2 (mod 4) or d = 3 (mod 4). 

If u = a+ bvd is a unit, u 4 +1, so are —u, u~!, —u7! and only the 
largest of these numbers is larger than 1; since these numbers are exactly 
+a + bVd, then a + b/d > 1 whena > 0, b> 0. 

If u,; = a, + 6, Vd is the fundamental unit, if Um = uy’ = @m + bin Vd, 


then bm+1 = a1bm + AGmbi, so we have bh < bo < bg < ---. From +1 = 
N(ui1) = aj — b7d, we have b?d = a? + 1; thus if we write the sequence 
d, 4d, 9d, 16d, ..., then 6, is the smallest integer such that 0 < by, bd 


is a square plus or minus 1. 

For example, let d = 3, then b; = 1, a, = 2,s0 2+ V3 is the fundamental 
unit of Q(/3). 

Similarly, 1 + /2, 5+ 2/6, 8 + 3/7, are the fundamental units of the 
fields Q(V2), Q(V6), Q(V/7), respectively. 

Now, if d = 1 (mod 4), by a similar argument u, = (a; + b; Vd)/2 with 
a,, 6, positive integers of the same parity; also +1 = N(u,) = (a)? — 
b¢d)/4 hence b?d = a? = 4 and we have to find the smallest integer b; > 0 
such that bjd is a square plus or minus 4. For example (1 + /5)/2, (3 + 
V13)/2 are fundamental units of Q(V/5), Q(./13), respectively. 

For the next considerations we fix the following notation. Let u = ug = 
(a + bVd)/2 be the fundamental unit of Q(Vd); we note that a = b 
(mod 2). 

For any n > 1 let u” = (ay + b, Vd) /2, with a, = bn, (mod 2). The 
integers a,,6, may be obtained recursively as we now indicate. 
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Let P = a, Q = N(u) = (a? — db?)/4 = +1. We define the recurring 
sequences (Un)n>0, (Vn)n>o as follows: 
Up = 0, U, = 1, U, = PUn_-1 — QUn_2 for n>2 
and 
Vo = 2, V, = P, V, = PVn-1 -— QVn-2 for n> 2. 
Let a, 3 be the roots of the polynomial f(X) = X? — PX + Q. Thus 


a PtVPP-4Q _ P-VPF—-4Q 
OQ a 


2 
Then a + 3 = P, af = Q, and P? — 4Q = (a — £)?. 
Lemma 2. For every n > 0: 
U, = one and Vz =a” + B”. 
a— B 

Proof: For n = 0 and 1 we have 

a? — 5° a— fp 

a—p ° “ a— Bp 
By induction, if n > 2 then 

a” — B” 7 an} _ gr-} a2 _ Br-2 


= PUn-1 — QUn-2 = Up. 
Similarly, a® + 6° = 2=V, a+ 8 = P = Vj, and by induction, ifn > 2 
then 
a” + g” _ (a 4 B)(a! 4 pr?) _ aB(a~? 4 pr?) 
— PVn-1 _ QVn-2 = Vp. a 


Let P = a, Q = N(u) = (a? — db*)/4 = +1. Now P? — 4Q = b*d = 
(a — B)*. With the above notations, we have: 
Lemma 3. For eachn > 1, a, = V, and b, = bU,,. 
Proof: The assertion is true for n = 1 and we proceed by induction. We 
have 

An + bnvd — An—1 + b,-1Vvd a+tbvVd 
2 7 2 2 

hence Qn = $(@n—1@ + bn—1bd) and bp = §(an—1b + bn_1a). From the 


preceding lemma we obtain 


On = ; (a”~! + B""")\(a+ B) + 


=a"+ 8B" =V,. 


an} _ gr! 


b?d 
a-—p 
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Similarly 
bn = 5 [@n—10 + bn 14 
7 b nel nol qr! __ grt 
a” — Br 
= —__— _ = DbU,. _ 
a— p 


In the next lemma we indicate the parity of a, and by. 


Lemma 4. If a is even, then an, bn are even for every n > 1. If a 1s 
odd, then a, (and also b,,) is even if and only if 3 divides n. 


Proof: Let a = P be even. The sequence (V, (mod 2))n>o9 is seen to be 
0,0,0,..., that is, a, is even for every n > 1, and so must be b,, since 
Qn = by (mod 2). 

Now let a = P be odd, so 6 is also odd. The sequence (V, (mod 2))n>0 
is seen to be 0,1,1,0,1,1,..., thus a, (and also b,) is even if and only if 
3 divides n. | 


There is a narrow connection between units of the real quadratic field 
Q(Vd) and the Diophantine equations 


X*—dY* = +1, +4 (10.1) 
(d > 0 and square-free). 

These equations were studied by Fermat, but became better known since 
they were discussed in the textbook by Pell—so today, they are known as 
Pell equations. 

For ¢€ = 1, —1,4, or —4 let 

Sae = {(z,y)|x2>0,y>0 and x? — dy? = «}. 
In the next results we determine explicitly the sets Sq. 
F. With the above notations: 
(i) The set of solutions of X? — dY? = 1 is the following: 
(a) If N(u) = 1: 
If a is even then Sai = {(an/2, bn/2) | n > If, 
If a is odd then Sai = {(an/2,bn/2) | 3 divides n}. 


(b) If N(u) = -1: 


If ais even then Sai = {(an/2,bn/2) | n its even}, 
If a is odd then Sq, = {(Gn/2,bn/2) | 6 divides n}. 


(ii) The set of solutions of X* — dY* = —1 is the following: 
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(a) If N(u) = 1 then Sy) = ©. 
(b) If N(u) = -1: 


If ais even then Sqg.-1 = {(an/2, bn /2) | n 18 odd}, 
If ais odd then Sg.) = {(an/2, bn/2) | nis odd and 3 divides n}. 


Proof: Let «€ = 1 or —1. We have (x,y) € Sqg.- if and only if ((2r)* — 
d(2y)”)/4 = € or, equivalently, (27 + 2yV/d)/2 is a unit with norm e. By 
the preceding results, there exists n > 1 such that 2x = a,, 2y = by. Ifa 
is even, this holds for all n > 1, while if a is odd, this holds if and only if 
3 divides n. 


Moreover, if ¢ = 1 and N(u) = —1 we must have n even; if ¢ = —1 and 
N(u) = —1 then n must be odd: finally, if ¢ = —1 and N(u) = 1 non 
satisfies the required conditions. a 


G. With the above notations: 
(i) The set of solutions of X? — dY? = 4 is the following: 
(a) If N(u) = 1 
If a is even then Saa = {(an, bn) | n > 1}, 
If a is odd then Sg4 = {(an, bn) | 3 divides n}. 


(b) If N(w) = -1: “ 


If a is even then Sqaa = (Qn, bn) | n is even}, 
If a is odd then Sg4 = {(Gn,bn) | 6 divides n}. 


(ii) The set of solutions of X* — dY? = —4 is the following: 

(a) If N(u) = 1 then Sqg._4 = ©. 

(b) If N(u) = -1: 

If a is even then Sq_—4 = {(an,bn) | n is odd}, 

If ais odd then Sqa.-4 = {(an, bn) | n is odd and 3 divides n}. 


Proof: The proof, similar to the one of (F), is left to the reader. a 
We now consider the special case when d = p is a prime number. 


H. Let p be a prime number and let u = up = (a + bVd)/2 be the 
fundamental unit of Q(,/p). 


The following statements are equivalent: 


(1) N(u) = —1. 

(2) The equation X* — pY? 

(3) The equation X* — pY* = —4 has a nontrivial solution. 
(4) p= 2 orp=1 (mod 4). 


—1 has a nontrivial solution. 
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Proof: By (F) and (G), Sg-1 € © if and only if N(w) = —1; similarly, 
Sa4 # © if and only if N(u) = —1. This shows that the statements 
(1), (2), and (3) are equivalent. 

(3) > (4) Ifp # 2 and if x? — py? = —4, then —1 is a square modulo 


p, so p = 1 (mod 4). 

(4) — (1) If p = 2 then u = 1+ V2, so N(u) = —1. Let p be a 
prime. p = 1 (mod 4) and assume that N(u) = 1, so a? — pb* = 4, hence 
(a + 2)(a — 2) = pb. 


Case 1: a is odd. 
Then gcd(a + 2,a — 2) = 1. Thus there are integers 61, b2 with b;b2 = 6 
and either (a) or (b) holds: 


a — mb2 a — 2 
fa | +2 = pb?, to) | +2 = 02, 


a—2= b3, a — 2 = pbs. 


So 4 = pb* — b3 or 4 = bt — pbs. In the first case (bz + 61,/p)/2 is a unit 
with norm —1; this implies that N(u) = —1, a contradiction. 

In the second case, since (b; + b2,/p)/2 is a unit then a < 6), 6 < 69, so 
by = b, b} = 1, and 3 = —pb’, which is impossible. 


Case 2: a is even. 
Now gcd(a + 2,a — 2) = 2 or 4. Thus there exist integers 6), b2 with 
b = 2b,be or 4b, b2 and either one of the following cases hold: 


a+2 = 2pb?7, a+2 = 26%, 
() Od) 


(c) a+2 = 4pb?, n) a+2 = 4b%, 
e 
a—2 = 4b, a — 2 = 4pbé. 


In cases (c) and (d) we obtain 2 = pb? — 63 or 2 = b? — pb3. These relations 
are impossible, as seen by reducing modulo 4. 

In case (e) we obtain ((2b2)? — p(2b1)?)/4 = —1 so (2b2 + 2b; ,/p)/2 is a 
unit of norm —1, which contradicts the assumption that N(u) = 1. 

Finally, in case (f), (2b; + 2b2,/p)/2 is a unit, therefore a < 26), 6 < 262 
so ab < 4b,b2 = 6 in this case. Hence a = 1 and —1 = 4pb3, which is 
impossible. 

This shows that N(u) must be equal to —1, concluding the proof. a 
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Let p be an odd prime, ¢ a primitive pth root of unity, and let K = Q(C). 
Hence K has degree p — 1 over Q. As we have seen in Chapter 5, (X), the 
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ring of integers of K is A = Z[¢] and p = u(1 — C)?7!, where u is a unit of 
A. 


Now we prove the main result about units in Q(C): 


I. The multiplicative group W of roots of unity of Q(C) is 
W a {1, C, C?, sty cP} —l, —C, —C?, seg —(PoNh 


sow = 2p. Every unit of Q(C) may be written as u = +C*v where v is a 
positive real unit of A. 


Proof: By (C), W is a cyclic group of order w. Since —C € W and —¢ 
has order 2p (because p is odd) then 2p divides w. 

Now, let x € W be an element of order w. Since x € K then Q(x) C K 
so p(w) = [Q(z) : Q] divides p — 1 = [K : Q]. But w = p” - m where 
r >1, m > 2, p does not divide m. So y(w) = p"!(p — 1) - v(m) and 
since it divides p — 1 then r = 1, v(m) = 1 so m = 2 and therefore 
w = 2p. Thus, W = {1, C,C€7,...,CP7!, -1, -€, -€?,..., —¢P-th , 

Now, let u be any unit of Q(¢), sou = ag + ayC*® +--+ 4+ Qp—2C?~* with 
a; € Z. The complex conjugate of u, which is also a unit (because uv = 1 
implies wv = 1), is given by 


U= ag + a,c! + arc? t... + Ap_2¢ P~?): 


then u’ = u- WU! is also a unit. Moreover, if u®) = apg + a,C* + 
ayC7* +--+ +ap_2C*?-*), for k = 1,2,...,p — 1, are the conjugates of 
u, then u(*) = @*) are the conjugates of U, so those of u’ are u/(*) = 
u*) .u(k)—1 and therefore, for every k = 1,2,...,p—1, we have Ju’) ] = 1, 


By (B), the element u’ is a root of unity and therefore of the form u’ = +¢°", 
with 0 < h < p— 1, as shown above. 

We must have the positive sign; if not, u’ = —C” then u = —C"u. Let 
us consider the ring R = A/A(1 — ¢), and let 6: A — R be the canonical 
homomorphism. Then 6(¢) = 1, so 6(¢*) = 1 for every k = 1,...,p — 2, 
therefore 0(u) = ap + a3 +-+-+@p_2 = O(U); from u = —C"U, we have 
O(u) = —O(u), thus 6(2%) = 0, so 2u € A(1 — C), that is, 1 — ¢ divides 24, 
and since @ is a unit, 1 — ¢ divides 2. Since p is associated with (1 — ¢)?7} 
then p divides 2, so p = 2, contrary to the hypothesis. 

Thus, u = ¢"U. Let k be such that 2k = h (mod p), so C” = ¢?*, and 


therefore 
_ U U 
x = t= ce = (@) 


Letting v = u/¢* = uC?-*, we see that v € RNA, visaunit, and u = C*v. 
Finally, we may take v > 0, by multiplying ¢* with —1, if necessary. 


We may easily exhibit some outstanding real units of Q(C). 
For example, (1—¢°)/(1—¢) (1 < s < p—1) isa unit (since 1—¢*, 1—¢ 
are associated elements). 
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By the preceding proof, there exists an even integer 2k such that 


(1—¢°)/(L—¢) = CAL -— ¢*)/(1 — 6"), 


ek SS ek SN Fk 
I=¢ 1c? PP 1 


SO 


and 


is a real unit in Q(C¢) for every s = 1,2,...,p—1. 

Now, if 1 < s, s’ < p—1, s+ 8’ = pthen v, = —v,, if s = 1 
then vy = 1. Thus v2, v3, ..-, Ug (g = (p — 1)/2) are (p — 3)/2 real 
units, distinct from 1, —1, thus not roots of unity. They are called the 
circular units. Actually, they are distinct, because if uv, = v; then 

1-¢° 1-¢78 1-¢ 1-¢° 
1-¢ 1-¢% °° 1-¢ 1-671" 
sog§+C 8 =F ¢7%. 

However, ¢ = cos(27/p) +i sin(27/p), so ¢& = cos(27s/p) +7 sin(27s/p), 
¢~* = cos(27s/p) — isin(27s/p), so that the above relation gives 


2 cos(27s/p) = 2 cos(2rt/p). 


Therefore, either s = t or (27s/p) + (2at/p) = 2k7, with k € Z. But then 
s+t= kp, and, if 1 < s, t < (p—1)/2, this is impossible. 

At this point we still have no way of determining, even in very sim- 
ple particular cases, all the units of a cyclotomic field. Soon, we shall 
prove a theorem of Dirichlet, which indicates the structure of the group 
of units of an algebraic number field; this result states the existence of fun- 
damental systems of units which, together with the roots of unity, generate 
all the units of the field. But even for cyclotomic fields, the determina- 
tion of a fundamental system of units requires deep results and delicate 
computations. 


10.4 Dirichlet’s Theorem 


Our aim is to establish Dirichlet’s fundamental theorem on the structure 
of the group of units of a number field K. Let [K : Q] = n, let r; > 0 be 
the number of real conjugates of K and let rg > 0 be the number of pairs 
of nonreal complex-conjugate conjugates of K. Thus n = ry + 2ro. 

We follow the convention already used in the preceding chapter: 
K®,) kK) 1... KD are the real conjugates of K, while K( +), ..., 
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kK are the nonreal conjugates, and K(+3) = K("1+?2+9) for all j = 
1, -..,79. 

Ife € K let ce € K® (i = 1,...,n) be the conjugates of x, so 
x(it3) = o("402t3) for 7 = 1,..., 179. 


We shall consider in the sequel the mapping \ : U — R” where r = r} + 
r2 — 1, defined by A(u) = (log Ju}, log Jul], ..., log |u}) (where |u| 
denotes the positive real number which is the absolute value of uY) € C 
and log is the natural logarithm function). 


J. Let u be a unit. Then u is a root of unity if and only if A(u) = 
(0,0,...,0) € R”. 


Proof: If u € W then |u| = 1 for every conjugate of u, hence A(u) = 
(0,0,...,0). 

Conversely, let u € U be such that |u| = Ju!?)| = = |ju™)| = 1. 
Since |Nxjig(u)| = 1 then vis _ log |u|] = 0. We recall that Jum +9) | — 
ee for j = l,. From the above relations it follows that 
2 log |ul™+72)| = 0, so inbred = jul™+?r2)| — 1. By (B), u is a root of 
unity. | 


Let q = 1 and let w,...,ug € U be such that {A(u1),...,A(ug)} 
is a linearly independent subset of the R-vector space R”. Let G = 


{(a1,.--,@q) € R?| there exists v € U such that \(v) = )77_, a;A(u;)}. 
First, we note ra Zi? C G: ae if (a1,...,@,) € ZY andv = 
jel u®? then A(v) = Y_, ajA(u;). Next, we note that G is an addi- 


tive subgroup of the rennet is trivial and left to the reader. Every 
coset of G relative to the subgroup Z? contains a unique element of the sub- 
set G; = {(a1,...,a@,) € G| 0 <a, < 1 for all 7 = 1,...,q}. Moreover, 
different elements of G; are in different cosets of G by Z?. We show: 


Lemma 5. Under the above hypothesis and notations, G/Z4 is a finite 
group. 


Proof: It suffices to show that G is a finite set. Let U;) = {uv € U | 

there exist (a1,...,@q) € G) such that A(v) € D°%_) ajA(u;)}. We 
note that if v € U; and (a@),...,@,), (b1,..-,b9) € G; are such that 
A(v) = j=l a;A(u;) = = 1 55 Mu ;), then j= (a; — b;)A(u;) = 0. By 
hypothesis, a; = 6; for all 7 = 1,...,q. Thus we may define the mapping 
v € U, +> (a4,...,@9) € Gi, where A(v) = Hl a;A(u;). By definition, 
this mapping is surjective. In order to show that G; is finite, it suffices to 


establish that U; is finite. If v € U, then [log ju || = | jel a; log al < 
j=l log jus” | for alli =1,...,r 
Let a; = yj =1 flog jus | and a = max{aj,...,a,}. Then e*% < 
e7% < |u| < e% < e® fori = 1,...,r. Since INijQ(v)| = 1 and 
Jy(ritr2) |2 _ ! 


yu @D)--- fylt)| fylm FD ]2 2. Jy(r) 2 
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then there exists 3 > 0 such that |v | < @ for alli = 1,...,n. By (A), 
U, is a finite set, concluding the proof. | 


Now we introduce the following notion. The units u,, ..., ug, of A are 
said to be independent whenever a relation 
up us? up =1 ~~ with m, € Z, 

is only possible when m,; = --- = mz = O. Therefore, each u; belonging 
to an independent set of units is not a root of unity. 
Lemma 6. Tet uj, ..., Up be units of A. The following conditions are 
equivalent: 

(1) wy, ..., UR are independent units. 

(2) A(ui), .-., ACux) are linearly independent over Q. 

(3) A(uz), ---, Aug) are linearly independent over R. 


Proof: (1) — (2) Assume that A(ui), ..., A(ux) are linearly depen- 
dent over Q. So there exist integers n;, not all equal to 0, such that 
eet n;A(u;) = 0, that is, ATT j=1 u,’) = 0. By (J), [5-1 u;’ is a root of 
unity, so there exists h > 1 such that [j-1 ui = 1, and this is contrary 
to the hypothesis. 


(2) — (3) Assume that A(ui), ..., A(u,) are linearly dependent 
over R. By hypothesis, A(u;) # (0,0,...,) for all 7 = 1,...,k. Af 
ter renumbering, if necessary, we may assume that {A(u1),...,A(u¢)} 


is R-linearly independent, but each A(u,) (with gq < s < r) is of the 
form X(us) = j=1 a;A(u;) with a; € R. With the previous notation 
(Q1,...,@) € G. 

By Lemma 5, if h = #(G/Z") then ha; € Z, so a; € Q for all 7 = 
1,...,qg. Thus {A(uj),..., A(uz)} would be Q-linearly dependent, which is 
a contradiction. 


(3) — (1) Assume that ui, ..., ug are dependent. Then there ex- 
ist integers m,, not all equal to 0, such that uj"? ---u,’* = 1. Hence 
ar m,A(u;) = 0 and so A(u1), ..-, A(ux~) would be linearly dependent 
over Q. | 


Now we are ready to prove Dirichlet’s theorem on the structure of the 
group of units of an algebraic number field. 


Theorem 1 (Dirichlet). The group U of units of the ring A of algebraic 
integers of K has the following structure: 


U=wxc,x:---xC,, 


where W is the cyclic group of order w of roots of unity belonging to K, 
each C;, 1s an infinite multiplicative group, andr = r13 + Tro — 1. 


Proof: We first put aside the trivial case where r = 0. This means that 
r) + ro = 1, thus if K #~ Q then 7, = 0, r2 = 1, n = 2,50 K = 
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Q(V—d), d > 0. By (D) we know that every unit of K is a root of unity, 
that is, U = W. From now on we assume that r > 1. 


We divide the proof into three parts. 


Part 1. We show that U = W x C, x --- x Cr, where 0 < k < r and 
each C;; is an infinite cyclic multiplicative group. 

For this purpose, we show that U/W is a free multiplicative group of rank 
k, where 0 < k < r. By Chapter 6, Lemma 1, then U =WxC ,x---xC, 
as is required. 

If U = W we take k = 0. If there exists u € U, u ¢ W, then {u} is an 
independent set of units. By Lemma 6, if {u1,..., ug} is any independent 
set of units, then {A(u,),...,A(ux,)} is an R-linearly independent subset 
of R”, thus k < r. So there exists a maximal independent set of units, say 
{uy,...,Uugsandl<k<r. 


Let G = {(a,...,a%) € R* | there exists v € U such that \(v) = 
we a;A(u;)}. G is an additive group, containing the subgroup Z*. By 
Lemma 2, G/Z* is a finite group; let h be the number of its elements. 
Let F be the subgroup of U generated by {u1,...,ug}. F is a finitely 
generated torsion-free Abelian multiplicative group, so F is free of rank k 
(since {u,,...,Ux} is a maximal subset of independent units in U). We 
show that for every u € U we have u® = vz where v € F, z € W. 
Indeed, if u € F, we take v = u, z = 1. If u ¢ F then {u,u,..., ux} 
is a dependent set of units, hence by Lemma 6 {A(u), A(uy),..., A(ux)} 
is Q-linearly dependent. So there exist b);,...,b, € Q such that A(u) = 

Let d > 1 be the smallest integer such that db; = a; € Z for all 2. 
Then \(u¢) = S7*_, dbjA(u;) with (dby,.. dbx) € ZK. So d divides the 
order h of G/Z*, say h = de. Thus A(u”) = S>,_, hb;A(u;). Letting v = 
[hi ul’ © F (because hb; € Z) then A(u) = A(v), thus, by (J), u* = 
vz, with z € W. 

Let z; be a root of the polynomial X” — z; so zee = 1, where w = #W. 
Let t; be a root of the polynomial X” — u; for each i = 1,...,k. 

We note that z, t;, ..., tg are complex numbers not necessarily in the 
field K. We have u” = (z, Ths prreyh hence u = 292] Ihe tne where 
zk = 1, so (292;)"” = 1. Let z3 be a primitive (hw)th root of 1. 

Let U’ be the multiplicative group of complex numbers, which is genera- 
ted by z3, ty, ..., te. Let W’ be the group generated by z3. Since W’NU 
consists of roots of unity, then W'/NU C W. Conversely, the elements of W 
are the wth roots of 1, so they are (wh)th roots of 1, hence W CUNW’. 
Thus U/W = U/W'nNU C U'/W’' because U C U’. But U'/W’' is isomor- 
phic to the free group generated by {t),...,t,}, which has rank k. Hence 
the subgroup U/W is also free, of rank at most k. On the other hand, since 
{ui,..., Ux} is an independent set, then U/W has rank at least k, therefore 
rank equal to k. 
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Part 2. We still need to show the existence of sufficiently many 
independent units. This is basically the content of the following statement: 


Ifcy,...,¢r € R are not all equal to zero, then there exists a unitu € U 
such that )>,_, c log |u| # 0. 


Proof: We shall require Minkowski’s theorem (Chapter 9, (B)) in the 
proof of this statement. | 

Let {a1,...,@n} be an integral basis of K, let d = det(a‘”). Since d? 
is the discriminant of the field then 1 < d? € Zso1 < |dj. Let GB bea 
sufficiently large positive real number, for example, 3 = (}>,_, |c:|) log |d|+ 
1. We consider the n linear forms 


1 
Li = So al Xx; (i =1,...,7). 
j=l 


Let 71, ..., Tm be positive real numbers satisfying the following 
conditions: 
Try ti = Trytroti fori = 1, ~2-,79, (10.2) 
T1°°°T, = |d|. 
We may choose 7,, ..., 7, arbitrarily and the above relations deter- 
mine T,,4,, uniquely. By Chapter 9, (B), there exist integers 71, ..., Zn, 
not all equal to zero, such that if y = Lj(r,...,¢n) = ye j=1 a\ x; 


then |y| < 7; fori = 1,...,n. In particular, y € A, y # 0, and 
1 < |Nxjq(y)| < |d| thus, ti/|d) = ti/(1--> tm) S WITjas ll < 


ly | < 1% < 7;\d| for every i =1,...,n. 
Letting F(y) = yo - , ci log y| w we deduce that 
(2) 
log ( ly al 
Ti 


— SP 6 log Seog (| | < Dial 
i=1 


< {> lei | log|d| < 8 

i=l 

because 
ly | 
—log |d| < log | 2 | <0 < log id}. 
Ti 
Suppose now that for every h = 1, 2,... we choose positive real numbers 

Thi, +--+) Thr Satisfying the conditions in Chapter 9, (B), and also the 
following condition: 

S- c; log Thy = 2Gh. (10.3) 

i=l 


This is possible since there exists an index 1, 1 <i <r, for which c; # 0. 
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Let yn € A, yn # O be obtained from Tp), ..., Trp in the manner 
indicated above. Then |F'(y,) — 28h| = |F (yn) — ar ci log Tri] < so 
B(2h — 1) < F(y,) < GB(2h + 1) for all indices h = 1,2,.... Therefore 
F(yi) < F(y2) < Flys) < +++. But N(Ay,) = |Nxie@(yr)| < Id, so 
there exist distinct indices h # h’ such that Ay, = Ayn: and therefore 
U = Yn'/Yn iS a unit of K. Since F(y,) # F(yn’) = F(uyn) = F(u)+F (yp) 
it follows that F'(u) 4 0 so 


r 


re log |u| 4 0. a 


i=1 
Part 3. | We conclude the proof of the theorem. By Part 2, if c) = 1,cg = 
- = c, = 0 there exists a unit u; € U such that log ul) # 0. 
Now, given c; = —log |ul??|, C2 = log ful” #0, c3 =--- =cr = 0 
there exists a unit ug € U such that c, log lus) + c2 log lus” | # 0; that is, 
log |uj'’| log |up’? 
det 
log |u| log ju” 


Repeating this argument, given 


2 2 
log ful” | log us” 
Cc; = det 3) a) | 
log|uy | log [ug | 
1 1 
log |u| log Ju? | 
Co = —det 3) 3) 
log |u| log uy” 
log Jut| log Jus’? | 
C3 = det # 0, 


log |u\”| log ful”? | 


there exists a unit uz € U such that 
c, log hus + €p log hu” + ¢3 log jus>)| # 0; 
that is, 


] ] ] 
log |us?| log Jus? | log Jus)? | 


det log jut”) log Jus.” log Jus”) # 0). 


3 3 3 
log |ul?| log |uS?| log |uS??| 
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In this way, we determine r units uw, ..., u,. Since the determinant 
det (log ju‘ |) # 0, then no column is identically zero, so each u; is not a 
root of unity (by (B)); moreover, the column vectors are linearly indepen- 


dent over R, hence, by Lemma 6, the units uj, ..., u, are independent. 
This shows that we have k = r in Part 1, concluding the proof of the 
theorem. | 


Explicitly, Dirichlet’s theorem on units says that there exist a root of 
unity ¢ and r units of infinite order u,, ..., u,, such that every unit u 
may be written uniquely in the form u = C uj! ---ugr with 0 < e9 < w 
and €),...,e, € Z. 


Definition 1. Any set of r independent units {u,,...,u,} of K 
(with r = rj + rg — 1) for which the above statement holds is called a 
fundamental system of units of K. 


Now, we may introduce a new numerical invariant: 


K. Let {uy,..., ur}, {u1,..., ur} be any two fundamental systems of 
units of K. Then 


det (log |uS”|)| = |det(log |v‘) |. 


Proof: By the theorem, we may write vj = C?iuy%us7%---ur” for 


every 7 = 1,...,r where 6;,a;; € Z. Similarly, we may write u; = 
Cosy, u57) ---up™ for every j = 1,...,7. Therefore, by the uniqueness 
of representation of units, the matrix (a;,) is the inverse of (a;;), and so 
det(ai;) - det(a;;) = 1, hence |det(ai;)| = |det(@;,;)| = 1. But considering 
the conjugates of the units, their absolute values, and logarithms, we obtain 


; 
log |v\| = S~ ang log jut? | 
h=1 


and therefore 


Jdet(log Ju5"”|)| = \det(log |u5|)1, 7 


We introduce therefore the following concept: 


Definition 2. Let ui, ..., uy, be any fundamental system of units of 
kK. The positive real number 


R = |det(log |u‘”|)| 


is called the regulator of K. 
For example, if K = Q( V3), we have r = rr; + r2. — 1 = 1, and as 
computed before, uj = 2 + V3 is a fundamental unit. Then R = |log(2 + 


v3)|. 
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The computation of the regulator is difficult in practice, since it requires 
the knowledge of a fundamental system of units, which is usually hard to 
determine. 


EXERCISES 


1. Let K be an algebraic number field of degree 4. Determine the roots 
of unity of K. 


2. Let K be an algebraic number field of odd degree. Show that K has 
only two roots of unity: 1, —1. 


3. Using properties of Euler’s function, show that an algebraic number 
field contains only finitely many roots of unity. 


Hint: If n = [K : Q) show that for every large d we have y(d) > n, 
so K cannot contain a dth root of unity. 


4, Let K be an algebraic number field which is different from Q and not 
an imaginary quadratic field. Prove that for every real number ¢ > 0, there 
exists an algebraic integer x € K such that 0 < |z| < «. 


5. Determine the fundamental units of the following quadratic fields 


Q(Vd), where: 


(a) d = 10. 
(b) d = 14. 
(c) d= 19. 
(d) d = 23. 


6. Determine the units of the field Q( V3). 
7. Show that u = 1 — 6/6 + 3%/36 is a fundamental unit of Q( V6). 


8. Let a be a real number. Show that there exists a pair of relatively 
prime integers x, y such that |x/y — a| < 1/y?. Prove that if a is rational 
then there are only finitely many pairs (x, y) with the above properties. 


9. If a is a real irrational number, show that there exist an infinite 
number of pairs of relatively prime integers x, y such that |z/y—a| < 1/y?. 


10. Let d be a natural number, not a square. Show that there exist 
infinitely many pairs of natural numbers x, y such that |x? — dy?| < 


1 + 2Vd. 


11. Let d be a square-free natural number. Show that if u = x + yV4d is 
a unit of Q(./d) such that x > +y* — 1 then u is the fundamental unit. 
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12. Given any natural numbers y; and a, let d = a(ay? + 2). Show that 
(1 + ay?) + y:Vd is the fundamental unit of Q(Vd). Deduce that for every 
natural number y; there exist infinitely many real quadratic fields whose 
fundamental unit is of the form x + yi Vd. 


13. Let d be a natural number, not a square. Show that if there exist 
integers x, y such that x” — dy? = —1 then every odd prime factor of d is 
congruent to 1 modulo 4. However, verify (for d = 34) that the converse is 
not true. 

14. Let p be an odd prime. Prove: 

(a) X? — pY? = 2 is solvable if and only if p = 7 (mod 8). 
(b) X? — pY* = —2 is solvable if and only if p = 3 (mod 8). 


15. Let d > 2 be a natural number, not a square. Show that at most one 
of the equations 


xX’? — dY? 
xX* —dY* = 2, 
X? —dY? = —-2, 


| 
| 
— 


has solutions in integers. 


16. Let m > 1, | > 1 be relatively prime integers, let ¢ be a primitive 
mth root of unity, and let € be a primitive [th root of unity. Show that 
1 — CE is a unit in the ring of integers of the field Q(¢, €). 


17. Let ¢ be a primitive fifth root of unity. Show, with the methods of 
this chapter, that the class number of Q(C) is equal to 1. 


18. Let K = Q(Vad) be a quadratic field. Show that the number ho of 
strictly equivalent classes of ideals of K is finite (see Chapter 8, Exercise 
15). Moreover, ho = h when d < 0 or d > 0 and the fundamental unit has 
negative norm. Otherwise, ho = 2h. 


19. Show that if m? — 1 > 0 is square-free then the fundamental unit of 
the real quadratic field Q( Vm? — 1) ise = m+ Vm? — 1. 


20. Let ¢ be a primitive mth root of unity, and let K = Q(¢), Ko = 
kK OR. Show that a fundamental system of units of Ko is a maximal 
independent system of units of K. 


21. Let p be an odd prime and ¢ a primitive pth root of unity. Show that 


(p—1)/2 
p=(-)@Y? YT] (-¢7). 


j=l 
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Hint: Use the fact that ¢? is also a primitive pth root of unity and 
express p in terms of ¢? and its powers. 


22. Let p, q be distinct odd primes, let ¢ be a primitive pth root of unity, 
and let A be the ring of algebraic integers of Q(¢). Show that: 


(a) po D/2 = (-1) te PyP? (c9a — Em day [CF — 6-9) 


(mod Aq). 
(b) TIY239/°(G!4 = 6-49) (2 = C9) = (-1)", where r is the num- 
ber of integers kq in the set fa. 2q,.--, att such that 


kq = —s (mod p), with 0 < s < (p—1)/2. 
(c) Prove anew Gauss’ reciprocity law. 
Hint: For (a) note that (¢7 — ¢~7)4 = €/4 — ¢-34 (mod Aq); for (c) 
make use of Euler’s and Gauss’ criteria (Chapter 2, (G) and (I)). 


23. Show that if the algebraic number field K contains a nonreal root of 
unity then Nxig(x) > 0 for every x € K, x # 0. 


24. Let K be an algebraic number field of degree n. Let U, be the group 
of all units of A having norm Nx \g(u) = 1. Prove: 

(a) Ifn is odd there is a fundamental system of units {u,...,u,} of 
k, such that every unit u € U, may be written uniquely in the 
form u = uj’ --- uf with e; € Z. 

(b) If n is even, if {u,,...,u,} is a fundamental system of units 
of K and k, 0 < k <r, is such that Nxjg(ui) = 1 for i = 
1,...,k, Nejg(ui) = —1 fort =k+1,...,7, let vj = u; fori = 
1,...,k, vu; = uju, fori = k+1,...,r. Then every unit u € U,; 
may be written uniquely in the form u = Cvuj! --- vf" (e; € Z), 
where ¢ is any root of unity in K. 


25. Let S be a finite set of s > 0 nonzero prime ideals of the ring A of 
algebraic integers of K. Let S be the multiplicative set, complement in A 
of the union Upes P. The units of the ring Ag (Chapter 12, Section 1) are 
called the S-units of A. Let Us denote the group of S-units of A. Prove 
the analogue of Dirichlet’s theorem: Us/W is a free Abelian group of rank 
r+s, wherer =17, +1Tr2—1. 


26. Let n > 2 be a power of a prime, let ¢ be a primitive nth root of 
unity, K = Q(¢), Ko = K OR. Show that every unit of K is the product 
of a unit of Ko with a root of unity. 


Hint: Generalize the method of proof of (I). 
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27. With the notation of the text and assuming r > 1 show: 
(a) There exist units ui,...,u, such that for all 7 = 1,...,r and 
t=1,...,r41, jus” | < 1 when: # 7 and ju? > 1. 


(b) Show that {ui,...,u,} is a fundamental system of units. 


11 


Extension of Ideals 


In this chapter, we begin the study of extensions of ideals. Let AK be an 
algebraic number field, let L|K be an extension of finite degree, and let A 
(respectively, B), be the rings of algebraic integers of K (respectively, L). 
Let I be any nonzero fractional ideal of K. The aim of this study is to relate 
the decomposition of J into prime ideals of A, with the decomposition into 
prime ideals of B, of the fractional ideal of L generated by J. 

We study this problem, whenever feasible, in a more general situation. 


11.1 Extension of Ideals 


Let A be a Dedekind domain, K its field of quotients; let L| kK be a separable 
extension of degree n and B the integral closure of A in L. By Chapter 7, 
(P), B is a Dedekind domain. 

If J is any fractional ideal of A, let B.I (or also BI) denote the ideal 
of B generated by J; it consists of all sums }>"", bia; with m > 1, b; € 
B, x; € I for allt =1,...,m. 

We note that if J, J are fractional ideals in K, then B.(J- J) = (B.I)- 
(B.J)—as follows at once from the definitions. 

We begin by proving the following easy fact: 


A. Let I be a fractional ideal of K. Then BIO K =I. If I C A, then 
BIQNA=T. 


Proof: It is trivial if J = 0, so let J # 0. We consider the fractional ideal 
I~!, then 

B=B.A=B(I-I~') =(B.1)-(B.I~"), 
hence A= BOK = |(B.1) (B.I~')| AK D(BINK)-(BI7'OK). 
We note that B.I 9 K is also a fractional ideal. Therefore B.I7!'QN K C 
(B.IN K)~!. But from I C B.INK, it follows that (BIN K)~! CI7' C 


B.I-' 1 K and therefore (B.IM K)~! = I~'!,so BIN K = I. The last 
assertion is now obvious. a 
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In particular, if J # A then B.J ¥ B. 

Let I be any nonzero fractional ideal of A, so there exists a € A, a # 0, 
such that Aa-/ is an integral ideal. Let Aa-I = [];_, Pe, Aa = []j_, Pr 
where P;, ..., P, are distinct nonzero prime ideals of A and k; > 0, h; > 0 
fori = 1,...,r. Then Ba- BI = []['_, BP’, Ba = []{_, BP’. If one 
knows the decomposition of BP as a product of prime ideals of B, for each 
nonzero prime ideal P of A, then the decompositions of Ba- BI and of Ba 
are also known, hence so is that of BI. 

If P is a nonzero prime ideal of A then B.P may be written in a unique 
way as a product of powers of prime ideals of B: 


9g 
B.P = || QF. (11.1) 


i=1 


B. With the above notations, let Q be a nonzero prime ideal of B. Then 
QQ A= P if and only if Q € {Qi,..-, Qg}- 
Proof: If QQ A = P then Q D B.P, so Q divides B.P, hence Q € 


{Qi,..-;Qg}. Conversely, Q; 7A D B.POA = P. Since Q; 1 A # A and 
P is a maximal ideal, then Q; M7 A = P for every 2 = 1,...,g. a 


We assume that the relation (11.1) holds and introduce the following 
terminology: 


Definition 1. g is called the decomposition number of P in the ex- 
tension L|K. If necessary, we shall use the notation gp(L|K), or simply 
gP. 

We have seen in (A) that g > 1, because B.P # B. If BP is a prime 
ideal, we say that P is inert in L|K. 


Definition 2. For every i = 1,...,g9, e; is called the ramification 
index of Q; in L|K. If e; = 1 we say that Q; is unramified in L|K. 

We shall sometimes use the notations e(Q;|P) or eg,(Z|K) for the 
ramification index e;. 


Now we prove: 


C. B/BP is a vector space over the field A/P of dimension |B/BP : 
A/P) < [L: K}. 


Proof: Let [L: K] = n and let }),...,6n41 € B/BP. Then the ele- 


ments 6), ..., bn41 are linearly dependent over K, hence there exist 
Q1,..-,@n41 € A, not all equal to 0, such that ar a;b; = 0. Let J 
be the ideal of A generated by a1, ..., @n41. So J #0, then J7'J = A, 


so J~!J ¢ P. Thus there exists c € J~! such that cJ Z P, so there exists 
i, 1 <i <n+1, such that ca; ¢ P. Considering the images in A/P and 


B/BP, we obtain ar €a,;b; = 0 showing that bi, ..-, bn41 are linearly 
dependent over A/P, which concludes the proof. a 
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From relation (11.1) and the isomorphism between A/P-vector spaces 
(B/BP)/(Q;/BP) = B/Qi, it follows that [B/Q;: A/P] < [L: K] for 
eachi = 1,...,g. 


Definition 3. The dimension f; of B/Q; over A/P is called the 
inertial degree or residual degree of Q; in L|K. We use the notation 


fi = fa (L|K) = f(Qi|P). 


We shall now study properties of these numbers (decomposition number, 
ramification index, inertial degree). 

First, we establish the transitivity. Let A, B, K, and L be as before. Let 
L'\|L be a separable extension of finite degree, and B’ the integral closure 
of B in L’. 


D. With the above notations, let Q’ be a prime ideal of B’, let Q = 
Q'N BB, P=QN A, and assume P # 0. Then 
e(Q"|P) = e(Q'|Q) - e(Q|P), 
f(Q"|P) = f(Q'1Q) - F(Q|P), 
Proof: For simplicity, let 
e = e(Q|P), e' e(Q"|Q), ev = e(Q’|P), 
f = f(Q\P), f' = f(Q"Q), f" = f(Q"|P). 
Since Q¢ divides BP, but Q¢t! does not divide BP, we may write BP = 
Q*°- J where Q does not divide J. Similarly, B’Q = Q’© - J’ where Q’ does 
not divide J’. 

Hence B/P = B'(BP) = (B’Q)* - (B'J) = Q’’eJ’* - (B’J) and Q’ 
does not divide B’ J, otherwise Q = Q’N BD B’J MB 2D J, contrary to 
the assumption. Therefore Q’ © is the exact power of Q’ dividing B’P, so 
e” = ee’. 


Similarly, by definition, f = [B/Q: A/P|, f’ = [B’/Q’ : B/Q), thus 
f" = [B'/Q': A/P] = ff". a 


In the same manner, we note that if BP = []?_, Q§', if gj is the de 
composition number of Q; in L’|L, then the decomposition number of P in 
L'|K is g” = 3-?_, gj. 

A notable simplification arises in the important case of a Galois 
extension. 

Let L\|K be a Galois extension of degree n, let G be its Galois group, 
so the elements of G leave each element of K fixed, and transform any 
element of L into its conjugates; in particular, 0(B) C B for every o € G, 
hence also B = o(a—1!(B)) C o(B), showing that o(B) = B. If J is any 
ideal of B then o(J) is an ideal of B and o(J) 7A = JNA. Therefore o 
induces a ring-isomorphism @ : B/J — B/o(J), namely, if b ¢ B/J then 


a(b) = o(b) (and this is indeed well defined); & leaves fixed every element 


of A/(J A). 
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In particular, if @ is a nonzero prime ideal of B, then B/Q 2 B/a(Q) 
and o(Q) is also a nonzero prime ideal of B. 


More interesting is the transivity of the action of G on the set of prime 
ideals of B, having a given intersection with A: 


E. If Q, Q’ are any prime ideals of B such that QN A= Q'NAFO, 
there exists 0 € G such that o(Q) = Q’. 


Proof: Let G = {o1,...,0n} be the Galois group of L|K, and let us 
assume that Q’ 4 o,(Q) for every 0; € G. By Chapter 7, (L), there exists 
an element x € B such that x ¢ 0;(Q) for2 = 1,...,n, x € Q’. Let 


a= I] 0;(2), 
i=1 


then a € AN Q’; however, a ¢ Q since each oj(x) ¢ Q for i = 
1,...,n, (otherwise rx = o;'o;(z) € 0; '(Q), for some index i). This 
is a contradiction, hence there exists 0; € G such that o;(Q) = Q’. a 


As a corollary of (E), we have: 


F. If L|K is a Galois extension of degree n, if BP = [][7_, Q§', and if 
[B/Q; : A/P| = fi, thene; =--- =e, fi =--- = f,, and if A/P is a 
finite field, then each B/Q,; 1s isomorphic to the extension of degree f; of 
A/P. 

Proof: Let BP = []?_, Q%; for every index j, 1 < j < g, by (E), 


there exists 0 € G such that o(Q1) = Q,;. Hence from BP = o(BP) = 
7_, o(Qi)® and the uniqueness of the decomposition of BP into a product 
of prime ideals, it follows that e; = e, for every j, 1 <j < g. Similarly, 
from B/Q; = B/o(Qi) = B/Q, it follows that f; = fi for every 7, 1 < 
JSG. 
If A/P is finite, there exists only one extension of degree f,, up to 
isomorphism, hence all the fields B/Q; are isomorphic. a 


The results indicated hold in the particular case of rings of integers of 
algebraic number fields of finite degree and their extensions. 

Thus, if K is an algebraic number field of degree [K : Q] = n, if A is the 
ring of integers of K, if p is any prime number, then 


9 
Ap = |[ P%, (11.2) 

i=1 
where P;, ..., P, are distinct prime ideals of A, e; = ep, are the 


ramification indices, and f; = [A/P; : Z/Zp]| are the inertial degrees (for 
1=1,...,g). 
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We have the following fundamental relation: 


G. With the above notations: 
g 


n= S eifi. 


1i=1 


Proof: ‘Taking the norms of the ideals in (11.2), by Chapter 8, (D), (F), 
we have 


g 
Nio(p)l = []] NP. 
i=l 
and since Nxjg(p) = p”, and N(P;) = #(A/P)) = pf then n = 
inn Cif. a 
We note that g < n. If g = n, we say that the prime p is 


totally decomposed or splits completely in the extension K|Q. In this case, 
e; = f; = 1 for eachi =1,...,n. 
We note explicitly the particular case where K|Q is a Galois extension: 


n= efg, 


where e is the ramification index and f is the inertial degree of any prime 
ideal P; dividing Ap. 
We note: 


H. If Q is a prime ideal of B, QNA = P, ife > 1 then [B/Q* : A/P] = 
e[B/Q : A/PI. 


Proof: Let P/N Z = Zp. Taking norms 
N(Q*) = #(B/Q°) = plB/@'F,| — pflB/Q*:A/P) 
where f = [|A/P : F,]|. But 


N(Q°) = N(Q)* = #(B/Q)* = pl8/2F| — p@f{B/Q:A/P). 


Hence |[B/Q* : A/P| = e[B/Q: A/P]. a 
Theorem 1. With the above notations |B/BP: A/P| = [L: K] and 
[L : kK] = a €; fi. 


Proof: Let PM Z = Zp where p is a prime number. Let Ap = [[? _, P& 


i=1%* 1 


where P; = P, Po, ..., Py: are distinct prime ideals of A, e; > 1 for 
alli = 1,...,g' and f/ = [A/P, : F,|. From (G), [K : Q| = 7%, e/ fi. 
We have Bp = -_ BP, hence by Chapter 7, Theorem 2, B/Bp = 


7_, B/BP;. 
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Let n; = [B/BP, : A/P,|; by (C), n; < [L: K] for each i = 1,...,Q!. 
Counting the number of elements, we have 


pS) = |Nzi9(p)| = N(Bp) = #(B/Bp) 


g' g’ 9’ 
— I] #:(B/BP,)* _ I] #-(A/P,)eiri _ [] pf", 


w=] i=1 i=1 
so by (G): 
g’ g’ 
IL: Q =) nef <(L: K) > oeifi 
1=1 i=l 
=[L: K|[K: Q)=[L:Q. 
This implies that n; = |[L: K] for each i = 1,...,g'; in particular, 
[B/BP: A/P| = [L: K}. But by Chapter 7, Theorem 2, B/BP = 


7_, B/Q*' hence 


g 9 
[B/BP : A/P| = ||| B/Q§' : A/P| = >> [B/Q§ : A/P| 
1=1 


i=1 
= di elB/Q: : A/P] = Yeh 
i=1 i=1 
by (H). 7 


As before, if g = |K : L] then e; = f; = 1 for each i = 1,...,4g, 
and the prime ideal P is said to be totally decomposed in L|K, or also 
P splits completely in L|K. 

Our next aim is to determine the decomposition number, ramification 
indices, and inertial degrees. We need some preliminary considerations. 
Let AK be an algebraic number field and L|K an extension of degree n; let 
A (respectively, B), be the ring of algebraic integers of K (respectively, L). 

We assume that B is a free A-module. This is the case (by Chapter 6, 
Theorem 2) if A is a principal ideal domain, say when the ground field is 


Q. 

If {r,..., 2p} is a basis of the free A-module B, then discrz)_(21,..., 
In) = [det(o;(x;))]° € A, where oj, ..., On are the K-isomorphisms of 
L into C. Moreover, if {x},...,27,} is any other basis of the A-module B, 
then the principal ideals coincide 

A discrz)K(21,.--,2n) = A discr 1) « (x4, 12.5 2)). 

Let t € B be a primitive element, so LD = K(t) and Alt] C B. 
If {x1,....a%,} is an A-basis of B, we may write t? = an cijx; for 
j = 0,1,...,n — 1 where c;; € A, hence 


discrpjx~(1.t,.... tr!) — [det (c;;)]" -diser;j4(@1,..., 2p). 
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Let a = det(c,;;) so Aa depends on ¢t but not on the basis {71,...,2,} 
according to the preceding remark. We note that if B = A[t], then Aa = A, 
since {1,t,...,t%~+} is then an A-basis of B. 


I. Let A be a principal ideal domain, and let P be a prime ideal of A 
such that P does not divide Aa. Then every element y € B may be written 
in the form y = z/a, where z € Alt], ace A, ag P. 


Proof: If y € B we may write y = ear yjt? with y; = a;/a, € K and 
aj,a; € A. We may also assume that a;, a,’ are relatively prime elements 
of the principal ideal domain A. 

Applying the K-isomorphisms o; to the above relation, we obtain 


n—1 
o;(y) = S- yjoilt?) (2 = 1,...,7). 
j=0 


Let L’ be the smallest Galois extension of K containing L. This means 
that {yo,---,;Yn—1} is a solution of the system of linear equations in L’, 
having coefficients o;(t/). By Cramer’s rule, we have 


discrz)x(1,t,...,y,...,t%7}) 
discr p)« (1, t, a _t, Lee ,tr—-1) 


Y= 


But A+ At+---+Ay+---+ At"! C B= S™"_, Az; and ar At? C 
B= an Ax;, SO, expressing the generators of the smaller module in 
terms of the integral basis with coefficients in A, we deduce that 


diserpj« (1, t,... a) ore t?—1) = (det (e?))? . diser 5) « (21, wey In), 


discr;)«(1,t,... t7,...,t? 7") = [det (cj,)|° - discry)«(@1,...,2n), 
with cjz, cl) € A. We conclude that 


a; | det(c'2) 
FT det(ciz) 
So a; ° det(c¥?) = aj - det(ci,) and aj divides det(c;;) = a. Thus if P 
is a prime ideal of A and P does not divide Aa, then P does not divide 
Aa’ for 7 = 0,1,...,n — 1. Hence, y = yg (a; /a4) -t) = z/a with 
zE€ Alt], af€ A, ag P. a 


The main result below is valid under the hypothesis indicated. 

Let K be an algebraic number field and let L|K be an extension of de- 
gree n; let A (respectively, B) be the ring of integers of K (respectively, 
L). Let L = K(t), with t € B, and let F € A[X] be the minimal poly- 
nomial of t over K. If P is a nonzero prime ideal of A and K = A/P, for 
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each polynomial H € A[X], let H € K(X] be obtained by the canonical 
homomorphism A — A/P=K. 


Theorem 2. With the above notations, we assume that one of the 
following conditions is satisfied: 

(a) A ws a principal ideal domain. 

(b) B = Aft]. 


Let P be a nonzero prime ideal of A, such that, in case (a), P does 
not divide Aa (where a was previously defined). Let F = []?_,G¢' where 
G; € A[X], the polynomialsG,, ..., Gg are distinct and irreducible over 
K, deg(G;) = f; fori =1,...,g. Then BP = [[8_, Qfi where Qi,...,Qy 
are distinct nonzero prime ideals of B and |B/Q;: A/P] = fi; for every 
i1=1,...,g. Moreover, Q; 9 Alt] = Al[t]P + Alt]G,(t) fori =1,...,g. 


Proof: We consider the following sets: 
G = {G € K[X]|G is irreducible and divides Fy, 
Q) — {QM|Q™ is a prime ideal of Aft] and Q“ nA = Pt, 
OQ = {Q|Q is a prime ideal of B and Q divides BP}. 
By (B), the last set is equal to 
{Q|Q is a prime ideal of B, QN A = P}. 


For each Q € QO, QN Alt] € QO"), We show that Q © QN Alt] is a 
bijection from Q to Q"). Indeed, let Q, Q’ € Q. If y € Q, by (I), we may 
write y = z/a wherea € A, a ¢ P, z € Alt]. Then z = ay € Q so 
z € Alt] NQ = Alt] OQ’ C Q’, and froma ¢ P= ANQ’, ay=z€ Q’, 
then y € Q’; and conversely, so Q = Q’. 
Next we show that if Q® e€ QO) there exists Q € Q such that QN A = 
Q‘). Indeed, let 
z 
Q= 45 


It is immediate to check that Q is a prime ideal of B (using (I1)) Q/N Alt] = 
Q‘). Indeed, if z/a € QN Alt] with z € Q®, a € A, a ¢ P, then 
z=a-z/aeQ”, ag Q™, so z/a € QM. ThusQN A= QY NA=P 
and @ € Q. 

We define a mapping ® from Q") to G. Given Q™ then A[t]/QM = B/Q 
(where QM Aft] = Q™) as already seen. By the canonical homomorphism 
Alt] — B/Q, we have F(t) = 0, where F € K[X] andi? =t+Qe€ B/Q. 
Let G € K[X] be the minimal polynomial of ¢ over K, so G is irreducible 
over K andG divides F, thusG € G. By definition, 6(Q™) = G. Now, given 
G € G, let 9 be a root ofG and let © : Alt] — K(@) = K[6] be defined by 
W(H(t)) = H(@) for every H € A[X]. Then W is a ring-homomorphism; let 
Q) be the kernel of &, so Q™ is a prime ideal of A[t] and Q® 9 A = P, 


€Q0, aca agPh. 
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thus Q) € Ql), Since the canonical homomorphism A[t] > A[t]/Q, has 
also the kernel Q“), then A[t]/Q® & K(0), sot =t+Q, @ have the same 
minimal polynomial G, thus ®(Q“)) = G showing that ® is surjective. If 
Qt), Q’) are prime ideals in the set Q") and their images are both equal 
to the polynomialG € G, if@ =t+Q™ e€ Aft]//Q™, 6 =t+ Q') ¢€ 
A[t]/Q’, then K(0) & K(6’), hence the kernels Q®, Q’ of the canonical 
homomorphisms A[t] > K(@), Alt] — K(6’) are equal. This shows that 
the mapping ® is injective. 

Let BP = [Ie Q° with [B/Q; : A/P] = fj for every? =1,...,g’. It 
follows from the bijection between Q and G that g’ = g. 

Let Q; correspond to G; by the bijection. The proof also gave f/ = fi, 
since f/ = [B/Q; : A/P] = deg(G,) = f; for every i = 1,...,g. 

Now we show that Q; M Alt] is the ideal of A[t] generated by P and 
G,(t), where G; € A[X] and G; is the image of G; modulo P. Clearly 
Q; > Al[t]P + A[t]G,(t) since G,(t + Q;) = 0. Conversely, let z € A[t]N Qi. 
Then z = H(t) with H € A[X] and 0 = z+ Q; = H(t + Q,), hence G; 
divides H and thereforeH =G;K, so H = G;K + M with K € A[X] and 
M ¢ P[X]. Thus z = H(t) = G;(t)K(t) + M(t) € A[t]G,;[t] + Alt]P. 

We need to show that e; = e; for? = 1,...,g. We have 


g 
F= LG and degG;) = fi; (for i= 1,...,g). 


It suffices therefore to show that e; < e; fori =1,...,g. 

First we show that for each i = 1,...,g there exists G; € A[X] such 
that G/ =G; and Gi(t) € Qi, Gi(t) ¢ Q?. 

Let y € Q:, y ¢ Q?. We may write y = z/a with z € Alt], a € 
A, a ¢ P. Then z = ay € Aft] N Q; but z ¢ Alt] N Q;. But Alt] AQ; = 
A[t]P + A[t]G;(t) so z = M(t) + H(t)G,(t) where M € P[X], H € ALX]. 
By the correspondence indicated, G;(t) € Q,. If G,(t) ¢ Q?, we take 
Gi = G,. If Gi(t) € Q? since z ¢ Q? then M(t) ¢ Q?. We also have 
z = M(t){1 — A(t)] + [G,(t) + M(t)| H(t) and we take G; = G; + M. So 
G! =G; and Gi(t) € Qi, Gilt) ¢ Q 

From F = [][?_,G¢i then 


9 
F-|[ GS ¢ PlXx]. 
=1 
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From F(t) € P{t] then 


i] 
flo «nec ar Thor 
1=1 


i=1 


so [|f_, Qe divides the principal ideal BG} (t)*! --- Gj(t)°*. Since G;(t) € 
Qi, Gi(t) ¢ Qj, then 
BGI (t)* +» Gh (t)®? = QE + QE, 


where J is an ideal, not divisible by Q1---Q,. Thus a Qs divides 
a Q;*, hence e! < e; for i = 1,...,g, which concludes the proof. a 


The theorem holds in particular when A = Z. It should be noted here 
that there exist number fields K C L such that there is no primitive element 
t with B = Alt). 


11.2 Decomposition of Prime Numbers in 
Quadratic Fields 


Let K = Q(Vd), where d is a square-free integer and let p be a prime 
number; we shall determine the decomposition of Ap into prime ideals of 
A. 

We have n = 2, thus by (G), the only possibilities are the following: 

(1) g = 2, ey = eg = 1, fi = fo = 1. In this case, Ap = P, Pr, 
with P; # P2, N(P,) = N(P2) = p. We say that p is totally (or 
completely) decomposed in Q(Vd). 

(2) g=1, e=1, f = 2. Thus Ap = P is a prime ideal, p is inert 
in Q(Vd), and N(P) = N(Ap) = p?. 

(3) g = 1, e = 2, f = 1. Thus Ap = P?*, N(P) = p, and p is 
ramified in Q(vV4d). 


By Chapter 7, Theorem 2, in case (1) Ap = P,P) then A/Ap = A/P, x 
A/P2, so A/Ap is a Cartesian product of two fields; in particular, it has 
no nilpotent elements, except 0. If Ap = P, then A/Ap is a field. Finally, 
if Ap = P? then A/Ap is a ring having a nonzero ideal P/P?, which is 
nilpotent. Since the above cases are mutually exclusive, we have therefore 
another description of the possible phenomena in terms of the ring A/Ap. 

The main question is now the following: Given the prime p, for which 
values of d do we have cases (1) (respectively, (2), (3))? 

From Chapter 5, (V), if d = 2 or 3 (mod 4), then the ring A of integers 
of Q(Vd) consists of all a + bVd, with a,b € Z. If d = 1 (mod 4), then 
A consists of all (a + bVd)/2, where a,b € Z and a = b (mod 2) or, 
equivalently, Z = Z + Zw where w = (1+ Wd)/2; in this case, let c = 
(1 — d)/4. 
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Let 


F(X) = X?—d if d = 2 or 3 (mod 4), 
|) X?—~X +c ifd=1 (mod 4), 


so F(X) is the minimal polynomial of Vd (respectively, of w), according to 
the case. 
Let 6: Z|[X| — A be the mapping defined by 


6(H) = H(Vd) if d =2or3 (mod 4), 
7 H(w) ifd=1 (mod 4). 


Then 6 induces a ring-isomorphism Z[X|/(F) = A, where (fF) denotes 
the principal ideal generated by the polynomial F. Using the well-known 
isomorphism theorems for rings, we have: 


J.  <A/Ap & F,[X]/(F). 
Proof: A/Ap = Z[X]/(F,pZ|X]) = (Z[X]/pZ|X])/((F, pZ[X])/pZ[X}]) 


~ F,[X]/(F), where (F, pZ[X]) denotes the ideal of Z[X] generated by 
F and p, F € F,[X] is obtained from F by reducing its coefficients modulo 


Dp. a 


We describe explicitly the above isomorphism. 

Given H € F,[X] let H € Z[X] be any polynomial which gives 

H when its coefficients are reduced modulo p. Let w : F,[X| — A/Ap 
be defined by ~(H) = 0(H) + Ap € A/Ap. It may be easily checked that 
if H = H' then 6(H) — 6(H') € Ap, so the mapping 7 is well defined. It is 
clear that w is a ring-homomorphism. Since F is the minimal polynomial 
of Vd (respectively, w), according to the case, it follows that the kernel of 
w is the principal ideal generated by F’. 

Finally, since {1, Vd} (respectively, {1,w}) is a basis of the Q—vector 
space Q(Vd), then the image of w is equal to A/Ap, hence w induces the 
isomorphism  : F,[X]/(F) — A/Ap. 


K. Let p be an odd prime. Then p is ramified in Q(Vd) if and only if 
p divides d; p is inert tf and only if d is not a square modulo p, that 1s, 


(d/p) = —1; p ts totally decomposed if and only if d is a square modulo p, 
that is (d/p) = 1. 


Proof: We apply (J), and the remarks preceding it. 

If F is irreducible in F,[X], then A/Ap is isomorphic to a domain, so Ap 
is a prime ideal, that is, p is inert in Q(Vd). 

IfF = H,H» where Hy, H2 are distinct irreducible polynomials of degree 
1, then from (11H) = (H,)N(H2), (H,)+(H2) = Fp[X], we deduce easily 
(or by Chapter 7, (K)) that 


A/Ap © Fp[X]/(HH2) © Fp|X]/(H1) x Fp[X]/(Ha) © Fp = Fy 
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(because F,,[X]/(H;) is an algebraic extension of degree 1 over F,,); so p is 
totally decomposed in Q( Vd). 

_IfF is the square of an irreducible polynomial, F = H*, then A/Ap = 
F,|X]/(H?) and the ideal (H)/(H) is nonzero and nilpotent; therefore p is 
ramified in Q(Vd). 

In this last situation, let H = X +a. If d = 2 or 3 (mod 4), 
X?—-d=(X44)? = X?4+24X + @, once 7 — 0 and —-d=@ = 
p|d. Conversely, if p|d, then X? — d = X°, so p: is ramified. 

If d= 1 (mod 4) letting c = (1 — d)/4, then 


F=X*-X+4+t=(X 44)? =X? +24X +2’, 


th 
a, s 


so 24 = —1, a? =@, hence 4¢ = I and d = 0, so pid. Conversely, if pld 
then 


4(X* — X +c) =4X?-—4X +1 = (2X — 1)? (mod p), 


hence F is the square of a polynomial, so p is ramified. 
If p does not divide d, then p is totally decomposed exactly when xX?-d = 
(Kt VX + 8) with a 4 b,soa+6= 0, ab = —d, hence, a? = d, that 
s, (d/p) = 1. Thus, by exclusion, p is inert when p does not divide d, and 
(d/p) =—l. a 


Let us observe at this moment that the type of decomposition of the odd 
prime p in Q(Vd) depends only on the residue class of d modulo p. 


L. The prime 2 is ramified in Q(Vd) if and only if d = 2 (mod 4) or 
d = 3 (mod 4); 2 is inert in Q(Vd) if and only if d = 5 (mod 8); 2 is 
totally decomposed in Q(Vd) if and only if d = 1 (mod 8). 


Proof: If d = 2 or 3 (mod 4), then the ring of algebraic integers is A = 
Z+ZV/d and A/2A & Fo[X]/(X? — d) by (J). Since d = 0 or d = I then 
X? — d is a square in F)[X], (X2 — 1) = (X —1)?. Therefore A/2A has 
nonzero nilpotent elements, so 2 is ramified in Q(Vd). 

If d = 1 (mod 4) then 


A= A+ Aw & Z[X]/(X* — X +0), 


where c = (1 — d)/4. Hence, A/2A & Fo[X]/(X? — X +2). 

Ifc = 1 (mod 2) then d = 5 (mod 8); in this case, since X? — X¥ +1 = 
X? + X +1 € F9[X] is irreducible over Fy, then A/2A is a field, so 2 is 
inert in ova). 

Finally, ifc = 0 (mod 2) thend = 1 (mod 8), X*-X+@= X?4+X = 
X(X +1), so A/2A is a product of two fields and 2 is totally decomposed 
in Q(vd). a 


We observe that the type of decomposition of 2 in Q(Vd) depends only 
on the residue class of d modulo 8 
As an addendum, we recall that if d = 2 (mod 4) or d 


3 
(mod 4) then the discriminant of Q(Vd) is 6 = 4d, and if d 1 


iI HH 
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(mod 4) then 6 = d (by Chapter 6, (P)). Thus, from (K), (L) we de- 
duce: p is ramified in Q(Vd) if and only if p divides the discriminant 6 of 
Q(v4d). 

So for each quadratic field there exist only finitely many prime num- 
bers p which are ramified, and these may be determined by computing the 
discriminant. 

By means of the reciprocity law for the Jacobi symbol (see Chapter 4, 
(R), (S)) we deduce the following fact: 


M. If p, p’ are prime numbers and p = p’ (mod |6|) then p, p’ have 
the same type of decomposition in Q(Vd). 


Proof: If p’ is ramified then p’ divides 6. From p = p’ (mod 4) it follows 
that p = p’. 

Let p, p’ be odd primes. If d = 1 (mod 4) then d = 6 and by the 
reciprocity law of the Jacobi symbol 


) = G) =r * (a) = = Ga) =) 


Thus by (K) p is totally decomposed if and only if p’ is totally decomposed 
in Q(Vd). 
If d = 3 (mod 4) then 6 = 4d and 


(6) <0" (2) cee) 


But p = p’ (mod 6) implies p = p’ (mod d) and p= p’ (mod 4) so 


(“en a = (—1)(?-))/? (F) _ (=) 


and again p, p’ are primes with the same type of decomposition in Q(V/d). 
If d = 2 (mod 4), let d = 2d’, d’ being odd (since d has no square 
factor). 
We have 6 = 4d = 8d’ so p = p’ (mod 8) and p= p’ (mod d) hence 


(2) = (2)() co (8 


The case where p’ = 2 remains to be dealt with. From p = p’ (mod 6) it 
follows that 6 is odd, so d = 1 (mod 4), d = 6. Now 2 is totally 
decomposed exactly when 6 = 1 (mod 8). From 


(6) =) co (6) = (2) coe 


we see that 6 = 1 (mod 8) if and only if (d/p) = 1; that is, p is totally 
decomposed in Q(V/d). a 
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This result is interesting insofar as it tells the type of decomposition of 
any prime number in Q(1/d) by considering its class with respect to a unique 
modulus, namely |6|. So, in some sense the phenomenon of decomposition 
of primes is already built in the residue classes modulo |6|. 


11.8 Decomposition of Prime Numbers in 
Cyclotomic Fields 


Let p be a prime number, m = p* > 2 (so if p = 2 then k > 2), and let ¢ 
be a primitive mth root of unity, K = Q(¢), A the ring of integers of K, 
thus ¢ € A. 

K is a Galois extension of degree y(m) = p*~!(p — 1) and its Galois 
group G is isomorphic to the multiplicative group P(m) of prime residue 
classes modulo m. 

The minimal polynomial of ¢ is the mth cyclotomic polynomial 


Bi, = XPD 4 KP PHD KP 4 


(see Chapter 2, Exercise 5), and we have 


Qn = I] (Xx ¢*). 
ae P(m) 

We shall indicate the decomposition into prime ideals of the ideal Aq, 
where g is any prime number. We first note that if a, b are nonzero integers, 
relatively prime to m, then 1 — ¢*, 1 — C° are associated elements of A. In 
fact, we may write b = aa’ (mod m) and a = bb’ (mod m), thus 


1— ce 7 1— aa’ 
1-¢@ 1~¢2 
and similarly [(1 — ¢?)/(1 — ¢°)] € A. In particular, the absolute values 


of the norms of the elements 1 — ¢%, 1 — ¢° are equal. 
Let€ =1-—-C€EA. 


N. p= ue? (P™ , where u is a unit of A. The principal ideal AE is prime 
and Ap = (A€)*""), N(AE) = p. 
Proof: From p = ®,,(1) = []gepim)(1 -¢*) and the previous observation, 


it follows that p = UEP?) where u is a unit of A. Thus Ap = (AE)P(P), 
Taking norms we have p?'?) = N(Ap) = (N(A€))?), hence N(AE€) = p. 
We conclude that A€é has to be a prime ideal of A. a 


=14674 (724...4¢(9-D2 © A 


Now let gq be any prime number different from p. The type of decompo- 
sition of Aq may be obtained from Theorem 2 and a method which will be 
subsequently generalized. 


O. Let q be any prime number distinct from p, let f > 1 be the smallest 
integer such that qf = 1 (mod p*), and let g = y(p*)/f. Then Aq = 
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Qi--:Q, where Qi, ..., Qy are distinct prime ideals of A, and N(Q;) = 
q’. 

Proof: By the theory developed so far, Aq = (Q1---Q,)° where 
Qi, ..-, Qg are distinct prime ideals, e > 1, N(Qi ---= N(Q,)=¢ 


) — 
and efg = v(p*). Thus, f = [A/Q; : Z/Zq| for each i = 1,...,g. 

We fix our attention on the prime ideal Q = Q). Let Z = {o € 
G | o(Q) = Q}. Then Z is a subgroup of G and its index is (G : Z) = g. In- 
deed, if 0,7 € G then the cosets 0oZ = 7Z if and only if o(Q) = 7(Q)—as 
can be checked at once. On the other hand, by (F), for each i = 1,..., 4g, 
there exists 0 € G such that o(Q) = Q;. Thus g = (G : Z), hence 
#(Z) = ef. 

With every o € Z we associate the mapping o : A/Q — A/Q defined 
by o(%) = o(x) where ¢ denotes t + Q € A/Q for each t € A. It is obvious 
that ¢ € G(A/Q|F,) and the mapping Z — G(A/Q|F,) so defined is 
a group-homomorphism. The kernel is clearly the normal subgroup 7 = 
{o € Z| o(x) = x (mod Q) for every x € A}. We show that T is 
reduced to the identity so the mapping Z — G(A/Q|F,) is one-to-one. 
Indeed o(C) is also a primitive p*th root of unity, so o(¢) = ¢° where 
1 < s < p*, and gcd(s, p*) = 1; if o € T then Q contains the element 
o(€C)-€C=¢§ —¢€ = —C(1 — ¢5"!). If ged(s — 1, p) = 1 then we have seen 
that 1 — ¢*—! and 1 — ¢ are associated elements, so € = 1—¢ € Q, that is, 
Q = A€ and Q divides Ap, which is not the case. If, however, s — 1 = p't, 
with 1 < 1 < k, t not a multiple of p, then cpr is a primitive root of 
unity of order p’, so 


xP 1 = TEx"), 
a=0 
therefore, 
p'—1 p-1 
cha crt— a= TT (ch cer) = cP" TT a — ce): 
a=0 a=0 


the elements 1 — caps '—t are associated with 1 — ¢, therefore in this case 
we conclude also that Q = A€, which is not true. 

Thus, the mapping from Z to G(A/Q|F,) is one-to-one and ef = #Z < 
#G(A/Q|F,) = [A/Q:F,] = f, implying already that e = 1. Now we 
show that f > 1 is the smallest integer such that g/ = 1 (mod p*). 

Let o, be the Frobenius automorphism, that is, @,(%) = 2% for each 
z € A/Q; then (G,)/ is the identity automorphism, therefore ad is the 
identity automorphism, since the mapping Z — G(A/Q|F,) is one-to-one. 

puis of (¢) = ca is equal to ¢, so ¢? ~! = 1 and therefore p* divides 
q —1. 
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If1 < f’ < f and p* divides gf —1 then of is the identity, so as is 
the identity, which forces f’ = f, because G, is a generator of G(A/Q|F,), 


so it has order f. | 


__By Theorem 2, the canonical image ®,« € F[X] decomposes as On = 
H,---H, where H,, ..., Hg are distinct irreducible polynomials, each of 
degree f with each H; € AX]. Then Q; = Aq+ AH;(¢) fort = 1,...,g. 

Since the group P(p*) is cyclic of order y(p*), for each integer f dividing 
y(p*) there exists an integer a, 1 < a < y(p*), such that a has order f in 
P(p*). 

By the theorem of Dirichlet on primes in arithmetic progressions, there 
exist infinitely many primes g, such that g = a (mod p*), so q has order 
f and thus Ag = Q,---Q,, where Qi, ..., Qg are distinct prime ideals 
and fg = ¢(p*). 

In particular, there are infinitely many primes q such that Aq = Q (so 
f = y(p*), ie., q mod p is a generator of P(p*)); and similarly, there exist 
infinitely many primes g such that Aq = Q; --- Qype) (Sof = llie,qg=1 
(mod p) ). 


EXERCISES 


1. Let K = Q(V2). Determine the decomposition into prime ideals of 
the ideals A.2, A.3, A.5, A.7, where A is the ring of integers of K. 


2. Let K = Q(/—5), and let A be the ring of integers of K. 


(a) Determine the decomposition into prime ideals of the ideals 
A.2, A.3, A.5, A.10. 


(b) Determine all primes p < 100 which are inert in the extension 
K|Q. 
(c) Determine all primes p < 100 which are totally decomposed in 


K|Q. 


3. Let K = Q(z) where z is a root of X° — 2, and let A be the ring of 
integers of K. Determine the decomposition into prime ideals of A.2, A.3, 


and A.5. 


4. Let ¢s be a primitive root of 1 of order 5, and let A be the ring 
of integers of the cyclotomic field K = Q(¢;). Let Kt = Q(G5 + (5 *) 
be the maximal subfield of K, and let At be the ring of integers of AT. 
Determine the decomposition into prime ideals of A.2, A.3, A.5 as well as 
of At.2, At.3, AT.5. 
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5. With notations similar to those of the preceding exercise determine 
the primes p < 100 such that: 
(a) Ap splits completely. 
(b) Ap is ramified. 
(c) Ap is inert. 
(d) Ap is the product of three distinct prime ideals. 
(e) Ap is the product of five distinct prime ideals. 


6. Let K = Q(V2, V3), and let A be the ring of integers of K. Determine 
the decomposition into prime ideals of: 
(a) A.2, A.3, A.5. 
(b) AV3, AV3. 
(c) Determine the prime numbers p which are ramified in K|Q. 
) 


(d) Give a congruence characterization of the primes p which are 
totally decomposed (respectively, inert) in the extension K|Q. 
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Algebraic Interlude 


For the convenience of the reader, this chapter is devoted to the detailed 
presentation of algebraic results, which will be needed in the sequel. 


12.1 Rings of Fractions 


Let R be any domain, K the field of quotients of R. We recall that K 
consists of all equivalence classes a/b of pairs (a,b), with a,b € R, b 4 0, 
where (a, b) = (a’, b’) when b’a = ba’. The operations in K are defined as 
follows: 


a Cc ad + be a ec ac 


—_— ——SSS — . — 


b ad bd’ ob dad. bd 

Every element a of RF is identified with a/1, making R into a subring of 
K. Ifa € R, a £0, then a is invertible in K, its inverse being 1/a. 

We observe that we only required that the product of two nonzero 
elements of FR is still not equal to zero. This suggests the concept of a 
multiplicative subset S of a commutative ring R. S is a subset contain- 
ing 1, not containing zero-divisors and such that if a,b € S then ab € S. 
Hence 0 ¢ S. In spite of being mainly interested in rings of fractions of 
domains, it will become necessary later to consider a ring of fractions of a 
homomorphic image of a domain, which need not be a domain anymore. 

To define the ring of fractions of R by S, we consider pairs (a, s), witha € 
R, s € S, and state that (a, s) = (a’,s’) when s’a = sa’. Since S contains 
no zero-divisors, this is an equivalence relation in the above set of pairs. 
The equivalence class of (a, s) is denoted by a/s. The operations between 
equivalence classes are defined after the model of the field of quotients: 

a a as’ + a's a a aa 

ss! ssi ss! ss! 
It is an easy matter to check that these operations are well defined, and that 
we obtain a ring, denoted by S~!Ror Rs. It is called the ring of fractions 
of R by S. 
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R may be considered as a subring of S~!R and every element of S 
becomes invertible in S~'R. 

If So is the multiplicative set of all elements of R which are not zero- 
divisors, then So. 'R is called the total ring of fractions of R. In particular, 
if R is a domain, this ring So. 'R is the field of quotients of R. Moreover, if 
R is a domain and S is any multiplicative subset then S C Sp and S~'R 
is contained in the field of quotients S> ‘R, hence it is a domain. 

In the case where R is a domain and P is a nonzero prime ideal of R, the 
set-complement S of P in R is a multiplicative set. The ring of fractions 
S~'R is also denoted by Rp and plays an important role in the sequel. 

The following proposition indicates the relationship between the ideals 
of R and of S~'R: 


A. Let R' = S“!R. 
(1) If J’ ts any ideal of R’ then R'(J'O R) = J’, hence the mapping 
J’ — J' R, is one-to-one and preserves inclusions; if J' # R' 
then J’ R is disjoint from S. 
(2) The mapping P' — P'OR sends the set of prime ideals of R’ onto 
the set of prime ideals P of R, disjoint from S and R'POR = P. 


(3) In particular, if S is the set-complement of the prime ideal P in 
R, then by the above mapping we obtain all the prime ideals of 
R contained in P, and R' = Rp has only one maximal ideal, 
namely R’P. 


Proof: (1) Obviously J’ D> R’(J’ 9 R). Conversely, if c € J’ then 
xz =a/s, witha € R, s € S;hencea= sre R'J’ C J',soae J'NR 
and 


z= (1/s)-ae R'(J'O R). 


This shows that the mapping J’ — J’ R is one-to-one and of course it 
preserves inclusions. If (J’M R) MS contains an element s, then 


1=(1/s)-seR(J'NR=S. 


(2) If P’ is a prime ideal of R’, then clearly P’ 1 R is a prime ideal of 
R, and by (1), P’ 1 R is disjoint from S. 

Conversely, let P be a prime ideal of R, PM S = ©, and let us show 
that R’P is a prime ideal of R’ such that R’PM R = P. Every element of 
R’P is of the form So (ai/8i) xi where a; € R, 5; € S, x; € P, A> 1; 
this may be rewritten with a common denominator s = s,--- sp, € S, as 
follows S3 (a4 /84) 2; = Sor (b:/s) 23 = (1/s)(SoL, b;2;) € R’P (where 
each b; € R); in other words, every element of R’P is of the form x/s, with 
reEPsesS. 

Now, R’P is a prime ideal, because if a/s,b/t € R’ and (a/s) - (b/t) € 
R'P then (a/s) - (b/t) = x/u with « € P, a,b € R, s,t,u € S; thus 
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abu = xst € P; since POS = ©, then ab € P, so either a € Porbec P, 
that is, a/s € R’P or b/t € R’P, showing that R’P is a prime ideal. 
Finally, P C R'P 1 R; conversely, ifa € R’P OR, then a = x/s, with 
xeEP,se€S,sosa=xeEP, buts ¢ PsoacP. 
(3) This assertion follows immediately from the preceding ones. & 


As a corollary, we have: 


B. If R is a Noetherian ring, S a multiplicative subset of R, then R’ = 
S—'R is also a Noetherian ring. 


Proof: By (A), Part (1), there is a one-to-one correspondence, preserving 
inclusions, from the set of ideals of R’ = S~'R into the set of ideals of R. 
Hence, every strictly increasing chain of ideals of R’ must be finite. a 


It follows from (A) that if P is a nonzero prime ideal of the domain R 
then R’ = Rp has only one maximal ideal R’P and P = R’P 1 R; the 
prime ideals of R’ correspond to those of R which are contained in P. Thus, 
to pass from FR to the ring Rp amounts essentially to disregarding all prime 
ideals P’ of R which are not contained in P. This process is usually called 
the localizaton of R at P. It is especially important for us in the case 
where every nonzero prime ideal of R is maximal (for example, when R is a 
Dedekind domain). Then R’ = Rp has only one nonzero prime ideal R’P. 

A reverse procedure is the globalization. We consider the family of all 
maximal ideals P; of the domain R; for every ideal J of R we have I C Rp. J; 
but in fact the following holds: 


C. I = ()\Rp,I (intersection over the set of maximal ideals P; of the 
domain R). 


Proof: The result is trivial when FR is a field, so we assume that this is 
not the case. Let x € ()Rp,J. For every maximal ideal P; of R we may 
write x = a;/b; with a; € I, b; € R, b; ¢ Py. Let J be the ideal of R 
generated by the elements };. Since b; ¢ P; then J Z P; for every maximal 
ideal P;. Therefore, J = R, because as is known, every ideal of R, distinct 
from R, is contained in a maximal ideal (this follows from Zorn’s lemma; 
in the case where R is a Noetherian ring it is immediate by the maximal 
condition on ideals). In particular, 1 may be expressed in terms of the 
generators of J = R, that is, there exist elements c;,,...,c;,, € R such 
that 1 = S77", ci,b;, and so 


m m 
L= S > cis (b:,2) = Sci, ai, el. a 

k=1 k=1 
In order to apply this method to rings of algebraic integers, we want to 
describe the behavior of the integral closure by going to rings of fractions: 


D. Let A be a domain, let L be a field containing A; let B be the integral 
closure of A in L. If S is a multiplicative subset of A, then S~!B is the 
integral closure of S~'A in L. 
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Proof: Ifx € Lis an integral element over S~!A, then there exist elements 


a;/s; € S~'A (with a; € A, s; € S, i=1,...,n), such that 
a a a 
ert Sgt ly Sgt 24... 4 4 = 0. 
$1 So Sn 


Letting s = s,---S, € S, we may rewrite 


by 


bo b 
nl 4 yr 2 nm 
S 


x” + +--+ =0, 
with 6; € A, and therefore 
(sx)" + by(sx)"~! + bos(sx)"~ 7 +---+b,8"7' = 0. 


This shows that sz € L is integral over A, hence sz € B and x € S~'B. 
On the other hand, every element b/s of S~'B is integral over S~'A; 
indeed, since b € B, there exist elements a,,...,a, € A such that 


b* +4,b" '4+.---+4, = 0, 


SO 
b\"” ay (0\" "ag (b\"* 
(ER oe 
S s \s S S S 
thus b/s is integral over S71 A. | 
E. If A is an integrally closed domain, if S is a multiplicative subset of 


A, then S~'A is an integrally closed domain. 
Proof: This is a particular case of (D). a 
Combining the previous results, we now prove: 


F. IJIfA is a Dedekind domain and S is a multiplicative subset of A, then 
A’ = S~'A is a Dedekind domain. If J is an ideal of A, J = [],_, Pe, 
then the decomposition of A’ J into prime ideals of A’ is given by 
A'J= [I (4'P)*. 
Pi;NS=S 

Proof: By (B) and (EB), A’ is also a Noetherian integrally closed domain. 
Let us show that every nonzero prime ideal of A’ is maximal. By Chapter 
7, Definition 2, this implies that A’ is a Dedekind domain. 

Let P’ be a nonzero prime ideal of A’, so P’M A = P is a prime ideal 
of A such that PN S = S&S. Also P # 0 since P’ = A’P. Thus, P isa 


maximal ideal of A, hence by (A), P’ is also a maximal ideal of A’. 
From J = [J;_, P,% it follows that 


ayaa’ (T[pe) =a = TD ay 


i=1 i=1 P;AS=29 
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noting that if P, AS #4 © then A’P; = A’ and if P; 0 S = © then A’P,; 
is a prime ideal of A’. | 


As a corollary we obtain: 


G. If A is a Dedekind domain, and if P is a nonzero prime ideal of A, 
then: 
(1) Ap is a principal ideal domain, with only one nonzero prime ideal 
which is ApP. 


(2) Every nonzero fractional ideal of Ap is a power of ApP and 
ApP® 1A = P*® for every s > 1. 

(3) An element is invertible in Ap if and only if it does not belong 
to ApP. 


(4) If R ws a subring of the field of quotients K of A and Ap is 
properly contained in R then R = K. 


Proof: (1) By (F) Ap is a Dedekind domain; by (A) it has only one 
nonzero prime ideal, namely ApP, thus by Chapter 7, (N), Ap is a principal 
ideal domain. 

(2) By Part (1) every nonzero integral ideal of Ap is a power of ApP; 
the same holds therefore for the nonzero fractional ideals of Ap. 

By (A) we know that ApP 1 A = P. If ApP® 1 A = P*® for s > 1 then 
from (A) we have P§ = ApP§™ AD ApPS*!N A D PS*!. Since A is a 
Dedekind domain, there exists no ideal J of A such that P® > J D PSt!; 
thus Ap P**+! 9 A = PS*!, proving the statement. 

(3) The elements of Ap which are not in the only maximal ideal ApP 
are precisely those which generate the unit ideal; so they are the invertible 
elements of Ap. 

(4) Let xe R, x ¢ Ap, and let n > O be such that Apr = Apt” 
where t is a generator of the principal ideal ApP. If y € K, y ¢ Ap, let 
m > 0 be such that Apy = Apt~™. If r is a positive integer such that 
rn > m, then Apxr~™ = Apt™ C Apt™ = Apy™', thus y € Apz” C 
ApR C R. This proves that R = K. || 


Another useful property relates the rings of fractions to quotient rings: 


H. Let A be a commutative ring, let S be a multiplicative subset 
of A, and A’ = S~'A. Let J be an ideal of A, distinct from A, such 
that: if as € J, a € A, s € S thena € J. Then the image S of S 
by the canonical mapping A — A/J is a multiplicative subset of A/J 
(containing no zero divisors) and there exists a canonical isomorphism 
py: S-'(A/J) — A'/A'J. In particular, if all the elements of S are in- 
vertible in A/J then A/J = A'/A'J (after an identification). This happens 
when J = P is a mazimal ideal and S is the complement of P in A. 


Proof: First we note that J1 S = © because ifa = 1-ae€eJMS then 
1 € J, contrary to the hypothesis. 
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Similarly, S is a multiplicative subset of A/J, because I € S, if a,b € S, 
then G@,b € S, ab € S soab € S; also if @,b € S and ab = O then ab € J, 
with a,b € S, hence by the condition on J, we must have a € SM J, which 
is a contradiction. 

Given any element of S~!(A/J), which is written as @/3, with @,3 € 
A/J, 3 € S, we define y(@/3) = (a/s) (image of a/s € A’ by the canonical 
homomorphism onto A’/A’J). First, we note that y is well defined, in 
other words, if @/3 = a’/s’ then (a/s) = (a’/s’). In fact, s’@ = 3a’ so 
s’'a — sa’ © J, hence 


/ / / 
_w  sands < yy 

s ss 

It follows easily that py is a ring-homomorphism. Clearly, y maps 
S-1(A/J) onto A’/A'J, since every element of this ring is of the type (a/s), 
with a € A, s € S. Finally the kernel of y is zero, because from (a/s) = 0 
we deduce a/s € A’J so we may write a/s = a’'/s’ witha’ € J, s’ € S; 
hence, s‘a = sa’ € J; by the hypothesis, we have a € J, so a/s = 0. 

For the second assertion, if P is a maximal ideal then A/P is a field. 
Since A/P C $~1!(A/P) and every element of S is invertible in A/P it 
follows that 4/P = S~'(A/P). Thus y is an isomorphism between A/P 
and A’/A’P, and we may write A/P = A'/A’P, after an identification. I 


Now we show the generalization of the first assertion of Theorem 1 of 
Chapter 11: 


I. Let A be a Dedekind domain, K its field of quotients, and let L|K be 
a separable extension of degree n and B the integral closure of A in L. If P 
is any nonzero prime ideal of A then B/BP is a vector space of dimension 
n over A/P. 


Proof: Let S be the set-complement of P in A and let A’ = S~'A be 
the corresponding ring of fractions. By (G), A’ is a principal ideal domain. 
Since B is the integral closure of A, by (D), B’ = S~'B is the integral 
closure of A’ in L. By Chapter 6, (B), B’ is contained in a free A’-module 
of rank n. By Chapter 6, (I), B’ is itself a free A’-module of rank at most 
n; from L = KB’ it follows that B’ has rank n over A’. 

From Chapter 11, (A), we have BPM A = P and since B’P = B’(A'P) 
then (A) again implies that B'PM A’ = A'P. Therefore, B’/B’P contains 
the field A’/A’P. We now show that it is a vector space of dimension 
n. In fact, if {71,...,2%n} is a basis of the A’-module B’, if Z; denotes 
the image of x; in B’/B’P (by the natural mapping), then {7),..., Zn} 
generates B’/B’P over A’/A’P. On the other hand, if $0", @%; = 0 (with 
a; € A’/A’P) then 

S > ajz; € B'P = B'(A'P) 


~=1 
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and so we may write )7;_, av; = )7;_, ay; with a; ¢ A’P, yj © B’; 


expressing the elements y; in terms of the generators 71, ..., Zn of the 
/ / . n _ n Wee wet " / 

A’'-module B’ we may write )),_, ait; = ))j_, aa; with all aj’ € A’P 

and necessarily a; = a,’ for every 2 = 1,...,n (since 21, ..., pm are 


linearly independent over A’). Hence a; = ai! = 0. 

The image S$ of S by the natural homomorphism A — A/P is the set of 
nonzero elements of the field A/P; a fortiori, the elements of S are invertible 
in B’/B'P. By (H), A’/A'P = A/P, B'/B'P = B/BP, and so B/BP is 
a vector space of dimension n over A/P. a 


12.2 Traces and Norms in Ring Extensions 


We shall consider the following general situation: 


A is a subring of the commutative ring B and B is a free A-module 
having a basis with n elements. 


It is well-known that any other basis of the A-module B also has n 
elements. 

Let 6: B — B be any linear mapping, {z,,...,2Z,} any basis of the 
A-module B. Then 


with aj; € A. The matrix M(@) = (a:;)i,; is called the matrix of 6 with 
respect to the basis {z1,..., Zn}. 

If {zj,...,2/,} is any other basis of the A-module B, and M’(6) is the 
corresponding matrix, M'(@) = (aj,)sj, if z) = Oy, cuz) G@ = 1,---,7), 
with each c;; € A, C = (c;)i,;, then we have 


n n n n n 
O(z;) = A424 = Qi; Ckiik = CkiQij Zk 
i=1 i=1 k=1 


k=1 \v=1 


and, on the other hand, 


4(z;) = S - cij6(21) = S > ci S° Oni 2h — » 
i=l i=1 k=1 k 


=1 = 


7m 


/ / 
Ap, Cij Zke 
1 


This shows that M’‘(@)-C =C.- M(@). 
Since C is the matrix of a change of basis, it is invertible, hence M'(@) = 
C -M(@)-C7!. In particular, det(C) is a unit of the ring A, because 
det(C) - det(C7') = 1. 
Following the well-known method of Linear Algebra, we now consider 
the matrix XJ — M(@), where X is an indeterminate, J is the unit n x n 
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matrix; thus, the entries of XJ — M(@) are elements of A or linear monic 
polynomials in X: 


X — 411 —Q12 vt —Qln 
—a X—a vee —Q2n 
XT M(6) _ v2 } 22 2 
—An1 —An2 a , Ci Qnn 


The determinant of this matrix remains unchanged when we change the 
basis of the A-module B. In fact, 


XI — M'(@) = XI-C-M(6)-C"! 
= XC-.I-C7!—C.- M(6)-C™ 
= C(XI — M(6))c7!. 


Hence 
det(XI — M'(@)) = det(C) - det(XI — M(@)) - det(C7') 
= det( XI — M(@)). 


The polynomial det( X J — M(@)) depends therefore only on 6. It is called 
the characteristic polynomial of @ and is denoted by 


F(0) = X" +a,X""! + agX™ 7 4+---+4n, 


with each a; in A. Sometimes we also use the notation F's) 4(@). 

We now define the trace of @ as Trgj4(@) = -a, € A and the 
determinant of 6 as detg)4(@) = (—-1)"an € A. It is clear that the trace of 
6 is the sum of the elements in the diagonal of M(@), while the determinant 
of @ is the determinant of the matrix M(6). 

Now we apply these general notions to the following special situation. If 
xéB, x #0, let 0 = 6,:B— Bbethe mapping of multiplication by z; 
that is, 0.(z) = xz for every z € B. Then the characteristic polynomial of 
6. is called the characteristic polynomial of x in B|A and is denoted by 
Fg)4(x). Similarly, the trace of 6, is called the trace of x in B|A and the 
determinant of 0, is called the norm of x in B|A. They are, respectively, 
denoted by Trg) 4(x) and Ng) ,4(z). 

It is important to compare the notions of trace and norm with the ones 
known for field extensions. As a temporary notation, if L|K is a separable 
field extension of degree n and z € L let Try x(x) denote the sum of all 
conjugates of x in L|K and, similarly, N L| x(x) shall denote the product of 
all conjugates of x in L|K. 


J. Letx € Land let f © K|X] be its minimal polynomial over K. Then 
the characteristic polynomial is Fx (x) = f* where s = |L: K(x)| and 
Tryp (2) = Try (2), Nig (2) = Nijx(z)- 
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Proof: Let {x,,...,2,} be a basis of the K-vector space K(x), and let 
{y1,---, Ys} be a basis of the K(x)-vector space L. So 


{r1y1, LQY1,-+- > Ur Y1, L1Y2, T2Y2,---,LrY2,---,L1Ys, T2Us,--- ,LrYs} 


is a basis of the K-vector space L (with rs = n). Since x € K(x) we have 
T 
LL; = Saari (for 7 = 1,...,7). 
i=1 


Therefore, T = (a;;);,; is the matrix of 6, : K(x) — K(x) with respect to 
the basis {r;,...,2,}. It follows that 


T 


LLjYk = > Giz LiYe (for j =1,...,7; kK =1,...,8). 


1=1 


Hence the matrix of 6, : L — L, with respect to the basis of the 
K-vector space L, considered above, is a block diagonal n x n matrix 


T OO .«... O 
0 T -+. QO 
M(9)= J]. ; 
0 0 ..- T 
Therefore 
Fri (2) = (Fr aK (2))’, 
hence 


TrpjK(r) = s TrK (2K (2), 
Nyx (2) = (Nia) K(2))°- 


As we know, we also have 
Try « (2) = s TrK(2)|K (2) and LK (2) = (Nx (2)|K(2))*- 


Thus, it is enough to show that Fx (2)\K = f, the minimal polynomial of x 
over K, for this implies that 


Tre) (@) = TrK(ayk(@) = and Nay (2) = Nea) K (2). 
Now, in K(x)|K the matrix of 0, with respect to the basis 
{1,2,27,...,2"7"} 
is the companion matrix of the minimal polynomial 


f= X™ + ayx™ hte tap: 
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that is, 
0 0 QO —-a, 
1 O 0 —Or—1 
M(6,) = 0 | 0 —ar_2 
0 O --- JI —a\ 


Hence F'x(2))k (x) = det(XI — M(6,)) = X"+a,X""'+---+a,=f. Of 
Let us note the following algebraic properties of the trace and norm: 
K. Ifxz,,%2 € B, aE A then 
Trpya(@1 + £2) = Trpya(t1) + Trpyja(z2), 

Tr pj a(ar1) = a Trp a(21), 

Npja(2122) = Neya(1) > Neya(z2). 
Proof: The proof is straightforward. For example, 62,42, = 92, + 92,, 
hence M(6z,42,) = M(@z,) + M(@,,), and considering the elements in 


the diagonal of these matrices, we obtain Trg)4(r1 + 22) = Trg)a(r1) + 


Tr B) A (2). 
Similarly Og7, = @6z,, hence M(@azr,) = al - M(6@z,) (where I is the 
identity matrix) so 


Trpja(az1) = a Trpya(21). 
Finally, 02,7, = 92, ° Oz,, then M(6z,27,) = M(6z,) - M(6z,) and there- 
fore, considering the determinants, we have Ng) 4(r1%2) = Neja(21) - 


Npya(22). 


Now we study the behavior of the trace and norm when we consider rings 
of fractions. Let S be a multiplicative subset of A C Band A’ = Ag, B’ = 
Bg. If {z1,..., Zn} is an A-basis of B then it is still an A’-basis of B’. 


L. With these notations, for every x € B we have: 


Fea (x) = Feja(z), Treya(r) = Trpja(z), Neya(2) = Neya(2). 
Proof: Let 0, : B— B, 0): B' — B' be the homomorphisms of multi- 
plication by x € B and let M(0,), M(@).) be the corresponding matrices 
with respect to the basis {z1,..., Zn}. Obviously these matrices coincide, 
therefore the same happens with the characteristic polynomials, with the 
traces and with the norms of the element x in B|A and in B’|A’. a 


In particular, if B, A are domains having fields of quotients L, K, 
respectively, then 


Fgja(z) = Fyyx(x), Traja(x) = Trrjx(z), and Neya(z) = Nz) x(z). 


We shall study the characteristic polynomial, the trace, and the norm 
when we consider Cartesian products of rings. 
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Let B,, ..., B, be commutative rings containing the subring A and 
such that each ring B, is a free A-module of finite rank. Let B = [],_, B 
be their Cartesian product and 7; : B — B; the ith projection, which is a 
ring homomorphism from B onto B;. B contains the subring {(a,...,a) € 
B|ae A}, which is naturally isomorphic to A; hence, we may consider A 
as a subring of B; then B is also a free A-module of finite rank. 

We may easily prove: 


M. With these notations, if x € B then 


Fpya(x =I F’p,a(mi(x 

Tr py a(x => Trp, |a(mi(z 

Npya(x “II Np, ja(Ti(z 
Proof: It is enough to prove the statement when r = 2. Let {t),...,tn} 
be a basis of the A-module By, and let {uj,...,um} be a basis of the 


A-module Bj. Then {(t),0),..., (tn, 0), (0, u1),..., (0, Un)} is a basis of 
the A-module B = B, x Bo. Let z; = (t;,0) for i = 1,...,n and let 
Znti = (0, u;) for? = 1,...,m. If 2 = (21,22) € By x Bo then 


nr 
(21, 22) ° (t;, 0) — (xit;, 0) = (Yasto = Sais (ti, 0), 
i=1 


where (ai;)i,, = M(@z,), the matrix of the A-linear transformation 9,, 
from B, to B, (with respect to the basis {t,...,t,}). Similarly, 


(Xj, XQ) ° (0, U;) — S— ai, (0, Ui), 


i=1 
where (@;;)i; = M(@2,), the matrix of the A-linear transformation 6;, 
from Bz to Bo (with respect to the basis {u,..., Um}). 


Thus the matrix of 0, : By x By — B, x Bo with respect to the basis 


{2}, | Zn+m } is 
— ( M(6x,) 0 
MGs) = ( 0 vont 


Hence det( XJ — M(6,)) = det(XI — M(0,,)) - det(XJI — M(@,,)); that 
is, Fpya(z) = Fp,ya(21) - F’p,)a(22). The assertions about the trace and 
norm are now immediate. | 
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We now consider the effect on the characteristic polynomial of certain 
ring-homomorphisms. 


N. Let» : B = B be a homomorphism from B onto the ring B, and 
let p(A) = A. We assume that there exists a basis {z,,...,2n} of the 
A-module B such that {Z,...,2n} is a basis of the A-module B (where 
Z = W(z) for every z € B). Ifx € B then 


Proof: If xz; = oe. 


Thus M(6,) = (ai;), M(0¢) = (@,) (with respect to the above bases). 
Applying ~ to the coefficients of the characteristic polynomial F’g) 4(z) = 
det(XI — M(9,)) we obtain det(XJ — M(6z)) = Fg4(X). The assertions 


about the trace and norm follow at once. |_| 


Let R be a ring, and K a subfield of R such that R is a vector space of 
finite dimension over K. Let 0: R — R bea K-linear transformation, and 
consider a strictly decreasing chain of subspaces of R, 


R=Ro9DR, D Ro D-:-:-D Re-1 D RE =O 


such that 6(R;) C R; for every i = 1,...,k. 
The elements of the K-vector space R;_,/R,; are the cosets z + R;, where 
z € R;_,. Then @ induces a linear transformation 


0; : R;-1/R; _ Ri-1/R; 


defined as follows: 6;(z + R;) = @(z)+ R; for every z € R,_,. By virtue of 
the hypothesis on the subspaces RF; it follows that 6; is well defined. 


For each index i = 1,...,k let By = {211,..., Zim, } be a set of elements 
of R;~, such that the set of cosets {z;; + Ri,..-, Zim, + R;} forms a basis 
of the vector space R;_1/R,. Then for everyi = 1,...,k: 


B;U By, U---U By 
constitutes a basis of the K-vector space R;_ 1. In particular, 
B=B,U---UB, 


is a basis of R. The verification is standard and therefore omitted. 
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We shall consider the matrix M(@) of 6 with respect to the basis B; it 
may be expressed in terms of the matrices M(6;) of 8; with respect to B;: 


M() 0 «0 
Mo, M(02) --- a) 
Mri Mp2 +> ~M(6x) 


where M;; (2 > j) are matrices with entries in K of the appropriate size. 
Indeed, 6(z:;) € Ri; hence it may be expressed in terms of the basis 
B, U By, U---U By as follows: 


Mit 


mM; mh 
O(2i7) = S- Qihj%ih + S- QitlAjritiar bo + S- AkhjZkh 
h=1 h=1 h=1 


(with coefficients a;,; € K). Then 


Mi Mm, 
O;(zi3 + Ri) = » Ging (Zin + Ri) + Ri = S- Qinjzin + Ri 
h=1 h=1 


and so M(@) has the form indicated. 
If we consider the characteristic polynomials of the linear transformations 


0, 01, ..., 6 then 


k 
Frix(8) = || Fursroix(&)- 


7=1 


QO. With the above hypotheses and notations, we assume further that: 
(1) Each R; is an ideal of R. 


(2) For every i = 1,2,...,k there exists no ideal R' of R such that 
R;-1 D R' D R;. 
(3) Ify € Ry, z © Ry, then yz ©€ Rj. 


Ifx € R and 6 = 6,, then for every i = 1,...,k: 
Fir,_4/R;:)|K (9) = Fir/r,)\K (1), 
SO 
k 
Frix(9) = [Furr,y\K(A1)] - 
Proof: First we show that (1), (2), and (3) imply condition: 
(4) Let y,z © R with yz € R;; ify ¢ R; then z € Rj. 


Indeed, by (1) and (2) R, is a maximal ideal of R. By (3), if t € Ri, 
then t* € Ry, = 0,so (1—t)(1+t+---+#t*"!) =1-1t* = 1, thus 1 — t is 
an invertible element of R. Now, if J is a maximal ideal distinct from R}, 
then R = R, + I, so there exist t € Ri, u € J such that 1 = t+ u, hence 


220 12. Algebraic Interlude 


u = 1-—t is invertible and R = Ru C J, which is absurd. This shows that 
ify € R, but y ¢ R, then y is invertible and proves condition (4). 

For every 1 = 1,...,k there exists an isomorphism of R-modules \, : 
Ri-1/Ri — R/R, such that 6; 0A; = A; °6;. Indeed, let u € Ry_-1, u ¢ Ri, 
hence R; C R; + Ru C R,_1. By (1) and (2) we have R;_; = R; + Ru. 
Given any element y + R; € Ri_)/R; let y = y’ut+y” with y’ € R, y” € 
R;; we put A(y + R;) = y’ + Ry. This defines uniquely the mapping 


rj : R,-1/R; — R/R. 


In fact, ify + R; = z+ R; with z € R,_) and z = 2’/us 2” with z’ € 
R, 2" € R,, then y — z = (y’ — z’)u+ (y” — 2”) so (y’ — z')u € R;. Since 
u ¢ Rj, it follows from (4) that y’—z’ € R; soy’+ R, = z'+ Ry. It is also 
obvious that A; is a homomorphism of R-modules. Moreover, if y = y’u+y” 
where y’ € R, then y € R; (by (3)) hence if A;(y + R;) = 0 € R/R, then 
y+ R; = 0 € R,_1/R,. Of course, for every y’ € R if y= yue R-1, 
then A;(y + R;) = y’ + R,. Thus \; is an isomorphism. 

It remains to show that 0,0; = ;06;. Given y € R;_1, ify = y’ut+y” 
with y’ € R, y” € Rj, then ry = (ry’)u 4+ xy” with zy’ € R, zy” € Ri, 
and so we have 

A1(rAi(y + R;)) = 61 (y’ + R,) = O(y’) + R, = ry + Ry 
= Ai(zy + Ri) = A(O(y) + Ri) = A(Gily + Ri). 


If B; is a basis of the K-vector space R;_ 1/R; and 2;(B;) is the corre- 
sponding basis of the isomorphic vector space R/ 1, then the matrices of 
6; with respect to B; and of 6; with respect to A,;(B;) are the same. Hence, 


Fir,_,/R:)|K (9) = Foryr,)|K (1)- 


Therefore, 


Frix(@) = [Firyrsy (81)] a 


We apply these considerations of Linear Algebra to the following specific 
situation. 

Let A be a Dedekind domain, K its field of quotients, let L|K be a 
separable extension of degree n, and B the integral closure of A in L, so B 
is also a Dedekind domain (Chapter 7, (M)). If P is a nonzero prime ideal 
of A, let BP = [[?_, Q§', where each Q; is a prime ideal of B. We recall 
(see (I)) that under these hypotheses B/BP is a vector space of dimension 
nover A/P. Let wy: A— A/P =K, Wo: B- B/BP, y;: B > B/Q; = 


L, be the canonical ring-homomorphisms; for every i = 1,...,g let 
mt, : B/BP > B/Q; 
be the ith projection induced by the natural isomorphism 


B/BP > IT B/Q°; 


7=1 
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explicitly, if y € B then w(y) = y+ BP, m(vo(y)) = y + Q5'. These 
mappings are naturally extended to the polynomials, by acting on their 
coefficients. 

With these notations and hypotheses, we have the following relations 
between characteristic polynomials, traces, and norms: 


Pp. Ifxe¢ B then Fy x(x) € ALX] and 


v(Fri«(2)) = | [Fes (@)), 


Proof: Since x € B its minimal polynomial over K has coefficients in A; 
therefore its characteristic polynomial, which is a power of the minimal 
polynomial (see (J)), also belongs to A[X]. 

Let S be the multiplicative set, complement of P in A, and let A’ = 
S-'A, B' = S“'B, P' = A'P, so B’'P’ = B'(BP) = B'(A'P). By (H) 
we have B’/B’'’P = B/BP, A’'/A'P = A/P. 

A’ is a principal ideal domain, and B’ is its integral closure in L (by 
(D)); moreover, B’ is a free A’-module of rank n. By the corollary of (L): 


Peya(«) = Fryx (2). 


Since B’/B’P' = B/BP is a vector space of dimension n over A’/A’P = 
A/P =K (by (1)), it follows from (N) and (M) that 


W(Fryi«(z)) = PF aya (z)) = Tempe: P arta’ P) POE) 
= Fisjspy Ko “IF (B/Q’7)IK (rjVo(2)). 
It remains now to determine these last characteristic polynomials and 
for this purpose we apply (O), taking k = e; : 


Rr-1 a Qe */Qk, Rx — 0, 


we have R is aring, K = A/P is asubfield of R, and R is a K-vector space 
of finite dimension (equal to the inertial degree of Q,; in L|.A’). We have the 
strictly decreasing chain of K-subspaces R > R, D Ro D-:: D Re-1 D 
R, = 0; actually, we may define a scalar multiplication as follows: 


(b+ QE) - (y+ QF) = by + QF, where DE B, y € Qs. 


222 12. Algebraic Interlude 


Then each R; becomes an ideal of R. Since B is a Dedekind domain there 
exists no ideal J such that Qe DJ D Qs; hence condition (2) of (O) is 
satisfied. Condition (3) is obvious and (4) follows from the fact that B is 
a Dedekind domain: if y,z € B, y=y+Qi E R, Z=z+Q' € R, and 
Y - Z=yz+Q} E R;, but y ¢ R, then y ¢ Q;, yz € Qt so z € Qs and 
Zz E R;,. 

Thus, if x € Bandt=2+Q5 € R then 


Frx(2) — Firyry KO!" 
where 6, : R/R,; — R/R, is defined by 6)(7 + Ri) = F¥ + Ri, so J, is 
the mapping of multiplication by T = m;Yo(x). 
Now R/R, = (B/Q%)/(Q;/Q*) =~ B/Q; =L,; the isomorphism 
is given explicitly as follows: If y+ R, € R/R,, with y € B, then n(y + 
R,) = ¥;(y). Then we have 


R/R, 1, L; 
fe 
R/R, 1, L; 


Oy j(2) ONY + Ri) = ¥;(z)¥;j(y) = V5 (zy) 
= M29 + Ri) =o AY + Ri). 
Therefore, FiRyRy \K (91) = Fr ig (¥;(2)). Concluding, we have shown that 


g 
W(Fri«(t)) = | [FE ea (2))I* 
j=l 
and the relations for the trace and for the norm follow at once. || 


Now we shall prove the transitivity of the trace and norm. We have the 
following situation: C’ is a commutative ring, B, A are subrings of C, such 
that C > B > A, and we assume that B is a free A-module of rank n, while 
C' is a free B-module of rank m. From this it follows that if {21,..., 2} 
is an A-basis of B and {y,...,Y%m} is a B-basis of C, then 


{01Y1, L2Y1,---5LnY1, X1Y2,---;LnYm} 


is an A-basis of C, and so C is a free A-module of rank mn. 
Thus, we may consider for every element y € C’ the elements: Tro) 4(y) 
and Trg) ,4(Trcoja(y)) as well as the corresponding elements for the norm. 


Q. Troja(y) = Traja(Trcja(y)), 
Nojaly) = Neya(Nejs(y)); 


for every element y € C. 
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Proof: Let @ be any endomorphism of the B-module C’. Thus, @ also sat- 
isfies O(ay) = aO(y) for every a € A, that is, @ is also an endomorphism of 
the A-module C' and, as such, it will be denoted by 64. 


To find the matrix of @ with respect to the basis {y1,..., Ym} we write 
. | 
A(y; ) = So bi¥i. with bi € B. 
i=1 


So, 


m 
bis = S Akijlk 
k=1 


for all indices 1,7 = 1,...,m. 
To find the matrix of 6,4 with respect to the basis 


{r1Y1, L2Y1,---5tnY1,21Y2,---,UnY2;--- ,LnYm} 


we note that A(zy;) = an r1b;;yi, and we write 


nm nm 


/ 
r1bi; = ) AkijLILk, LILk = ) Qingch 
k=1 h=1 


for alll, kA = 1,...,n, hence 


Tn Tr Tn Tn 
/ / 
x15; ; = ) Okij ) Qinkth = ) Akij@ink | Lh- 
h=1 1 


Thus 


m 
O(x1y5) = » » Aijing | CrYis 


i=l h=1 \k=1 


therefore, the matrix M of 64, with respect to the basis considered above, 
has entry 


Tn 
/ 
5 Okij Unk 
k=1 


at the row (h,2) and column (I, 7). 
On the other hand, By; is a free A-module with basis {x1y;,...,¢nyj} 
and similarly for By;. Let 0;; : By; — By; be the A-linear transformation 


defined by 6;;(zy,;) = rb,;y; for every x € B. With respect to the above 
bases, the matrix M,; of 6;; is obtained as follows: 


nm 


n 
O5:(x1y;) = S- ‘> Akij Qi nk Lh Yi, 


h=1 \k=1 
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thus M,; isan X n matrix, with coefficients in A, and its entry in row h, 
. nr / 
column | is }0,_ 1 Qkij@np- 
Therefore, M may be written as a matrix of m? blocks M ji, each being 
an xX n matrix with coefficients in A: 


Mi, Mio --- Mim 

Mo, Mo2 -:-- Mom 
M= . ; 

Mimi Mm2 on Minm 


We now prove that the matrices Mj; are permutable (by multiplication). 
Let Aj; be the endomorphism of the A-module B defined by Aj;(x) = xbj,; 
thus Aji(@1) = x1bi; = Op an Akij@p,,)Lr- With respect to the basis 
{Z1,-.-, In} of B, the matrix of A; is equal to M;;. Since Aj; 0 Aga (x) = 
Lond; = Lbijbnk = Abn O Aji(Z) for every x € B, then the corresponding 
matrices satisfy M;j;Mxn = MxknM,;;, as we have claimed. 

Now let 6 = @,, the B-endomorphism of C' defined by multiplica- 
tion with y; thus @,4 is the induced A-endomorphism of C. By definition, 
Troja(y) = Tr(@4), so it is equal to the sum of the elements in the diagonal 
of the matrix M which corresponds to 8,4; as we proved, this sum is equal 
to 


m m 

s- (sum of diagonal elements of M;;) = S- Tr(M;;); 

i=1 i=l 
but M;,; is the matrix of A;; (which is the A~endomorphism of multiplication 
by bi), hence Tr(Mi;) = Trgja(biu), so Trojya(y) = S272, Trayja(bis) = 
Tr pj 4(>0;—1 bt) = Trpya(Trc)p(y)), because the matrix of 6 with respect 
to the B-basis {y1,..-, Ym} of C, has diagonal elements 6;; (¢ = 1,...,m). 

In order to prove the corresponding statement for the norm, we recall 
that Neyaly) = det (64) = det(M). 

We shall soon establish in a lemma that the computation of the determi- 
nant of M may be done as follows: Regard the blocks M,, as if they were 
elements, compute the determinant obtaining a matrix with coefficients in 
A, and then compute the determinant of this matrix. 

Now, we note the following general fact: With respect to a given A-basis 
of B, if M’, M” are, respectively, the matrices of 05/, 9,” then M’ + 
M", M'M" are the matrices of 05:45, 95:5. From this, we deduce that if 
p. is the A-endomorphism of B of multiplication by Noy p(y) = det(bi;)«,5, 
then the matrix of yz with respect to {11,...,2,} is equal to det(M,;);;. 
Thus 


det(u) = det (det |(M5:);,i]) = det(M) = Neyaly); 
on the other hand, 


det(u) = det(@n,.,,(y)) = Naja(Neja(y)), 


12.2. Traces and Norms in Ring Extensions 225 
showing the formula for the norm. a 
Now, we have to prove the lemma used above: 


Lemma 1. Let X;; be m? indeterminates, and consider the m X m ma- 
trix X = (Xi;)i,j; let D be the determinant of X, D € Z[Xi1,...,Xmm]- 
If A is a commutative ring, if Mi; are n x n matrices with coefficients 
in A, fori,j = 1,...,m, such that Mi;Mkn = MknMi; for any indices 
i, j, k, h, and if | 


Mi M2 -::- Mim 
Moa, Ma. --: Mam 
Mini Mme 7 Minm 


is considered as an mn X mn matrix with elements in A, then 
det(M) = det(D(Mi1,...,Mmm)). 


Proof: The result is true when m = 1, and it will be proved by induction 
on m. In order to include the case where the ring A may have zero-divisors, 
we make use of the following device. Let T be a new indeterminate, for all 
indices i, j, let, as usual, 6;; be O when 7 # j, and 6;; = 1; we denote by 
N;; the matrix Ni; = Mi; + 6:;TIn, where I, is the unit n x n matrix. 

Computing the determinant of the matrix X by considering cofactors of 
the elements in any column, we have the well-known relations 


3 X j,D“ — 6j;nD, 


t=1 


where D** is the cofactor of X,; in the matrix X,so D** €Z[Xq1,..., Xmm|- 
Let D**(Ni1,...,Nmm) = N“, so N* is an x n matrix with entries in 
A(T}. 
If 
Ni} N?2 a Nim 
0 In «0 
P= . . 
0 O --- YT, 
and 
Ni Mie Nim 
Noa, No Nam 
N= 
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by multiplication we have 


D(Ni1, Ni2,.-., Nmm) 0 ss 0 
prof MB Nm Nam 
Nmi Nm2 sc Nmm 
Let 
Nog +--+ Nam 
Q= 
Nm2 7 Nmm 


so Q is an (m — 1)n x (m — 1)n matrix with entries in A[T]. Since the first 
row of PN has only one block which is not zero 


det(PN) = det(D(Nii,..., Nmm)) - det(Q); 


but, on the other hand, det(PN) = det(P) - det(NV), and det(P) = 
det(NV'"). 
Applying the induction on Q, we have 


det(Q) = det(D''(Ni1,...,Nmm)) = det(N"’). 


But det(N1") is a monic polynomial in T, having degree n(m — 1), so it 
is not a zero-divisor in the ring A[T]. Therefore, we conclude that 


det(D(Ni1, Ley Nmm)) = det(N). 


Now, letting h : A[T] — A be the homomorphism such that h(T) = 0 
and h leaves fixed every element of A, we deduce that h induces a 
homomorphism h* from the associated matrix rings and 


det(D(Mq1,..., Mmm)) = det(D(h*(Ni1),.--,h*(Nmm))) 
= det(h*(D(Ni1, say Nmm))) 
= hidet(D(N1i1, Ley Nmm))] 
= h(det(N)) = det(h*(N)) = det(V). 
For later use, we record the following special case. Let N = (2;;);i,; be 
an n X n matrix, let LD be an / x | matrix. For each 7,7 = 1,...,n, let 
M;; = (ai;I)L, where J is the unit | x | matrix. Let M be as in the 


statement of Lemma 1. 
Now D(M11,...,Mnn) = det(N)I - L” so det(M) = det(N)! - det(L)”. 
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Let B be a commutative ring, and A a subring of B such that B is a free 


A-module of rank n. If x1,...,2%n ©€ B we define the discriminant of 
(11,..., 2) (in the ring extension B|A) as 
discr pj 4(21,-.-,%n) = det(Trp) 4(2i2;)); 


that is, the determinant of the matrix whose (2, j)-entry is Trg) 4(ziZ;). 
Thus discr(z1,...,2%n) € A. 

Let us note at once, if B = L, A = K where L|K is a separable field 
extension of degree n, then by (J) the new concept of discriminant coincides 
with the one in Chapter 2, Section 11. 


R. If (x},...,21,) ts another n-tuple of elements in B, and xi = 
Si) Qi Li for allj =1,...,n, with aj; € A, then 
discr pja(@j,---,2,) = [det(aj;)]|” - discr pj 4(X1,---,2n). 


Proof: The proof is standard. We first note that 


Tm Tm 
/ of 
Trpya(2jz;) = Trp, ) AkiLk ) AnjLh 
k=1 h=1 


= S- S- Akidn; Tt(LErp), 


k=1h=1 
hence letting M = (a,;) and M’ denote the transpose matrix of M, then 
discr p)4(11,---,2,) = det(Trpja(2425)) 
= det(M’ - (Tr(z,p2,)) - M) 
= det(M") - det(Tr(x,2;,)) - det(M) 
= (det (ai;)|” - discr pj 4(@1,...,2n). |_| 


From the next result, we deduce that it is only interesting to consider 
the discriminant of linearly independent n-tuples: 


S. If {x1,..., 2p} ts linearly dependent over the domain A then 
discr g)4(11,.--,%n) = 9. 

Proof: We assume that there exist elements aj,...,@n, € A, not all equal 
to zero, such that }7;_, jz; = 0. For example, let a; # 0. 

Now, we consider the n-tuple (z},...,2/,), where x, = 0, x; = 2; for 
i = 2,...,n. Thus, zi = jel ajx; (t = 1,...,n) by letting aj, = a,, 
and if7 > 1, then a;; = 1 for 7 =7, aj, = 0 for 7 #7. By (R) we have 

0 = discrp),4(0, £2,...,2n) = [det (a;;)]” - discr pj 4(21,-..,2n). 
Since det(a;;) = a; # 0 and A is a domain, then 


discr p) 4(21,---,2n) = 0. | 
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T. Let A be a domain, and let {%1,...,¢n}, {x},..., 2/1} be any two 
bases of the A-module B. Then: either 
discrg)4(11,--.,%n) = discrgy,(zj,...,2,) = 0, 
or 
discr gj ,(®1,---,2n), discr pj 4(@j,---, 2p) 


are associated elements of A (see Chapter 1, Section 1). 


Proof: By hypothesis there exist elements a;; € A such that 


nr 

/ 

vi = ) Aij Xi, 
i=1 


for every 7 = 1,...,n. By (R) we have 
discrp)4(2},--.,2,) = [det(a,;)]° - discrg)4(21,---,2n). 


Since (a;;);,; is an invertible matrix, then det(a;,;) is a unit in the ring A; 
hence either both discriminants are zero or both are associated elements of 


A. a 


The preceding result justifies the following definition: 

Let A be a domain, let B be a commutative ring, having A as a subring, 
and such that B is a free A-module of rank n. If {71,...,2,} is any basis 
of the A-module B, the principal ideal A - discrg)4(x1,..., 2p) is called 
the discriminant of B relative to A, and denoted by discr(B|A). 

In the case where A is a field K, discr(B|K) is either 0 or the unit ideal 
of K (since K has only trivial ideals). Moreover, we shall see in (W), that 
if L is an algebraic number field then discr(L|Q) = Q, the unit ideal of Q; 
so this concept does not constitute an appropriate generalization of 67, the 
discriminant of the field LZ, introduced in Chapter 6, Definition 4. In the 
next chapter we shall explain what is the relative discriminant 67) ~ of an 
algebraic number field L over a subfield K. 

One of the tools used in determining the discriminant is the following 
easy result: 


U. Let By, ..., B, be commutative rings, containing the domain A 
and such that each ring B; is a free A-module of finite rank. Then 


discr(B, x --- x B,|A) = | | diser(B;| A). 
i=1 


Proof: It is enough to prove the statement when r = 2. 

Let {%1,...,2%n} be a basis of the A-module Bj, let {y1,.-., Ym} bea ba- 
sis of the A-module Bg. Then {(21,0),..., (%n, 0), (0, y1),.--, (0, ¥m)} is a 
basis of the A-module B, x Bg. Letting z; = (2;,0) for? = 1,...,n, zn44 = 
(0,y;) for? = 1,...,m, then discr(B, x B|A) is the principal ideal of A 
generated by det(TYg, x B,)4(2:2;))- 
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Now, if ¢ € B, then Trg, x g,)a(t,0) = Trg,)4(t), as we deduce by con- 
sidering the matrices of the endomorphisms 6(¢,9) of Bi x Bz and & of Bi, 
relative to the basis {z1,..-,Znim} and {21,...,2n}, respectively. In the 
same way, if t € Bj then Trg,x3,)4(0,t) = Trg,;,(t). Thus, 


det(Trg, xB.) 4(2i2;)) = det (Pato) 0 


0 (Trp, )4(Yiys)) 
= det(Trg,)4(2ix;)) - det(Trp,|4(yiys)) 
and so this element generates the ideal discr(B,|A) - discr(B2|A). a 
V. If K is a field, and if B is a commutative algebra of dimension n 


over K,* then discr(B|K) = 0 if and only if the trace in B|K is degenerate, 
that is, there exists an element x € B, x # 0, such that Trg;x(zy) = 0 
for every y € B. 


Proof: Let us assume that the trace is degenerate, with x € B, x # 0, 
such that Trgjx(zy) = O for every y € ~B. Let us consider a ba- 
sis {11,...,2%n} of the vector space B over K, such that x; = &. 
Then discr(B|K’) is the ideal of K generated by discrg)x(21,.--,2n) = 
det (Tr 3) « (2i2;)) = 0. 

Conversely, if discr(B|K) = 0, let {71,..., 2} be a K-basis of B, hence 


discrg)x(®1,---,2n) = det(Trayx (x; r3)) = — 0; thus, there exist elements 
a; € K, not all equal to zero, such that )>;_, ai: Trp)x(ai2;) = 0 for every 
j = 1,...,n. Thus, letting c = S7"_, a;2;, we have x # 0 and for every 


element. y= ia b;xz; € B (with b; € K) we have 


nr 
Trajq (ry) = S- aib; Tr(x;x;) = 0; 
ij=l 
this shows that the trace is degenerate. a 


Let us assume now that K is a perfect field, that is, every algebraic 
extension L of K is separable; we may improve the preceding result, taking 
into account the fact that if L|K is separable, there exists an element x € L 
such that Trz)~(x) 4 0 (see Chapter 2, Section 10). We note that every 
field of characteristic zero is perfect; also, every finite field is perfect. 


W. Let K be a perfect field, and let B be a commutative K-algebra of 
finite dimension. Then discr(B|K) 4 0 if and only if 0 ts the only nilpotent 
element of B. 


Proof: Let us assume that B contains the nilpotent element x # 0. Let 
{%1,...,%n} be a K-basis of B, such that x; = zx. Since B is commutative, 


* We may therefore identify K with a subring of B. 
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then rz; is also nilpotent. The minimal polynomial of the endomorphism 
G2,, of multiplication by xx;, is equal to X", for some r > 0; as is known 
from the theory of linear transformations of vector spaces, the characteristic 
polynomial of @;2, is a multiple of the minimal polynomial, having the same 
irreducible factors and degree n; thus, the characteristic polynomial is X”, 
and Trp)«(rxr;) = 0 for every j = 1,...,n. 

Hence discr(x1,...,%p) = det(Trg)x(xi2;)) = 0 because the matrix of 
traces has the first row of zeros. This shows that discr(B|K) = 0. 

Conversely, let us assume that 0 is the only nilpotent element of B. 
We note that since every ideal of B is in particular a subspace of the K- 
vector space B, from the fact that B has dimension n over K, every chain of 
subspaces, hence also of ideals of B, must be finite. Thus, B is a Noetherian 
ring. 

We shall require the following lemma: 


Lemma 2. If B 1s a Noetherian ring, such that 0 is the only nilpotent 
element, then the zero-ideal is the intersection of finitely many prime ideals. 


Assuming the lemma true, we may write 0 = P, N---M P,, where each 
P; is a prime ideal of B. Since P; 1 K is an ideal of K, distinct from K, 
then P; 1 K = O fort = 1,...,r. Thus K C B/P, (up to a natural 
identification), and B/P; is a finite-dimensional K-vector space which is 
also a domain. Since every element of B/P; is integral over K (by Chapter 
5, (A)) then B/P; = L;, is a field (by Chapter 5, (F)), so P; is a maximal 
ideal of B. 

Now, we know that the distinct ideals P,, ..., P, are maximal; hence 
Pi+()\jz;P) = B, otherwise P; D ()j4; Pj, hence P; 2 P; for some j 4 7 
and necessarily P; = P; which is not true, since these ideals are distinct. 
By Chapter 7, (K), we have B = B/0 & [[;_, B/P; = [],_, L:. Hence by 
(U): 


discr(B|K) = | | discr(LilK). 
i=1 


But the field L; is a finite extension, thus an algebraic extension of K. 
Since K is a perfect field, L; is separable over K. As we quoted, there exists 
an element x; € DL; such that Trz,)«(x:) 4 0; so the trace is not degenerate 
(because if there exists x’ € L;, x’ # 0, such that Trp jK(2'y) = 0 for 
every y € Lj, then from x; = 2’(x'~'x;) we would have Trz,)x(z:) = 0). 
By (V), discr(L,;|K) # 0, thus, discr(Z;|K) = K; hence discr(B|K) = K. 

a 


Proof of the Lemma: By Chapter 7, (C), we have 0 = [[;_, P*', where 
the prime ideals P; are distinct, e; > 1 fori = 1,...,r. We show that P, M 
OP, = 0.1fe € Pj---OP, then re1te2 tt er € Py Ps? ... Per = 0, 
hence x is nilpotent and therefore x = 0. a 
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The following result is the crucial part of the main theorem to be proved 
in the next chapter: 


X. Let A be a principal ideal domain, and K its field of quotients: 
let L|K be a separable extension of degree n and B the integral closure of 
A in L. Let P be a nonzero prime ideal of A such that the field A/P is 
perfect. Then the ring B/BP has nonzero nilpotent elements if and only if 
P > discr(B|A). 


Proof: B is a free A-module of rank n (Chapter 6, (B) and Theorem 1) 
and a Dedekind domain (by Chapter 7, (P)). By (I), B/BP is a vector 
space of dimension n over the field A/P; actually, if {1,,..., 2p} is a basis 
of the A-module B, then their images in B/BP form a basis {%),...,%n} 
of the A/P-vector space B/BP. Thus, discr(B|A) = discrg)4(21,.--,2n), 
and discr((B/BP)|(A/P)) = = discr(5/BP)\(A/P)(21, wee , In). 

Since A/P is a perfect field, by (V), B/BP has nonzero nilpotent 
elements if and only if discr((B/BP)|(A/P)) = 0; by (N) this means that 


0 = discr(g/Bp)|(a/P)(11,---,%n) = det(Tr(g/BP)\4/P)(ZiF;)) 
= det(Trp)4(xix;)) = discrgy,4(21,.--, Ln), 
that is, discr(B|A) C P. a 


EXERCISES 


1. Determine explicitly the ring of fractions S~+Z in the following cases: 
(a) S = Sj is the set of all odd integers. 
(b) S = So is the set of all powers of 2. 


Determine $;'Z Sz *Z. 


2. Let K be a field, n > 1, R = K[X,...,X,], and let S = {f € 
R| f(0,...,0) # 0}. Determine S~!R, and its maximal ideals. If M is a 
maximal ideal of S~'R, determine ()>_, M” and S7'R/M. 


3. Let K bea field, and let S be the set of all polynomials f € K(X, X9| 
such that f(0,1) #4 0 and f(1,0) # 0. Show that S is a multiplicative 
subset of K[X1, X2], determine the maximal ideals of K[X1, Xa] c. 


4, Let P be the prime ideal of the ring A of Gaussian integers which is 
generated by 1 + 7. Determine explicitly the ring of fractions Ap. What is 
its maximal ideal? 
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3. Let A be the ring of algebraic integers of a field K of algebraic 
numbers. Show that there exists an infinite sequence of subrings 


A=R CR C-::: 
of K and also an infinite sequence of subrings 


KDR, DRD-:- DA. 


6. Let K be a field, R = K|[X]] (the ring of formal power series with 
coefficients in AK’). Let S be the set of power series with nonzero constant 
term. Calculate S7!R. 


7. Let R = Z|[X]] and let S be the multiplicative subset of R generated 
by 2 and X?. Determine S~'!R. 


8. Let A be a domain, having the following property: Every element of 
A is the product of finitely many prime elements (for example, this holds 
when A is a unique factorization domain). Prove that there exists a one-to- 
one correspondence between the sets of prime elements of A and the rings 
of fractions of A (with respect to multiplicative subsets). 


9. Let A be a Euclidean domain (see Chapter 5, Definition 5), and let 
K be its field of quotients. Prove that if B is a subring of K containing A 
then there exists a multiplicative subset S of A such that B = Ag. 


10. Let A = Z[X,Y], B = A[VX], and C = A[VX, VY]. Determine 
the characteristic polynomial, the trace, and the norm of J/X + VY in the 
extensions C/A and C/B. 


11. Let ¢ be a primitive cubic root of 1, let 


1 1 1 
V={l ¢ ¢ 
1 ¢ 
Let o(1) = 1, o(€) = ¢?, o(C?) = ¢ and consider the iterates o* of o, 
namely co? = aoo,...,0* = o*—! og. Let 


Consider the matrix of 3 x 3 blocks 


a7(V) o3(V) oA (V) 
M = {| o3(V) oA(V) 0° (V) 
a4(V) oa (V) o®(V) 


Calculate the discriminant of V using the method of Lemma 1. 


12. Let B= Q|X,Y] and A= Q| x”, Y3|. Calculate discr pg) 4(X, Y). 
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The Relative Trace, Norm, 
Discriminant, and Different 


Let K be an algebraic number field, L an extension of finite degree n over 
kK, and let A, B be, respectively, the rings of algebraic integers in K, L. In 
this situation, A need not be a principal ideal domain and B need not be a 
free A-module. We shall introduce the relative trace and norm of fractional 
ideals of L and, in view of characterizing ramified prime ideals, we shall 
consider the relative discriminant and relative different. 


13.1 The Relative Trace and Norm of an Ideal 


Let R be a Dedekind domain, let K be its field of quotients, L|K a separable 
extension of degree n, and T the integral closure of R in L; so T is also a 
Dedekind domain. 

Let J be a fractional ideal of LD (relative to JT). Then the set 
{Trpj« (x) | x € J} is an R-module. 

Since J is a finitely generated T-module, say by the elements x;/a1,..., 
Im/Qm, (with ajy,...,@m € R, all nonzero, and x,...,2m € T) then if 
Q = 4\:+-Am € R it follows that aJ C T and a{Trzjx(z) | x € J} C 
{Trrj« (ax) |x € J} C Rso {Trzjx(z) | x € J} is a fractional ideal of K 
(relative to R). 


Definition 1. The relative trace in L|K of the fractional ideal J of L 
(relative to T) is 


Trpjx(J) = {Trzx(x) | x € J}. 


If J is an integral ideal, then so is Trz)x(J). 

We also note the transitivity property. Let R, IT, K, L be as before, let 
L'|L be a separable extension of finite degree, T’ the integral closure of T 
in L’. If J’ is a fractional ideal of L’ (relative to T’), then 


TrpyK(J’) = Tryx«(Trry1(J")). 


Now we shall introduce the relative norm of an ideal. 
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Let Fr, respectively F7, be the multiplicative group of nonzero fractional 
ideals of R, respectively T. By Chapter 7, Fr and Fr are free Abelian 
multiplicative groups generated by the sets of prime ideals. 

If @ is a nonzero prime ideal of T and QN R = P, let [T/Q : R/P| = f. 

If {1,,...,2%n} is a K-basis of ZL where each x; € T, if ; denotes the 
canonical image of x; in T/Q, then {7,,...,%,} is a set of generators of 
the R/P-vector space T'/Q. Thus f < n. 


Definition 2. With the above notations, the relative norm of Q is 
Nryr(Q) = Pl. 


This definition may be extended to each nonzero fractional ideal J € Fr. 
We may write, in a unique way, J = []}_, Qf’, where Qi, ..., Q, are 
distinct prime ideals of JT’ and e;, ..., e, are nonzero integers. 


Definition 2’. With the above notations, the relative norm of J is 


Nrr(J) = |] Nrjr(Qi)®. 
i=] 

Since Fr is a free Abelian multiplicative group generated by the prime 
ideals, the mapping Nr\r : Fr — FR is well defined. 

It is also a group-homomorphism: Ny)r(JJ’) = Nrjr(J) - Nrjr(J") for 
all J, J’ € Fr (multiplicative property of the relative norm). 

Moreover, if W : Fr — Fr is a group-homomorphism such that ~(Q) = 
Nr\r(Q) for every nonzero prime ideal Q of T, then (J) = Nr r(J) for 
every J € Fr. 

We note also that if J is an integral ideal, then so is Nr) p(J). 

As already seen (Chapter 12, (D) and (G)) if P is a prime ideal of R, S 
the set-complement of P in R, then R’ = S~'!R, is a principal ideal domain, 
T’ = S“'T is the integral closure of R’ in L, so we may also consider the 
relative norm of fractional ideals of T’, with respect to R’. 

Our first result is: 


A. With the above notations, if J € Fr then 
Proof: First, let J = @ be a nonzero prime ideal of T. If QQ) R = P; 4 P 
then T’Q = T’, R'P, = R’, and Nryp(T’Q) = R’ while R'Nr\p(Q) = 
R'P! = R' (where 1 < f). 

Now we assume that Q7 R = P. From the results of Chapter 12, Section 
1, we have 

T'QQ0 R'=R'P 
and 
[T’/T'Q : R'/R'P| = [T/Q: R/P|, 

say equal to f. Then Nrjpz(T"Q) = (R’P)f = R'PS = R’ Nr) r(Q). 
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It follows by the multiplicativity of the norm, that if J € Fr then 
Nryr(T J) = R'Nryg(J). a 


The most important case in our considerations is the following. R = A 
is the ring of algebraic integers of an algebraic number field K and T = B 
is the ring of algebraic integers of the algebraic number field DL, of degree 
n over K. In this situation, it is customary to use the notation Nz) (J) 
instead of Ng) 4(J) for every fractional ideal J of L, with respect to B. 

We compare the relative norm with the (absolute) norm of an ideal, as 
defined in Chapter 8, Definition 1. 


B. Let K be an algebraic number field, A the ring of algebraic integers 
of K. For each nonzero fractional ideal J of K, we have 


Nyyq(J) = Z- N(J). 


Proof: Let P be any nonzero prime ideal of A, let PM Z = Zp. Let 
[A/P : Z/Zp| = f, so the field A/P has p’ elements, that is, N(P) = 
#:(A/P) = p!. By definition, 


Nx\g(P) = Zp! = Z- N(P). 


It follows at once from the multiplicativity of the relative norm and of 
the norm (Chapter 8, (D)) that Nxig(J) = Z- N(J) for every J € Fr. 
a 


C. With the previous notations, |L : K] = n and any nonzero fractional 
ideal I of A, we have 
Nix (BI) = I”. 


Proof: Once again, due to the multiplicativity of the relative norm of an 


ideal, it suffices to prove the statement when J = P is a nonzero prime 
ideal of A. 


Let BP = [[7_, Qf where Qi, ..., Q, are distinct prime ideals of 
B, e, => 1 and [B/Q,; : A/P] = f, fori = 1,...,g. Then Nzix(BP) = 
7 N(Qi)% = JT], Pee = P® since 379_, e:f; = n, by Chapter 11, 
Theorem 1. | 


D. Let K C L C L’ be algebraic number fields, and J’ any nonzero 
fractional ideal of L’. Then 


Nryk(J’) = Noyx(NryL(J’)). 


Proof: By the multiplicativity of the relative norm, it suffices to prove the 
statement when J’ = Q’ is a nonzero prime ideal of the ring B’ of algebraic 
integers of L’. Let Q'N B = Q, QN A = P. Then Nyx (Q’) = pf 
where f” = [B’/Q’: A/P]. On the other hand, Nz,(Q’) = Qf where 
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(B’/Q’ : B/Q] = f' and Ny) x(Q) = P/ where [B/Q: A/P| = f. Thus 
f” = ff’ and therefore 
Nik (Nr 41(Q")) = Nrix(Q! ) = pif 


= PS = Nyx (Q’). | 


E. Assume that L|K is a Galois extension with Galois group G = 
{o1,.-.-,On}. For each J € Fr we have 


ll oi(J) = BNyx(/). 


Proof: By multiplicativity, it suffices to prove the result when J = Q isa 
nonzero prime ideal of B. 

Let QO A = P, then BP = ([[%_, Q;)° with e > 1, [B/Q: A/P] = f. 
Moreover, by Chapter 11, (B), Q € {Qi,...,@Q,} and by Chapter 11, (E), 
G acts transitively on the set {Q,...,Qg}.- 


Thus []7_, o:1(Q) = (Qi---Q,)*f = BP! = BNz)«(Q). a 
For principal ideals, we have: 
KF. Ifxe L, c £0, then Ny x(Br) = ANz)x (Zz). 


Proof. First Case: Assume that L|K is a Galois extension, with Galois 
group G = {o1,..., On}. We have, by (B), 


7m 


B- Nr x(Bz) = [] o:(B2) = [] Bei) 


— BI Joule) = BNixK(z2). 


By Chapter 11, (A): 


Nyx (Br) = B- Nyx (Br) NK 
= 6. ANj | k (2) Nk = AN yk (2). 


General Case: Let L’ be the smallest Galois extension of AK containing 
L; let [L’ : L| = m. We have 


[Nijx(Bz)|" = NyK((Bx)™) = Nik (Ny \1(B's)) 
= [Np x(B’r)| = A> Niyx(x) = AWNi x (2))™ 


as follows from the first case and (D). Since A is a Dedekind domain, then 
NiK(Bar) = A> Nz x(2). a 
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13.2 Relative Discriminant and Different of 
Algebraic Number Fields 


As before, let K be an algebraic number field, L|K an extension of degree 
n and A, B the rings of integers of K, L, respectively. 


Definition 3. The relative discriminant of L|K is the ideal 6) of 
A generated by the elements discr,, K(21,---,2n), for all possible bases 
{x1,...,%n} of L|K such that each x; € B. 


G. Let {x1,...,2n} be a basis of L|K such that each x; € B. Then 
Onin = A- discry)«(1,.-.,2%n) of and only if B is a free A-module and 
{r1,...,2n} is an A-basis of B. 


Proof: If {x1,...,%n} is an A-basis of B then by definition 6;)~ D2 A- 


discr;)«(%1,.--,%n). Now, if {r},..., 2, } is any K-basis of L, with r,€ B 
for every 7 = 1,...,n, we have 
Tr 
x = SS aijxi, with Aig € A, 
i=1 
SO 
, 2. 
discryj«(2},-.-,2,) = [det(aij)|” - diserzj)_ (1, ---,2n) 


hence every generator of the ideal 6;)% is contained in 


A- discrz)« (21, wee , In), 
which proves the other inclusion. 
Conversely, let us assume that 6;)~ = A- discrz)K(21,-..,2%n), where 
{r1,.--,2%n} is a K-basis of L contained in B. Let us show that 
{r1,...,2%n} generates the A-module B. 


Let P be any nonzero prime ideal of A, let S be the multiplicative set 
complement of P in A, A’ = S~!A, B’ = S~!B, P' = A'P. By Chapter 
12, (G), (D), and Chapter 6, (I), A’ is a principal ideal domain, B’ is a free 


A’-module of rank n; let {xz{,...,x/,} be a basis of this module. Writing 
xr, = yi/s; with y, © B, s; € S, we deduce that {y1,..., yn} is a K-basis 
of L and discry)x(},...,2),) € A’: discrzjK(y1,---, Yn) © A’: Oz)K. On 
the other hand, we have 

Tr 

rj = S- al,z!, with aj, ¢ A’. 

i=1 

Hence, 
2 
discryj«(21,---,%n) = [det(a/,) - discrr)x(2},---, 2p); 


thus from the hypothesis 


/ / : / : / / 
A’ériK = A - discrz)K(21,.--,%n) C A’: discrzj) x (z},...,2;), 
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hence 
A’ discr pj « (21, os , Ln) = A’ discr 7) x (x4, we ,Z,). 
Hence, by Chapter 12, (T), these discriminants are associated elements 
2 

of A’, thus [det(a!,) € A’ is a unit of A’, and therefore det(aj;,) is also a 
unit. This means that the inverse of the matrix (a;,;)i,; has coefficients in A’ 
and so each element x; belongs to the A’-module generated by 21, ..., Xn. 
Since these elements are linearly independent, they constitute a basis of the 
A’-module B’. 

The above considerations hold for every nonzero prime ideal P of A. It 
follows that {21,...,2n} is a basis of the A-module B. Indeed, if y € B, 
we may write y = )~_, gx; with c; € K; this expression is unique. But 


i=1 
for every prime ideal P # 0 we have c; € Ap as we have just shown. Thus 


Ci € () Ap = A (intersection of all nonzero prime ideals of A) 


as follows from Chapter 12, (C), and {z),...,2,} generates the A-module 
B, as we had to prove. a 


This result may be applied when A is a principal ideal domain or when 
there exists a primitive element t of L|K such that B = Alt]. It follows that 
Oy\q is the principal ideal generated by the discriminant 6,, as introduced 
in Chapter 6, Definition 4. 

Now we come to the main theorem, connecting the ramification and the 
discriminant: 


Theorem 1 (Dedekind). The nonzero prime ideal P of A is ramified in 
L\K if and only if P D 65). In particular, there exist only finitely many 
prime ideals which are ramified in L|K. 


Proof: ‘The second assertion follows at once from the first, by Chapter 7, 
(F) and (G). 

We write BP = Hf, Q;*, where Q; are distinct prime ideals of B and 
e; > 1. From Chapter 7, Theorem 2, we have B/BP = [][?7_, B/Q§'. 

P is ramified when some e; is greater than 1; that is, B/Q** has a nonzero 
nilpotent element; or, equivalently, B/BP has a nonzero nilpotent element. 
By Chapter 12, (V), this means that discr((B/BP)|(A/P)) = 0. 

If S is the set complement of P in A, if A’ = S~1A, B’ = S~!B, P’ = 
A’P it follows from Chapter 12, (A), that A’/A’P = A/P, B’/B'P = 
B/P so the above condition is that discr((B’/B’P)|(A’/P’)) = 0. We 
know further that B’ is a free module of rank n over the principal ideal 
domain A’; moreover, if {x},...,2/,} is any basis of the A’-module B’ 
then the images x! of these elements by the homomorphism B’ — B’/B’P 
constitute a basis over A’/A’P (as was proved in Chapter 12, (I)). 

Now, discr((B’/B’P)|(A’/P’)) is the ideal generated by the elements 
discr( p/p’ P)\(Ar/P’) (24, ...,2/) for all possible bases {x', ..., 207) of 
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B’'/B'P over A’/P’. So discr((B’/B’P)|(A’/P")) = 0 exactly when 
discr(B’/B’P)|(A'/P’) (215 wee , x!) = discr B7\ 4/(2}, wee , x!) = 0; 


that is, discrg)4/(r},...,2;,) € P’, for every basis of the A’-module B’. 

This last condition is actually equivalent to é;;~ © P. Indeed, let 
{x1,...,2n} bea K-basis of L, where each x; belongs to B. If (x},...,2},) 
is a basis of the A’-module B’, expressing 1,..., Zp, in terms of x},..., 2), 
with coefficients in A’, gives 


discrp)%(11,.--,%n) = discer gp,’ (@1,---, Ln) 
ce A’. discr p1)4/(24, Lee ,x,,) C P’ 
but discryz)~(21,--.,%n) € A, because each x; € B, so 
discry)«(11,--.,%n) € P? NA=P 
and therefore 6,)x © P. Conversely, if dr)~ © P if {z},...,2,,} is a basis 
of the A’-module B’, let xi = 2;/s; with x; € B, s; € S;thus {x1,...,2%n} 
is a K-basis of L contained in B, with 
discrpy)4/(},.--,2,) = diserz)x~(@j,...,2,) 
1 2 
= (—— |] - discrz) x (11,.--,2n) 
81 °°° Sn 
E A’P =P’. | 


It will be a feature of the theory that unramified prime ideals may be 
handled without difficulty; thus the preceding theorem asserts that it is 
necessary to concentrate only on those finitely many prime ideals which 
ramify. In the next chapter we shall study in more detail the steps of 
ramification in the case of Galois extensions. 

Dedekind’s theorem tells which prime ideals P of A are ramified in L|K. 
A more precise problem is to determine the prime ideals Q of B which are 
ramified in L|K. Clearly, if Q is ramified and P = QNA then P is ramified. 
Conversely, if L|K is a Galois extension and QM A = P then Q is ramified, 
as follows from Chapter 11, (F). 

However, if L|K is not a Galois extension, there may well exist different 
prime ideals Q, Q’ of B such that QN A = Q’N A = P, and Q is ramified 
while Q’ is not ramified in L|K. 

To find out which prime ideals Q of B are ramified in L|K we shall 
introduce the relative different of L|K. Besides, we shall also consider the 
different above a given prime ideal of A. We may treat these two cases 
simultaneously. 

Let R be a Dedekind domain, and K its field of quotients; let L|K bea 
separable field extension of degree n and T the integral closure of R in L; 
so T is also a Dedekind domain, L is its field of quotients, TQ K = R. 
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The relative trace Try), induced a mapping from L x L into K, which 
associates with every pair (x,y) € L x L the element Trz)x (ry) € K. This 
is a symmetric K-bilinear form, as is easily verified. 

If x € L let py, : L — K be the linear form defined by yz(y) = 
Trzjx(xry) for every y € L. Thus yz belongs to L’, the dual of the 
K-vector space L and since Yar = QYz, Yate. = Yr, + Yr, (for 
a € K, x1,22,x € L) we have a K-linear mapping y : L — L’. In order 
that y, be the zero mapping we must have Tr;)x (ry) = 0 for every y € L; 
this means that x = 0 since the trace in the separable extension L|K is 
nondegenerate (see Chapter 2, Section 10). Therefore, y is an isomorphism 
between the K-spaces L, L’. 


If {r1,...,2%n} is a K-basis of L, let xj,...,2* © L be elements such 
that {yrr,---, Px} is the dual basis; that is, 

Por (Xj) = Trp K (2; 2;) = bi (64 = 1, bi; = 0 when: # 7). 
Thus {zj,..., 2%} is also a basis of L, which we call the complementary 
basis of {11,...,2n}. Let us note here that 

discrp)4(%1,...,2n) - diserz)_(zj,...,2,) = 1. 
Indeed, if o1, ..., On, are the K-isomorphisms of L, if X = 


(ox(x5))i,3, X* = (01(2}))i,3, and if X" denotes the transpose of the matrix 


X, then X*’- X = (Trz)x(x72;))i,;- Therefore, 
det(X) - det(X*) = 1 


but 
discrz)«(@1,.--,%n) = det(X)? 
and 
discrzj)«(zi,...,2%) = det(X*)? 
SO 
discry)4(21,...,%p) - discrzj~(2j,..., 2%) = 1. 


Now we define complementary sets in L. Let M be a subset of L, 
then M* = {x € L| TrzyjxK(xry) € R for every y € M} is called the 
complementary set of M (with respect to R). 

Let us note at once the following properties: 


H. If M is a subset of L and M* is the complementary set, then: 
(1) M* is a module over R; if T.-M C M then M* is a module over 
T. 


(2) If My © Mz CL then M3 C M? CL. 


(4) If M is a free R-module with basis {x,,...,2%n} then M* is a 
free R-module with basis {xj,...,2*} and M** = M. 
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Proof: (1) Let 21,22 € M*; for every y € M we have 
Trp ((@1 + £2)y) = Trrjx«(z1y) + TrrjK (ray) € R, 
soz, +272 € M*.Ifae R, x € M*, y € M, then 
Tryjx((ax)y) = aTryjK(ry) € R 


soaxz € M*. 

Now, let us assume that T-M C M. If be T, xc € M*, andy e€ M, 
then Trz)«((br)y) = Trrx(z(by)) € R since by € M; thus br € M. 

(2) This is obvious. 

(3) Since T is integral over R, which is integrally closed, then 


Trpjx(T) C R. 


Now, if x,y € T then Tr;)x (ry) € R, hence x € T*; that is, T C T*. It 
is clear that Trzjx(T*) C R. 

(4) We have Trz)%(zj7x2;) = 0 when i 4 j and Trz)x(azj2;) = 1 for 
every index 2 = l,...,n. Hence each x} belongs to M* and therefore 
Yin, Ret C M*. Conversely, let S~_, aiz* € M*, with a; € K. Then for 
every 7 = 1,...,n we have 


nr nr 
a; = Truk ) a,x; | x;| € R, so M*C ) Rqz;. 
i=1 i=1 


This shows the first assertion of (4). Since M C M** and by duality, 
x;* = 2; for allt =1,...,n, then M** = M. a 


t 


I. T* is a fractional ideal of L (with respect to T). 


Proof: It is enough to show that the T-module T™ is finitely generated, 
because if 6 € T is a nonzero common denominator of the generators of T* 
then bT* C T. 

Since Rit], for t € T, is a finitely generated free R-module, it follows 
from (H) that R[t]* is a finitely generated R-module. From R[t] C T it 
follows that T* C R[t]*; since R is a Dedekind domain, hence a Noetherian 
ring, we deduce that T* is also a finitely generated R-module (see Chapter 
6, (G) and (D)); a fortiori, T* is a finitely generated T-module. a 


Definition 4. The ideal of 7’ equal to the inverse of the fractional ideal 
T™ is called the different of T over R, and denoted by A(T|R). 

Since T’ C T* then A(T|R) is a nonzero integral ideal of T. 

Since T’ is a Dedekind domain, the ideal A(T|R) may be written 
in a unique way as A(T|R) = []Q*2 where each Q is a nonzero 
prime ideal of T and sg > O is an integer. Moreover, sg > 0 
only for a finite number of prime ideals Q. The integer sg is called 
the exponent at Q of the different A(T|R). 
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Now we give some indications about the computation of the different. 
We begin with a result, which dates back essentially to Euler: 


J. Let L = K(t), where t is integral over R and 
g =X" 4+ eX" *+---+en € R[X] 


is the minimal polynomial of t over K, let g’ denote its derivative. Then: 


t? 
(1) TrpjK (oa | = 0 wheni = 0,1,...,n — 2, 
g 


Proof: (1) Lett = t,,te,...,tn be the conjugates of t over K, which 
are necessarily distinct and belong to a Galois extension of finite degree 
over K. We shall compute 


t? “tt 
Tok | =a ] = —_— 
g(t) de ate 
fori = 0,1,...,n—1. 

Since g is the minimal polynomial of t, we have g = [];,_,(X —tx), hence 
1/g = [[g-, 1/(X — te) and we may express the above product as a sum 
> ope @k/(X — ty), where the elements a, will now be determined: from 
1/g = dop_, an /(X — te) we have 


=1 ixk 
hence for every j7 = 1,...,n 
Tr 
b=) ax | [ [ls - ts) } = ay []s - #0), 
k=1 ifk tJ 
thus 
1 1 
a; = = ; 
’ [I (t; — ti) g' (t;) 
ifs 
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By long Euclidean division, we may write 
1 1 b 1 
g Xn) 1 Xnei 


with 61, b9,... € R, while 


+ be foe 


Xn+2 


= 1 — 1 1 t t? 

Y aac Lan ltt 
= g(th\(X — te) g'(th) |X Xe Xx 
Comparing the two formal power series, we conclude that 


Tm 


t? 
SS —* =0 for 2t2=0,1,...,n—-—2 
i g'(te) 


while 


(2) First we show that t?/g'(t) € R[t}* for 7 = 0,1,...,n—1. Indeed, 
ify = 0p ait? € Rit] then 


t3 n-l pitt 
TrpjK (5) = 2, 0% Tix (= | 


n—1l 


An—-1—j + S> aiOn—j-i-1 € R, 


j=n-1 


| 


where elements b, € R are defined above. 

The elements t7/g’(t) (for 7 = 0,1,...,n—1) form a basis of L over K, 
since the set of elements t? (j = 0,1,...,n — 1) is such a basis. 

To prove the inclusion R[t]" € (1/g’(t))R[t] let y € R[t]", hence we may 
write y = ear a;(t?/g'(t)) with each a; € K. Then 


n—-1 + 
TrpjK(y) = S- a; ItpK Ca = An-1, 


j=90 


hence an; € R because y € Rit]*. Similarly, 


n—l ti+1 tn 
aj; ltnK | sa = ayn + dna Tray ( ) 
»» j | g'(t) | '(t) 


Trrix (yt 
| ) ; 


n tr-t 
An—2 — Gn-1 S> Cj TrpjK g(t) = An—2 — An-1C1 


i=1 


because t? = —(c,)t”~1! + cgt”~2+---+e,) with c; € R. Since an_2 — 
Qn—1C, € R then a,_2 € R. Proceeding in the same manner, we deduce 
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that a; € R for every 2 = 0,1,...,n— 1 and therefore 


Rit)" = Rit). a 


1 
g'(t) 
Here is an instance when the different may be explicitly determined: 


K. lLetL = K(t), wheret © T andg € R[X| ts the minimal polynomial 
oft over K. Then, A(T|R) = T - g'(t) of and only if T = Rit}. 


Proof: If T = R(t] we have seen in (J) that T* = (1/g’(t))T, hence 
A(T|K) = T- g’(t). 
Conversely, from R[t] C T we have by (J) T* C R[t}" so T = g’(t)T* C 
g'(t)R{t]}" = Rit] hence R[t] = T. a 
The different satisfies the following characteristic property: 


L. Let J be a fractional ideal of T. Then Trrix(J) © R if and only if 
JCT* = A(T\|R)*}. 

Proof: If J ¢ T* then Trz)x(J) © Trrjx(7*) C R. Conversely, from 
J =T-Jand Try)x(J) © R we deduce that J C T*. a 


Another useful property is the transitivity of the different. Let L’|L be 
a separable extension of finite degree, and let T’ be a Dedekind domain, 
having a field of quotients equal to L’ and equal to the integral closure of 
T in L’. With these notations: 


M. A(T'\R) = T’A(T|R)- A(T'|T). 


Proof: A fractional ideal J’ of T’ is such that J’ C A(T’|T)~! if and only 
if T D> Try \,(J’). This means that 


A(T|R)~* D A(T|R)7* + Trey (J') = Tree (T’A(T|R)* - J’), 
sO 

RD Tryjx(A(T|R)~*) 

2 Tryjx (Tre (T/A(T|R)~* - J’) = Trex (T’A(T|R)? - J"). 
Again, this means that T’A(T|R)7! - J’ C A(T’|R)~}, that is, 
J’ C T’A(T|R) - A(T’ |R)7?. 

So, we have shown that A(T’|T)~! = T’A(T|R) - A(T’|R)~!; that is, 
A(T’|R) = T’A(T|R) - A(T" |T). a 


We shall apply the theory just developed in two main instances. 

Let K be an algebraic number field, L|K an extension of degree n, let 
R = A, and let T = B be the rings of algebraic integers of K and L. 
respectively. 


Definition 5. The different A(B|A) is also denoted by Ay)% and is 
called the different of L\K. 
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In the special case where the ground field is K = Q the different of L|Q 
is also called the absolute different of L, and sometimes denoted by Ary. 

Now, let P be a nonzero prime ideal of A, S the set complement of P 
in A, and let A’ = S~-1A, B’ = S~!B, so B’ is the integral closure of the 
principal ideal domain A’ in L and we may take R = A’, T = B’. 


Definition 6. The different A(B"|A’) is called the different of L|K 
above P. 
Sometimes we denote it by Ap(L|K’) or simply Ap. 


We wish to compare these differents. 
N. With the above notations, B'- Arn = A(B’'|A’). 


Proof: Let x € B’- Az); it may be written in the form x = y/s with 
y € Ann = A(BIA), s € S. Let z € B™ (the complementary module 
of the A’-module B’), so Trz)«(zB") C A’. We know that B is a finitely 
generated A-module; let {t,,...,tm} be a system of generators, and let 
Trp K(zt;) = a;/s; with a; € A, 8; € S. If 89 = $1°-+8m € S then 


TrpjK(2S0ti) = $0 Trp (2ti) € A 


for every 1 = 1,...,m. Thus Trz)4(zs9B) C Aso zs9 € B* (complemen- 
tary module of the A-module B); that is, yzso € B because y € A(B\A). 
We deduce that rz = yzsq/sso € B’ showing that x € A(B’|A’) and the 
inclusion B’- AyjK C A(B’|A’). 

Conversely, let x € A(B'|A’); B* is a fractional ideal of B, hence a 
finitely generated A-module. Let {z1,..., 2m} be a system of generators of 
the A-module B*. We have Trz)%(z;B) € A, and since S C K then 


TrpjK(2iB’) C A’, 


so z; € B”™ hence xz; € B’ = S~!B; so we may write xz; = b;/s8; with 
b; € B, s; € S. Let 


S = 81:'-''Sm ES, 


then sxz; € B for every 1 = 1,...,m, hence also sxB* C B. This proves 
that sx € A(B|A) and z € B’- A(BIA). a 


We are able to compute the different Arj~ = [[Q°°. Let eg be the 
ramification index of @ in L|K. 


O. For every nonzero prime ideal Q of B we have sg > eg — 1. More- 
over, Sg = eg — 1 of and only if the characteristic of B/Q does not divide 
the ramification index eg. 


Proof: Given the nonzero prime ideal Q, of B let P = Q, NA, and let S 
be the multiplicative set complement of P in A, A’ = S~!A, B’ = S~'!B. 
We note Aryix = [] Q*°, with sg > 0 integer, and BP = []#_, Qf‘, hence 
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by Chapter 12, (F), B’P = []?_, B’Q§'. From (N) and Chapter 12, (G), 


we have 


9 
A(B’|A’) = B'- Ay = |] BOs, 
i=1 
where 5; = Sg, for 2 = 1,...,g. Thus the complementary module of the 
A’-module B’ is B’* = []7_, B’Q;*'. The inequalities 
s>e-1l (t=1,...,g9) 
hold if and only if []%_, B‘Q;~° C B™. 

Thus let x € []?_, B’Q;~°; we recall that P’ = A’P is a principal ideal, 
so there exists t € K such that P’ = A’t; since B’t = B’P = []7_, B’Q%', 
then xt € []?_, B’Q;. We show that Tr;)x (xt) € A’P. Since B’ is a free 
A'-module, by Chapter 12, (L), Trz)« (xt) = Trg)4/(at). By Chapter 12, 
(I), B’/B'P is a vector space of dimension n over A’/P and by Chapter 
12, (N), taking the images by the canonical homomorphisms 


But (xt) tt &s © [][?_, B’QS = B’P, so zt is a nilpotent element of the 
ring B’/B'P. Then the characteristic polynomial of the associated linear 
transformation of B'/B'P is equal to X”. Hence Trg py a//p) (at) = 9, 
that is 


Tr) « (at) = Tr By 4/ (xt) € A’P. 
We conclude that ¢ Tr;)4 (xr) = Trz)x (zt) € A’P = A’t, hence 
TrpjK (2) ec A’. 


Now, if y € B’ then zy also belongs to []?_, B'Q)-* so TrrjxK (ry) € A’. 
This shows that x € B”. 

Now we assume that the characteristic of B/Q, = B’/B'Q, divides the 
ramification index e,;; we wish to show that 


9 
J = B'Q;? - |] B’Q7% CB", 

i=2 
hence s; > e€;. Let x € J; by the previous argument zt € (\7_, B’Q;. 
It follows from Chapter 12, (P), that if ~ : A’ — A’/P and y;, : B’ > 
B’/B’'Q, then 

9 
W(TrpjK«(a2t)) = S- ex Tr(B//B/Q,)|(A'/P’) (Vi(£t)) 


i=l 
=e1- TrpjBq,) (asp) (Yi (2t)). 


But e; is a multiple of the characteristic of B'/B’Q,, hence W(Trz) x (at)) = 
0,sot-Trz)K(@) = Trrjx(rt) € P’ = A’t and therefore Trz)x (x) € A’. 
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Now, if y € B’, then ry € J, so Try)x (zy) € A’, and this shows that 
ze B”. 

Conversely, if the characteristic of B/Q; = B'/B'Q, does not divide the 
ramification index e; we proceed as follows. Let x € B’ be an element such 
that its image ¥(x) € B’/B’Q, has a nonzero trace. By Chapter 7, (L), 
(applied to the Dedekind domain B’) there exists an element y € B’ such 
that y — z € B’Q, and y € B’Q5' for i = 2,...,g. Then by Chapter 12, 
(P): 


9 
W(Tryj«(y)) = >_ es Tree ypq,yar/p) (ily) 
1=1 


ei - Trp'/Bq,)\(Aa'/P’) (V1 (x)) FO 
since €; is not a multiple of the characteristic of B’/B’Q,. Therefore 
Trpix(y) ¢ P’ = A't 


and so 


t t 


This shows that y/t ¢ B’*; since B’t = B’P andy € B’Q;' (i = 2,...,9), 
then y/t € B’Q,“' hence B’Q,“' is not contained in B”, it is not true 
that —e; > —s,, so e, > 81; > e; — 1; therefore, s; = e; — 1. a 


TryK (4) + -TryK(y) ¢ A’. 


Theorem 2. AnidealQ of B is ramified in L|K if and only if Q divides 
the different Arix. 


Proof: We assume that Q@ is ramified in L|K, that is, eg > 2, hence 
Sg = 1 and so Q divides the different Az) x. 

Conversely, if eg = 1, since the characteristic of B/Q cannot divide eg, 
we conclude that sg = eg — 1 = 0, so @ does not divide the different. 1 


From Theorems 1 and 2 we expect a relationship between the relative 
different Az), and the relative discriminant 67) %. In fact, we have 


P. NyyK(Arx) = 61K. 


Proof: Let P be any nonzero prime ideal of A, and let S be the multi- 
plicative set, complement of P in A, A’ = S~!A, B’ = S~!B. Then B’ 
is a Dedekind domain, having only finitely many prime ideals (by Chapter 
12, (A)), so B’ is a principal ideal domain (by Chapter 7, (N)). Let B”™ 
be the complementary module of the free A’-module B’; it is a fractional 
ideal of B’, hence there exists y € L, y # 0 such that B’™ = B’y, and 
therefore B’y~' = A(B’|A’) = B’- Ajzix (by (N)). If {z},...,2/,} is any 
basis of the A’-module B’ then 


{yx}, _ yxy, } 
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is a basis of B’*. By (H), B™ has also the complementary basis 


Ix Ix 
{xy,...,27 


over A’. By Chapter 12, (L) and (T): 


bd Ix Ix ° Ix Ix 
discrypix (ry ,...,2,) = discrg-|4(2y,...,2,)) 
and 
: / / * / / 
discrp)K(y21,---,YXp,) = discrg\4'(yT],---,YLp) 


are associated elements of A’. But 


diser;)x(21,.--,@,) + disery)«(xy',..., 277) = 1 
and 
discry)«(yr},--.,yt,) = [Nii«(y)] - discrr)«(21,---,2)); 
therefore, ldiser pj xq (24, _— val)" [Nix (y)] is a unit of A’; so 


A’. discryjx(@1,---,@,) = A’- Nyjx(y7’). 
Now y~' = z/a with z € B, a € S, so B’z = B’a- B’Aj)x. Taking the 
relative norms (for the ring extension B’|A’) it follows from (A) that 
A'N1 x (z) = A'N1)\K (Bz) = Nea (B’z) 
= Npya'(B'a . B’Arik) 
= Np a'(B'a) . Neva (B'Arx) 
= A'N1) x (Ba) - A'N1)«(Azix) 
= A’Ny x(a) - A'Ny x (Azjx), 
hence A'’Nz)«(y~') = A’Nzix (Arik). 
We have shown that for every basis {x},...,2},} of the A’-module B’ 
we have A’ - discrzix(x},.--,2;,) = A’- NrjK (Axx). 
This being seen, we show the inclusion 6;)~ CG Nyx(Arx). Let 
{x1,...,2n} be any K-basis of L such that each element x; belongs to B. 


For every prime ideal P, let {x},...,2/,} be any basis of the A’-module B’. 
We may write 


(e7 
ri = > aljxi (g=1,...,m) with aj, c A’. 
i=1 


Thus 
discr pK ce A’. discr 7) (x4, Lee , £1) — Ap- Nyy K (Arr). 


This shows that 6,)~ © (|p Ap- Nz K(Arjx) = Nrjx(Azix) (see Chapter 
12, (C)). 

Conversely, let P be any nonzero prime ideal of A, let dz;)~ = P* - J, 
and Nrjx(Arjx) = P* - J’, where J, J’ are ideals of A, not multiples of 
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P. We shall see that s < s’; since this holds for every prime ideal P 4 0 of 
A, then 6;)% divides, hence contains Ny) «(Arz)x). 

Now, for every prime ideal P # 0 of A we choose a basis {x},..., x7,,} of 
the A’-module B’; after multiplication with an element of S we may assume 
that each x; € B. Let A- discrz)_(r},...,2;,) = P’I, where I is an ideal 
of A not a multiple of P. By Chapter 12, (F), A’ discrz)x(2j,.-.-,2)) = 
(A’P)" and since A’ - discrr)«(2},...,2,,) = A’: Nyyx(Arjx) = (A’P)® , 
then s° = r. But 67) contains, hence divides, A - discrz)«(x1,...,2;,), so 
s <r ==s’. This concludes the proof. | 


Using this result and the transitivity of the different, we obtain the 
transitivity of the discriminant: 


Q. Let K CL CL’ be algebraic number fields. Then 
OniK = (6r)x) 4 -NrjK(6x"L)- 
Proof: From (M) we have the following relation between the differents: 


Arnk = B’ArK - Art, where B’ is the ring of integers of L’. Taking 
norms, it follows from Chapter 12, (H), (J), and (P) of this chapter, that 


Niyx(Aryn) = Nuyw(B’ Ari)» NuyK (Art) 


SO 
6bryk = Nuk |Niyt(B’Arsx)| - Now {[Noyt(Azz)| 
= Nuk Cy > Nyy (6 \L) 


= (61K) 4 - Noy (én 1): a 


As an application of these computations, we may establish the following 
general result, which is due to Ore: 


R. Let Kk be an algebraic number field, let W be the multiplicative group 
of roots of unity in K, and w the number of elements in W. Then w divides 
26K. 


Proof: We have seen in Chapter 10, (C), that W is a cyclic group. Let 
w= [[F_, pe, where k; > 1 and pj, ..., ps are distinct prime numbers. 

Let 7 be a primitive root of unity of order w, let w; = |] ji Dp, ; then 
¢; = 7” is a primitive root of unity of order pr belonging to K for every 
a7=1,...,S. 

It is enough to show that if K contains a primitive p*th root of unity ¢ 
then p* divides 26; this will imply that w = [5-1 ps divides 26x. 

By (Q) the discriminant 6g c) divides 6x, so it is sufficient to prove that 
p® divides 26g¢). 

We have seen in Chapter 11, (N) and (O), that p is the only ramified 
prime in Q(¢) and Ap = (AE) PP) thus the different of Q(¢)|Q is Agcc) = 
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(AE)* and by (O) y(p*) — 1 < s. Taking norms we have |ég,c)| = p* (by 
(P) and Chapter 11, (N)). 
But 


s > y(p*) -1 = pk "(p-1)- 12 [1+ (k-1)(p— D\(p— 1) - 1; 


this last quantity is at least equal to kK when p > 2 and equal to k — 1 when 
= 2. In any case p* divides 2p° = 2 |dqvc)|- a 


Ift € L let g(x) = []i_,(X — oi(t)) where 0; = €, 02, ..., On are 
the K-isomorphisms of L into C. So g € K[X] and g(t) = 0. Thus the 
minimal polynomial of t over K divides g. Then g’(t) = []j_.(t — o:(t)) 
and g'(t) # 0 if and only if t is a primitive element of the extension L|K, 
in other words, t is different from its conjugates over K. For this reason, it 
is customary to call g’(t) the different of t in L|K. 

We assume henceforth that t is a primitive element of L|K and t € B; 
so g(t) € A, g’(t) £0. 

We want to compare the fractional ideals B* and Alt]*. As we know 
B* C Aft]” = Alt]/g’(t). Let F, = {2 € B| x- Alt] C B*}. Then F; is 
an ideal of B called the conductor of Alt] in B. 


S. Lett € B be a primitive element of L|K: 
(1) The conductor of A[t] in B is equal to F; = g'(t)B*. 
(2) F, is the largest ideal of B contained in Alt]. 


Proof: (1) Indeed g’(t)- B* C g'(t)- A[t]” = Alt] C B, hence 
(g'(t) - B*) - Afé]” = g‘(t) - Alt] - BY C B*. 


Conversely, if ¢ B, x- Aft}” C B* then x € x- Alt] C g’(t) - B*. 

(2) Since B* C Aft]" = A[t]/g’(t), then Fy = g/(t)- B* C Alt]. 

Now, let J be an ideal of B which is contained in A[t] and x € J. By (J), 
Trix (x/g'(t)) € A. For every y € B, we have ry € J so Tr(yr/g’(t)) € A, 
hence x/g'(t) € B* by definition of B*. Therefore, x € g(t): B* =F. i 


T. Arik is the ideal of B generated by the differents g'(t) of all the 
primitive elements t € B. 


Proof: Let t be a primitive element of L|K. If t € B then, by (K), B* € 
Alt|" = Alt]/g'(t) © B- (1/g'(t)) hence 


g(t)}B* CB so g(t) € Arik. 


To show the converse, it is enough to establish that for every nonzero 
prime ideal Q of B there exists a primitive element t € B such that Q 
does not contain F;. If this has been shown, the ideal ote p ft generated 
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by Ureg / is equal to B. Hence 


Arjx = Aux: B= Az xK S° Fy} = S° Ann: F; 
teB teB 


= S° Ark: g(t)- BY = S- B- g'(t). 
te B t€B 
So, let us prove the above assertion. Let QN A= PandB-P=Q*.- J, 
where e > 1, @ does not divide J. 
We divide the proof into several steps. 


1°. First we show that there exists t © L such that: 
(1)te J t¢Q. 
(2) The image t of t in B/Q is a generator of the multiplicative cyclic 
group of nonzero elements of the finite field B/Q. 
(3) tN(2) _¢ ¢ Q?. 
(4) L = K(t). 


To choose ¢t let u € B be such that its image uw € B/Q generates the 
multiplicative group of nonzero elements of B/Q (a finite field), which is 
known to be cyclic (see Chapter 2, Section 9). 

Let gq = N(Q), so by Chapter 8, (G), gq € Q. Then u? — u € Q. If 
ul —u ¢ Q? let uy, = wu. If ud —u € Q?, let v € Q, v ¢ Q? and let 
uy = u+v. Then @] = utv = @ and uj — wu, € Q but uf — wy = 


q 


(u? — u) + qua-!u + sure +---+ul—v ¢ Q?, since v ¢ Q? but 


every other summand is in Q? (since q € Q). 

Since @ does not divide J, then B = J+Q? and we may write u; = t+v) 
with t € J, v; € Q?; then t ¢ Q because u, ¢ Q. We also have t = % so 
t? -t € Q and 


t? —t = (uy — v1)? — (uy — v1) = ud — uy (mod Q’). 
Hence t? — t ¢ Q?. 

Now we show that L = K(t). First we note that if t’ € t + JQ? then t’ 
also satisfies conditions (1), (2), (3)—this is trivial to verify. We choose t’ 
in the set t + JQ? such that [K(t’) : K] is maximal. If JQ? C K(t’) let 
x € JQ’, x #0,so Br C JQ?. But L is generated by Bz over K, hence 
by JQ’, so L = K(JQ?) C K(t') C L, thus K(t’) = L. 

If JQ? Z K(t'), let z € JQ?, z ¢ K(t'). We consider the family K = 
{K(t' + az) | a € A} of subfields of L. Since L|K is separable, this family 
of subfields must be finite. But A is infinite, so there exist a,,a2 € A, a, F 
ag, such that K(t’ + az) = K(t' + agz) = K’. Then (a, — ag)z € K’ 
soz € Kk’, t’ € K’. Thus K(t’) is properly contained in K’, because 
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z @ K(t'). But K(t’ + a,z) is in the family K, which is a contradiction, 
and proves (4). 


2°. For every integer | > 1 and element b € B there exists c € Alt] such 
that b —c¢ € Q!, where t is chosen as in (1°). 

Indeed, let S be a system of representatives of B modulo Q. If w = t? —-t 
then for every | > 0: 


R= { sg + SywWt+ sow? +---+5,_,w'7! | SQ, S81,---,S8i-1 € S} 


is a system of representatives of B modulo Q! (see Chapter 8, (B)). In 
particular, we may take S = {0,1,t,t*,...,¢%~1}. Then for every element 
b € B there exists a unique element c = so + s;w+---+8,_,;w'"! € Alf, 
with each s; € {0,1,t,...,t9~'}, such that b-—c € Q!. 


3°. There exists 1 > 0 such that Bt! C Alt]. 

Indeed, let a € B-g'(t)N A, a # 0; let Aa = P”-J, where r > 0 and P 
does not divide the ideal J. If h is the class number of K, we obtain principal 
ideals by considering hth powers of ideals; let Aa; = Aa”, P™’ = Aag, 
hence a; = a2a3, where a3 € I”. Moreover, a3 ¢ P, since the exact power 
of P which divides a, is rh. 

Let us show that the principal ideal B(a3t””) is contained in Al[t]. Given 
b € B, let c € Alt] be an element such that b — c € Q¢"”. Then ba3t™ = 
(b — c)agt™ + ca3t™. As ca3t™ € Alt] it is enough to show that 


(b — c)a3t”™” € Alt]. 
Now we have 
Bayza3(b — c)t™ — Ba, - Qe? . Ber 
B. prk = Qerh . yrh 
Ba". BCgq'(t)- BC Alt] 
because t € J and g/(t)B* C Alt]. Therefore, B(a3t™") € Aft]. 


4°. End of the proof. It follows from (S) that B(a3t™’) C F;. But ag ¢ P. 
soa; ¢ Q andt ¢ Q, hence a3t™’ ¢ Q, showing that F; is not contained 
in Q. a 


B(b — c)a3t™ = 


IM) 


One might ask whether a similar result holds for the relative discriminant. 
More precisely, for every primitive integral element x of L|K, x € B, we 
may consider the discriminant 6(xz) = discrz)x(1,2,x7,...,2"7"). 

By definition 6(x) € 6;)~% and we wish to compare the ideal 6;)% of A 
with the ideal 67,,, which is generated by all the above elements 6(x). We 
quote without proof the following results due to Hensel: 


For every x as above we have an integral ideal I, such that 6(2) = 
I? - én: 


A nonzero prime ideal P of A, which divides [, for every primitive in- 
tegral element xz, is called an inessential factor of the discriminant. In 
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order that Or K = 6(x) for some primitive integral element x it is necessary 
and sufficient that there exists no inessential factor for the discriminant. 

A necessary and sufficient condition for a prime ideal P of A not to be 
an inessential factor of the discriminant 67), is the following: 


(for any natural number f > 1) where g(f) denotes the number of prime 
ideals Q of B such that QQ A = P and Q has inertial degree f over P and 
u is the Mobius function (see Chapter 3, Exercise 45). 

It follows that if P is an inessential factor of 6,)~% then N(P) < [L: K] = 
n. The converse is also true when there exist n distinct prime ideals Q; of 
B such that Q; 9 A = P. 

So, if [ZL : K| = 2, then there are no inessential factors for 6;)~. How- 
ever, Dedekind has shown the existence of inessential prime factors for the 
discriminant of a cubic field (see Chapter 16, Example 3). 

We conclude this section with results relating the degree, rings of integers, 
and discriminants of fields Kj, HK and their compositum L = K,Ko. 


U. Let Ky, Ko be two algebraic number fields, extensions of the field 
K, let L = K, Ko be their compositum; let P be a nonzero prime ideal of 
the ring of integers A of K. Then: 
(1) Ariz, divides BAK, jx, ArjK, divides BAx,)K where B is the 
ring of integers of L. 
(2) Nxai«(d1)K,) divides 7!) and Nx,|K(6z1K,) divides df). 
(3) P is unramified in L|K if and only if it is unramified in Ky|K 
and in Ko|K. 


Proof: (1) We show that Arik» divides BAK; that is, Aki|K C 
Ar)x,- Let A; be the ring of integers of K; for 7 = 1, 2. 

By (T), it suffices to show that if t € Ay, K, = K(t), ifg € A[X] is the 
minimal polynomial of ¢ over K, then g’(t) € Arjx,. We have L = Ko(t). 
Let h be the minimal polynomial of t over K2, so h divides g in K2[X], 
thus g = hk; since h is monic, then k € A2|X]. It follows that g’(t) = 
h'(t)k(t) € Bh'(t) C Arik: 

(2) We use the various properties for the discriminant and the different 
which were established in this section. We have 


Nxp\K (61K) — Nx K (Nz K2(AziK2)) — Nrix (Ark) 
divides (by (1)): 
Ni K(BAK,|K) = Nx,jxk(NryK,(BAk,|K)) 


__ [L: Ky] __ [L:K4] 
= Nek C\are ~ OK 
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(3) Clearly, if P is unramified in L|K then P is also unramified in 
ky,|K and in Ko|K. 
Conversely, we have (by (Q)): 
6nkK = rahe ‘Nini k (OL) Ke) 


and 


NxojKk (OL) Ko) = Nox (NK. (Arix.)) = Nr (Arx,) 
and this ideal divides 
Nik (BAK yk) = Nek (Nix, (BAK, |K) 


__ [L: Kk] _. [L: ky] 
= Nx,\k C\ane — ORK 


Thus, if P is unramified in K,|K and in K2|K, by Theorem 1, P does not 
divide 6x%,|K nor 6x,\~- Hence P does not divide 6;)~, so P is unramified 
in L|K. a 

As a corollary we have: 


V. Tet K C L C L’ be algebraic number fields such that L’ is the 
smallest field containing L for which L’|K is a Galois extension. Let P be 
a nonzero prime ideal of the ring of integers of K. Then P is unramified 
in L|K if and only if P is unramified in L'|K. 


Proof: We apply the preceding result for the fields LD = L,, Lo, ..., Lm, 
where each L; is a conjugate of L over K, noting that L’ is the compositum 
of these fields. a 


For algebraic number fields with relatively prime absolute discriminants, 
we have: 


Ww. Let Ky, Ky be algebraic number fields of degree n,, n2, respectively, 
and such that 6x,, dK, are relatively prime. Let L = K, Ke. Then: 
(1) [L: Q] = ny no. 
(2) 6, = bre OR 
(3) If Ay, Ao, B are the rings of integers of Ki, Ko, L, respectively, 
then B = Aj Ao; if {21,...,2n,} ts an integral basis of K,, and tf 
{Yy1,--+s Yn} 7s an integral basis of Ko then {x1y1,---,2n Yn } 
as an integral basis of L. 


Proof: (1) We have [L: Q) = [K2:Q|- [LZ: Ke] = no[L: Ko. If 
[LC : Q) < nynzg then [L : Ke] < n,. Let Ky; = Q(t) so L = Koa(t); let 
g € Q|X] be the minimal polynomial of t over Q, so deg(g) = n,. Since 
[LE : Ke] < ny, the minimal polynomial h of t over Ka has degree smaller 
than n, and it divides g; let K’ be the subfield of Ke generated by the 
coefficients of h, so K’ is not equal to Q because g is irreducible over Q. 
From Kk’ C Ko we deduce (by (Q)) that 6x. divides éx,. 
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On the other hand, the coefficients of h are elementary symmetric func- 
tions of the roots of h, which are among the conjugates of t; thush € Ky|X], 
where Ky; is the smallest Galois extension of Q containing K,. Thus 
K" C Kj and again 6x: divides éx:. 

If p is a prime number dividing 6x7, it divides 6x, and 6 K!} by Theorem 
1 and (V), p divides 6x,, which is contrary to the hypothesis. 

Thus |6x-| = 1 and by Chapter 9, (D), we conclude that K’ = Q, a 
contradiction. This proves (1). 


(2) By (Q), we have O1 = Nx,\Q(6r|/1) . On, = Nx, 1Q(6L\K2) . OK»: 
Hence 672 and 6; divide 6; and, by hypothesis, 677 674, divides 6:. 

On the other hand, from (U), we know that Nx,)Q(6zj)x,) divides 
py = 67? by (1); hence 6, = Nx, \Q(6z)K,) - On, divides 677 672, and 
this establishes the equality. 

(3) Let A, A> denote the smallest subring of L containing A; and Ag; 
SO A, Ao C B. 

We compute the discriminant of the set {z1y1,...,2n,Yn,}. First, we 
observe that if o is any isomorphism of L, if ox,, ox, denote the restric- 
tions of o to K, and Kg, respectively, then the mapping 0g —> (oK,,¢0k,) 
is injective, because L = K, Kg, and also surjective since [ZL : Q| = nino. 
Hence, 


2 
diserzjQ(X1y1,---;2n,Yn2) = [det(oit;(xeyi)) |, 


where 01, ..., On, are the isomorphisms of K, and 7), ..., Tn, are the 
isomorphisms of Ko. 

We have to compute the determinant of a matrix, which is the Kronecker 
product of the matrices 


(04(Lk))ik=1 pees n\ and (7;(M))50=1,....n2 


and for this purpose we use the special case stated after Lemma 1 of Chapter 
12. 
Thus 
. 2n 2n1 
discrzjg(Z1Y1,---,2nyYno) = [det (o;(x;))| -. [det (7i(y;))| 
= Oe OF, = 6p. 


Since x,y; € B, by Chapter 6, (M) {z1y1,.--,2n,Yn.} is an integral 
basis of B and, in particular, B = A; Ag. | 
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EXERCISES 


1. Let K = Q(x), where x° — x? — 27 + 8 = 0. If y = (2? — 2)/2, 
compute its characteristic polynomial in K|Q and its minimal polynomial 
over Q. 


2. Give an independent proof of Theorem 1 for the case of a quadratic 


field K = Q(vVd). 


3. Let p, q be distinct prime numbers, ¢ a primitive pth root of unity, 
and 7 a primitive gth root of unity: 
(a) Find an integral basis for K = Q(¢,7) and the discriminant of 
this field. 
(b) Let K’ be the maximal real subfield of AK. Show that the relative 
different Ax)’ is the unit ideal. 


4. Let p, q be distinct prime numbers, p = 1 (mod 4), q = 1 
(mod 4). Let K = Q(/P, \/@): 
(a) Find an integral basis and the discriminant of K. 
(b) Let K’ = Q(,/pq); show that the relative different Ax): is the 
unit ideal. 


5. Applying Hensel’s criterion for the existence of an inessential factor 
of the discriminant, show the following assertions of the text: 
(a) If P is an inessential factor of 6;;~ then N(P) < [L: K| =n. 
(b) If N(P) < nand BP is decomposed into the product of n distinct 
prime ideals of B then P is an inessential factor. 


6. Let K be an algebraic number field, A the ring of integers, and R a 
subring of A. Show that there exists an ideal F' of A such that: 
(a) F CR. 
(b) If J is an ideal of A such that J C Rthen J C F. 


Then F is called the conductor of R in A. 


7. Let K bean algebraic number field, A the ring of integers, R a subring 
of A, and F the conductor of R in A. If J is an ideal of R let AJ denote 
the ideal of A generated by I. I is said to be a regular ideal of R when 
ecd(AI, F) = A. Show: 

(a) If J is an ideal of A such that gcd(J, F) = A there exists an ideal 
I of R such that J = AI. 
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(b) If J, I’ are regular ideals of R then A(I- JI’) = AI - Al’. 


(c) The number of congruence classes modulo F' of elements a € R 
such that gcd(Aa, F’) = A divides y(F’) (see Chapter 8, Exercise 
2). 


14 


The Decomposition of Prime Ideals 
in Galois Extensions 


14.1 Decomposition and Inertia 


Let K be an algebraic number field, L|K a finite extension of degree n, 
and, as before, let A, B be, respectively, the rings of integers of K, L. Let 
P bea prime ideal of A, and let BP = TZ, P* be the decomposition of 
BP into a product of prime ideals, with f; = |[B/P; : A/P]|. We shall study 
in more detail how this decomposition takes place. This has been done by 
Hilbert, assuming that L|K is a Galois extension. 

Accordingly, let K = G(L|K) be the Galois group of L|K, so K has n 
elements, the K-automorphisms of L. We shall make appeal to the discus- 
sion in Chapter 11, preceding and including (E), (F), and Theorem 1; in 
particular, we writee =e; = ---=e€,, f= fi =-:: = fo. 

We shall also adopt the following notation: K = A/P, L; = B/P,, each 
field L; is isomorphic with the extension of degree f; of the finite field K. 
Since f; = --- = fg, all the fields L; are actually isomorphic; however, we 
shall not identify them. 


Definition 1. With the preceding notations, the subgroup Z; of K, 
defined by Z; = {0 € K | o(P;) = P;} is called the decomposition group of 
P; in the extension L|K. The field of invariants of Z; is denoted by Z,; and 
is called the decomposition field of P; in the extension L|K. 

If necessary, we may also use the following notations: 


Z, = Z2(Pi|P) = Zp(L|K), 
Z, = Z2(Pi|P) = Zp,(L|4). 


A. The subgroups 21, ..., Z, of K are conjugate (by inner automor- 
phisms of K). In particular, if K is an Abelian group, then Z; = --- = 
Zq- 


Proof: Let P;, P; be distinct prime ideals of B such that P,M A = P) 
A = P. Since K acts transitively on the set of prime ideals {Pi,..., Pg}, 
there exists 0 € K such that o(P;) = P;. Then Z; = 07 '*Z,o. | 
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B. For every integer1 = 1,...,g we have: |Z, : K| = (K: Z;) = g. 


Proof: This proof has already been in Chapter 11, (O), while discussing 
the cyclotomic field. We repeat it for the convenience of the reader. We 
have 0Z; = TZ; (with 0,7 € K) if and only if o(P;) = 7r(P;). In fact, 
if oZ; = 7TZ;, then o'r € Z;, so a !7(P;) = P,, hence r(P;) = o(P,). 
Conversely, if o(P;) = T(P;), then o~'r € 2; hence TZ; = 0 Zj. 

Thus, the number g of distinct prime ideals P; is the same as the number 
of distinct cosets modulo Z;; that is, the index (K : Z;). From Galois theory, 
we have (K: Z;) = [Z; : K]. a 


The decomposition field has the following minimality property: 


C. If Q; = Pi. Z; (prime ideal of the ring of integers BO Z; of Z;), 
then P; 1s the only ideal of the ring of integers of L which extends Q;. 
Conversely, if Z; is a field, K C Zi CL, if Q; = Pi NZ} and P, is the 
only extension of Q: to L, then Z; © Zi. 


Proof: We have Z; = G(L|Z;); by Chapter 11, (E), Z; acts transitively 
on the set of prime ideals of B extending Q;; but, by definition, o(P;) = P, 
for every o € Z;, thus P; is the only extension of Q,. 

Next, if P; is the only extension of Q; = P; M Z;, then every element 
of the Galois group Z; = G(L|Z/) fixes P;, hence belongs to Z,; thus, we 
have the opposite inclusion for the fixed fields: Z; D Z;. | 


We fix our attention on one of the prime ideals P;, which we shall denote 
by P for simplicity. 

Let Z = Zp(L|K), Z = Zp(L\|K), L = B/P, K = G(L|K). We denote 
also by Bz = BN Z the ring of integers of Z, by Pz = PM Z the prime 
ideal of Bz defined by P, and by Z = Bz/Pz the corresponding residue 
class field; accordingly, let e be the ramification index and f the inertial 
degree of P over P. 


D. (1) Z=K, so the inertial degrees are f(Pz| P) = 1, f(P|Pz) = f; 
the ramification indices are e(Pz|P) = 1, e(P|Pz) =e. 


(2) The mappinga € 2 > 7 € G( L|K) is a group-homomorphism 
onto G( L|K), having kernel equal to the normal subgroup 


T = {o € Z| o(x) =z (mod P) for every element x € Bi. 
Proof: (1) By the fundamental relation of Theorem 1, Chapter 11, and 
(C), we have 
[L : Z| = e(P|Pz) - f(P|Pz). 


On the other hand, [L : K] = efg and by (B), [Z: K] = g. Therefore, 
ef = e(P|Pz)- f(P|Pz). By the transitivity of the ramification index and 
inertial degree, we must have e(P|Pz) = e, f(P|Pz) = f and e(Pz|P) = 
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1, f(Pz|P) = 1. Therefore 
IL: Z| = f(P\|Pz) =f =(£:K] impliesthat Z =K. 


(2) Ifo © Z then o(P) = P, hence o induces the mapping ¢ : L > L, 
defined by a(%) = o(x) for every x € B. It is immediate that @ is a 
Z-automorphism. 

Now, we shall prove that the image is equal to G(L|K). Since K is a finite 
field, there exists b € B such that L = K(b). If € € G(L|K) then €(b) is a 
conjugate of 6 over K. 

Let Ah be the minimal polynomial of 6 over Z; since L|Z is a Galois 
extension, all the conjugates of 6 over Z are still in L, and in fact in B; 
thus h decomposes as h = [[,<2(X — o(b)); considering the images of the 
coefficients by the canonical mapping B — L (which extends Bz — Z = 
K), we have h = [](X — o(b)) € K[X]; of course, 6 is among the roots 
of h; the conjugates of b over K are the roots of its minimal polynomial, 
which divides h, thus the conjugates of 6 are among the elements o(b) EL. 
In particular, (6) = o(b) = G(b), for some o € Z, and therefore € and 
must coincide on every element of L. 

The kernel of the group-homomorphism is obviously the set of all o € Z 
such that o(%) = Z for every & € L, that is, o(x) = x (mod P) for every 
re B. a 


Thus, we have the group-isomorphism Z/T © G(L|K) for every prime 
ideal P. 

It is convenient to remark that JT is also equal to the set of all o € Z such 
that o(x) = x (mod BpP) for every x € Bp. For if o satisfies this latter 
condition, if x € B then o(z) — x € BN BpP = P. Conversely, if o € T, 
ifr € Bp, we may write x = b/s, with b,s © B, s ¢ P; let a = Nzjz(s), 
the product of the conjugates of s over Z, soa = ss’ € BN Z,a¢P 
(because if 0 € Z then o(P) = P, so o(s) ¢ P) and x = bs’/a, with 
bs’ € B,ae BN Z, a ¢ P; thus o(x) — x = (a(bs’) — bs’)/a € BpP for 
a eT. 


Definition 2. For every prime ideal P; of B, 7Z; is called the 
inertial group of P; in the extension L|K. The field of invariants of T, 
is denoted by T; and called the inertial field of P; in L|K. 

We may also adopt the following notations: 


T, = T(P| P) = Tp,(L|k), 

T, = T(Pi| P) = Tp,(L|K). 
When we fix our attention on one of the prime ideals P;, which we denote 
by P for simplicity, then we write T = Tp(L|K) and T = Tp(L|K). We 


also denote by Br = BN T the ring of integers of T, Pr the prime ideal 
POT = Pr, and by T the corresponding residue class field. 
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With these notations, we have the first important result: 
Theorem 1. (1) T|Z is a Galois extension and G(T|Z) = Z/T =K. 
Q) (P:Z)=f, [L:T)=e 
(3) L =T, so the inertial degrees are 
f(Pr|Pz) = f, f(P|Pr) = 1. 
(4) The ramification indices of the ideals in question are 


e( Pr|Pz) = l, e(P|Pr) = €. 


Residue 
Ramification class Inertial 
Groups Fields Ideals Degrees indices fields degrees 
L P eL 
e e€ 1 
T Pr 
f 1 f 
Z Pz 
g 1 1 
kK ke P ek 


Proof: The assertion (1) is now obvious. 

By (1), we have [[.: Z] = #(2/T) = #(K) = [L: K] = f. 

Since n = efg, [Z: K| = g (by (B)) and [T7: Z] = f, then [L : T] = e. 

To show that L =T we consider the extension L|T. Then Zp(L|T) = T 
and Tp(L|T) = T, as is obvious. Hence, by (1), G(L|T) = T/T soL =T. 
Therefore, [T: Z] = [L : K] = f. 

Considering the Galois extension L|7’, we have 


[L:T| =e =e(P|Pr) - f(P\|Pr); 


but f(P|Pr) = 1, so e(P|Pr) = e and by transitivity of ramification, 
e(Pr|Pz) = 1. a 


It is also useful to know the relative behavior of these groups. 
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For the next proposition, we consider algebraic number fields K, F, 
F’, Lwith K CF CL, K C F’ CL; we assume that L|K, F'|K, F\K 
are Galois extensions. Let P, Pr, Pr’, P be prime ideals of the rings of 
integers of L, F, F’, K, such that Pe = POF, Pre = POF’, P= 
Pro Kk = Pr 1K. We also denote by gp(L|K) the number of prime ideals 
P of L dividing P and by fp(L|K) the inertial degree of P in L|K. The 


notations 
gp(F\K), gp(F'|K), gp. (LIF), 9p... (L|F"), 
fe(L|F), fe(L|F"), fr.(F\K), fr, (FA), 
have similar meanings. 


E. With the above notations: 
(1) Zp,(F|K) = Zp(L|K)/Zp(LI|F). 
Tp, (F|K) © Tp(L|K)/Tp(LIF). 
(2) IfFOF'=K andL = FF’ then 
Zp(L|K) = Zp,(F|K) x Zp,,,(F'|K), 
Tp(L|K) = Tp,.(F|K) x Tp,., (F'|K), 
and 
gp(L|K) = gp(F|K) - gp(F'|K), 
fe(L|K) = fr(L|F) - fp(L|F"). 


Proof: (1) Ifo € Zp(L|K) let o|F denote the restriction of a to the 
field F; thus o|F € G(F|K) and actually o|F € Zp, (F|K). The mapping 
o — o|F is obviously a group-homomorphism and its kernel is G(L|F’) 
Zp(L\|K) = Zp(L|F). It remains to show that the image of the mapping 
is Zp, (F|K). Given + € Zp,,(F|K) there exists an extension o of T to a 
K-automorphism of L, so o|F = 7; then o(P) is such that o(P)N F = 
Pr, because o|F = T leaves Pr fixed. By Chapter 11, (E), there exists 
o’ € G(L|F) such that o’(o(P)) = P. It follows that o’o € Zp(L|K) and 
T = (0'o)|F € Zp, (F|K). 

The second assertion is proved in the same way. If 0 € Tp(L|K) then 
o|F € Tp,.(F|K), the kernel of the homomorphism in question is 


Tp(L|F) = Tp(L|K) 9 G(LIF). 


Finally, the mapping has image equal to Tp, (K|F'), as we may easily see: 
Tp(L\|K)/Tp(L|F) C Tp,.(F|K) (up to isomorphism), hence, considering 
the orders of these groups, which are ramification indices (by Theorem 1, 
(2)), we have ep(L|K)/ep(L|F) < ep, (F|K); from Chapter 11, (D), we 
must have equality, thereby proving the second assertion. 

(2) In this situation, G(L|K) = G(F|K) x G(F’|K). By the cano- 
nical restriction mapping G(L|K) — G(F|K), the image of Zp(L|K) 
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is Zp(L|K)/Zp(L|F) © Zp,(F|K) by (1), since Zp(L|K) 9 G(LIE) 
Zp(L|F’). The same holds with F’ instead of F, hence Zp(L|K) 
Zp,(F|K) x Zp,,,(F"'|K). By the same argument we prove the assertion 
for the inertial subgroups. We use these facts and the homomorphism the- 
orems for groups to establish the relation for the number of extensions of 
the ideals under consideration. G(L|K)/Zp(L|K) contains the subgroup 
G(L|F)/Zp(L|F), noting that Zp(L|F) = Zp(L|K) 9 G(L|F). This sub- 
group is isomorphic to G(L|F)Zp(L|K)/Zp(L|K). The quotient group is 
isomorphic to 


2 Il 


G(L|K)/G(L|F) Zp(L|K) 
~ (G(L|K)/G(LIF)) / (G(L|F)Zp(L|K)/G(L|F)) 
~ G(F|K)/Zp, (F|K) 


by (1), since G(L|F)Zp(L|K) has the same image as Zp(L|K) by the 
homomorphism considered above. 

It follows that gp(L|K) = gp(F|K)gp,.(L|F). 

As was shown, the image of Zp(L|F) by the map from G(L|F) to 
G(F'"|K) is equal to Zp,,,(F’|K) hence 


gp, (L|F) = (G(F’|K) : Zp,,, (F’|K)) 
= gp(F'|K), 


showing the required equality. 
Since Zp(L|K) =~ Zp,.(F|K) x ZP 1 (F'lK) and Tp(L|K) = Tp, (FP) x 
Tp, (F"|P), then 


Zp,(L|K)/Tp(L|K) = Zp,.(F|K)/Tp, (F|K) 
x Zp, (F'|K)/Tp,, (F'|K). 


So by Theorem 1, fp(L|K) = fp(L|F) - fp(L\F’). a 


14.2 The Ramification 


Now we shall study the ramification, which by Theorem 1, (2), occurs in the 
extension L|T’.. Since [L : T] = ep(LI|T), we say that Pr is totally ramified 
in L|T. 

We have to consider the following situation: 


L|T ts a Galois extension of degree e, with Galois group T, the prime 
ideal Pp- = PT of the ring Br of integers of T has only one extension 
P to the ring B of L, BPr = P®, and the residue class fields are L = T. 
Thus Zp(L|T) = Tp(L|T) = T. 
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The following lemma will be useful: 


Lemma 1. Let R be a Dedekind domain, K its field of quotients, L|K 
a Galois extension of finite degree, and T the integral closure of R in L. 
Let P be a prime ideal of R and assume that there exists only one prime 
ideal Q in T such that QQ R = P. Let S be the set-complement of P in R 
and R' = S"!R, T’=S"!T. Then Tg = T’. 


Proof: Since S is contained in the set-complement of Q in T, then T’ C 
Tg. Conversely, to show that Tg C T’, by Chapter 12, (D), it suffices 
to show that every element of Tg is integral over R’. Since the elements 
of T are integral over R, hence over R’, it suffices to show that for each 
te T, t € Q, 1/t is integral over R’. 

Let X™ + a,X™ 14 -+++4@m € R[X] be the minimal polynomial of t 
over K, so it has coefficients in R. Since L|K is a Galois extension and Q 
is the only prime ideal of T with QM R = P by Chapter 11, (E), all the 
conjugates of ¢ are in J’ but not in Q, hence a,, € R, am ¢ P. 

Thus 1/am € R’. But 1/t is a root of the polynomial 


_ 1 
xm 4 Smet ymi yy Sy 29, 


Am Am Am 


therefore 1/t is integral over R’. a 


F. Under the hypothesis stated above, let t € Bp be a generator of the 
prime ideal BpP of Bp, that is, BpP = Bpt. Then {1,t,...,t®~'} is a 
basis of the free module Bp over (Br)p,; in particular, Bp = (Bp)p,.|t]. 
Moreover, t 1s the root of an Eisenstein polynomial with coefficients in 
(Br) p,.. 


Proof: First we show that ifa € T, a 4 0, then Bpa = BpP* (for some 
s € Z). Indeed, since (Bp) p,. is a principal ideal domain, by Chapter 12, 
(G), there exists s € Z such that (Br)p,a = (Br)p,P#, then Bpa = 
Bp(Br)p,a = Bp(Br)p,P? = BpP3 = BpBP = BpP*. 

Next, we prove that if x = an a;t’ with a; € T, if0 <i, 7 <e-1 
and a; # 0, a; # Othen s;e+72 A s;e+ 7 (where Bpa; = BpP*'*); this is 
clear since otherwise we would have 0 # i — j = (s; — s;)e and |z — j| < e, 
which is impossible. 


So, if xz = ar a,t’, with a; € T, and some a; 4 0, if 
m = min{s;e+i|a; 40, Bpa; = BpP*'*} 


then Bpx = BpP™. 

Indeed, let 7 be such that m = s,e + 7; then for all 7 such that a; ¥ 0, 
we have m < s,e+ j7, c € BpP™ and if x € BpP™*! then a,t®? = 
Liu a;t? € BpP™*!, hence Bpa;t? = BpP™ C BpP™T!, which is 
not true. 
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This implies that {1,t,...,t®~'} are linearly independent over T, be- 
cause if ar _9 ait’ = 0 with a; € T and some a; # 0, then 0 = BpP™, 
with m € Z, which is not possible. 

Since [L : T] = e, the set {1,t,...,t®~'} is a T-basis of L. These ele- 
ments generate the (Br)p,-module Bp, hence form a basis. Indeed, if 
x € Bp we may already write x = ar a;t’ with coefficients a; € T. 
We have to show that a; € (Br)p,, and we assume that x # 0, so some 
a; # 0. From x € Bp, if Bpx = BpP™ then m > 0. However, as we have 
seen 


m= min{ s;e +12 | a; #0, Bpa; = BpP*'*} 
so se +2 > 0, s; > —i/e > —1; therefore s; > O since it is an integer; 
thus, a; © BpeNnT = (Br)p,. 

Let g = X© +a,X°'+---+a- € T[X] be the minimal polynomial 
of t over T’; we shall show that a; € (Br)p,Pr for i = 1,...,e, but 
ae ¢ (Br)p,P?; in such a case, g is called an Eisenstein polynomial. 
From g(t) = 0, we deduce that —t® = a,t®°~!4.---+a,; therefore, 

e = min{s;e + (e —1) | a; #0, Bpa; = BpP*'*}; 


soe < sje +(e —i), 0 < i/e < s;; therefore, a; € (Br)p,Pr fori = 


1,...,e. On the other hand, if i # e then s;e +e -i >e+e-i>e; 
thus the above minimum is attained when i = e, that is, s,e = e, hence 
(Br) p,Pr = (Br) p,Ge and Qe ¢ (Br) p, P?. a 


We note at this point that BpP has a generator t’ € B, for if Bp P = 
Bpt, witht = t’/s, t’€ B, s€ B, s ¢ P then Bpt = Bpt’. 
G. For every i = 0,1,2,... let V; = {0 € T | o(x) = x (mod P't) 
for every x € B}. Then: 
(1) Each V; is a normal subgroup of T and 


T=Y%2V2 v2 2 


(2) There exists an index r such that V, is the trivial group. 
(3) Ift € B is an element such that BpP = Bpt then 


V, = {o € T | o(t)-t7' =1 (mod BpP")} 
for every1 = 0,1,2,.... 


Proof: (1) We consider the ring B/P**!; if o € Z then o(P) = P, 
hence o(P*t!) = P*t!; then each o acts on B/P’*! in a natural way: 
a(x) = o(x). Thus, o € VY; if and only if o acts trivially on B/P**!; 
that is, o is the identity mapping; therefore V; is the kernel of the group- 
homomorphism o — @, so Y; is a normal subgroup of 7. Obviously, T = 
Y vu hwe::: 

(2) (2,5 Vi is the trivial group, for if o belongs to this intersection 
then o(x) — x € ()72, P’*!, that is, o(x) = x for every x € B. 
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Since 7 is a finite group, then there exists r such that V, consists only 
of the trivial automorphism. 

(3) Ifo € VY; then o(t) —t € BpP*t!, hence a(t)/t — 1 € BpP*. 
Conversely, this implies that a(t) — t © Bp P’t!. Next, ifx € B C Bp we 
may write © = ar a;t’ with a; € (Br)p, C T, hence 


but 
a(t)’ — t* = [o(t) — t]- [o(t)! + a(t) 27t+--- 44°!) © BpP™*?, 
hence a(x) —- x € BO BpP*t! = Pt, = 


Definition 3. For every 2 = 0,1, 2,..., V; is called the ith ramification 
group of P in L|K. The field of invariants of V; is denoted by V; and is 
called the ith ramification field of P in L|K. 

If necessary, we may use the following more precise notations: V; = 
V,(P|P) = Vi,,(L|K) and V; = V;(P|P) = Vz, (LIK). 

Thus, in our case 


KCZOEOTHYVCVYCWC:-:-CV~=L 


and each extension V;|Vo is Galoisian, with Galois group G(V;|Vo) = 7 /V;. 
As for the inertial group, let us note that V; is also equal to {a € 
T | o(x) = x (mod BpP'*') for every x € Bp}; the proof is the same, 
therefore will be omitted. 
It is our purpose now to study the structure of the group JT = Vp. 


Theorem 2. (1) There exists a natural group-isomorphism 6 from 
T/V. into L’ (multiplicative group of nonzero elements of L), 
hence T/V, is a cyclic group whose order is prime to p, where 
Zp = PZ. 

(2) For everyi = 0,1,2,... there exists an isomorphism 0; from the 
group Vi/Vi41 into the additive group of L, hence V;/Vi41 is an 
elementary Abelian p-group (that is, a finite-dimensional vector 
space over the field F,). 


(3) Vy 1s a p-group. T is a solvable group. 
(4) Ifm = |[V,: T] = #(7/V,) then p does not divide m and e = 
mp* for somes > 0, p> = [L: Vi] = #()). 


Proof: (1) Let t € B bea generator of the principal ideal Bp P sot € 
BO BpP = P. Ifo € T, since o(P) = P, then o(t) € P C BpP = Bpt, 
hence there exists c, € Bp such that o(t) = cot. 

We show that c, ¢ BpP, because considering 0~' € T, o~1(t) = c,-:t 
with c,-1 € Bp, t = o(ao7'(t)) = a(cg-1)o(t) = [o(e,-1)-¢,|t and 
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O(Cg-1) + Cg = 1, 


Cg is invertible in Bp, thus c, ¢ BpP. By Chapter 12, (H), Bp/BpP = 
B/P =L and the image of c, inL is é, # 0. 

We define the mapping 6: T — L’ by 6(c) = G,. To be convinced that 
@ is natural, we have to show that @ is independent of the element t € B. 
If t’ € B is also such that Bp P = Bpt’', then t’ = ut where u € Bp is 
invertible in Bp, hence u ¢ BpP; let a(t’) = cht’, hence o(ut) = cl ut. But 
o € T, therefore o(u) = u (mod BpP), so o(u) = u+ vt with v © Bp, 
and therefore (u + ut)cgt = ch ut, UCg + UCgt = = Sot and, considering the 
images in L, we have U-@, = cl -U, sog> = cl. This shows that @ is 
independent of the choice of ¢. 

6 is a group-homomorphism: 6(¢T) = 6(c)@(r). In fact, if o(t) = 
Cot, T(t) = c,t then o7(t) = o(c,)o(t) = (ce, + ut)cgt = (e7€g + Vegt)t 
where v € Bp; thus 0(oT) = ¢,¢5 + UCot = Ges = O(c)O(T). 

The kernel of 6 is VY, hence @ induces an isomorphism @ from T /V, into 
L’. In fact, if o € V, then o(t) = t(P?) hence a(t) = (1 + bt)t with b € B, 
thus 6(7) = 1 + bt = 1. Conversely, if o € T is such that 6(c) = T, that 
ist, = 1, then o(t) — t = (cs — 1)t € Bpt?, hence o(t)/t = 1(BpP) and 
7 € Vi (by (G)). _ _ 

Thus 7 /V, is isomorphic to a subgroup of L’. If Zp = ZO P, then L is 
a finite field containing F,,, so its nonzero elements form a cyclic group of 
order ##(L) — 1, which is not a multiple of p; therefore T/V, is also cyclic 
of order not a multiple of p. 

(2) Lett > 1. Ifo € V; then o(t) = t + d,t't! with d, © B. Let 
9:,(0) = dg © L. We shall show that the mapping 6; : V; — L is a 
homomorphism into L. In fact, if 0,7 € V;, then 


~ 


or(t) = o(t + d,t'*!) = o(t) + o(d,) - o(t)**#! 
=t+d,t't’ + (d, + d’t'*")(t + d,t't!)*! 


=t4+(d,+d,)t't! + ct’??, 


where d’,c € B; hence 6;(oT) =d,+d, = 6;(c) + 0;(r). 

The kernel of 0; is V;,1, hence 6; induces an isomorphism 6; from V;/Vj+1 
into L. In fact, if o € Vj41, then o(t) = t+ ct*+?, sod, = ct and d, = 0. 
Conversely, if d, = 0, then o(t) = t(P**?) so o(t)/t = 1(P*t') and 
therefore ag € Vj41. 

Noting that L is a finite-dimensional vector space over F,, the same holds 
for V; /Vi41- 

(3) The group 7 has the following sequence of subgroups, each being 
actually a normal subgroup: 


TOY, 2Y%22::-DV, = {E} 
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(for some r, by (G)). Since T/V, is a cyclic group and each group V;/Vi+1 
is an elementary Abelian p-group, then 7 is a solvable group and ), is a 

-group. 
(4) We have e = [L: Vi] - (VY. : T] (with T = K), [D: Vi] = #v 
which is a power of p, [Vi : T] = #(7/Vj) which is relatively prime to p. 
a 


In particular, if K has characteristic p not dividing the degree e = 
[L : T], then #(V,) = 1, s0 Vj = Vo = --- = L. Thus, in this case there is 
no higher ramification present, and P is said to be tamely ramified in L|K. 
If p divides e, then P is said to be wildly ramified in L|K. 

Combining Theorem 1, (1), and Theorem 2, (3), we have: 


H. If P 1s any prime ideal of B such that PO A = P, the decomposition 
group Z of P in L|K is a solvable group. 


Proof: We have Z > T D {e}, where T is solvable and Z/T is a cyclic 
croup; thus Z itself is a solvable group. | 


An interesting application is the following: 


I. Let K be an algebraic number field, let f € K|X]| be an irreducible 
polynomial, and let L be the splitting field of f over K. If there exists a 
prime ideal P. of the ring of integers A of K which divides only one prime 
ideal P of the ring of integers of L, then the polynomial f is solvable by 
radicals. 


Proof: Let K = G(L|K) be the Galois group of the polynomial f over K. 
We have Zp(L|K) = K, so K is a solvable group (by (H)). By the theorem 
of Galois, the polynomial f is solvable by radicals. a 


Later, we shall need the result, which follows. Since 7, VY, are normal 
subgroups of Z, then oJo~! = T, oV,;o~! = V, for every o € Z, thus 
considering the cosets of T by V,, we have o(tV,)o~! = (ora7!)Vy. 
Therefore o acts on the quotient group 7/V, by conjugation, defining 
a(TV1) = (ora~')V\. The following proposition due to Speiser describes 
this action: 


J. Leto € Z be such that tts image by the homomorphism Z > Z2/T = 
G(L|K) corresponds to the Frobenius automorphism of L|K. Then: 


(1) Ift € T then o(rVy,) = T9V, where q = #(K). 


(2) If Z is an Abelian group then T9~' € V, for every tT € T, and 
T/V, has order dividing q — 1. 


Proof: (1) Let BpP = Bpt, witht € B and let us compute ora '(t). 
We write o(t) = cot, o~'(t) = c,-1t with c,,c,-1 € Bp and as in the 
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proof of Theorem 2, o(c,-1)-cyg = 1.If7 € 7 then 


ota \(t) = oT(c,-1t) 
= 0(T(Cg-1) - T(t)) 
= 0(C,-1 + ut) - o(c,) - a(t) 
= (o(Cg-1) + a(v) - Cgt)a(er ect 
= o(c,)t = ct (mod BpP’) 


(where v € Bp), recalling that the Frobenius automorphism co is defined 
as being the raising to the power q = #(K). 

On the other hand, r(t) = c,t, 7r°(t) = r(e,)- T(t) = (ce; + 
ut)e;t = c*t (mod BpP*) (where u € Bp); similarly 79(t) = cit 
(mod BpP?). Thus ora~! = 79(t)(BpP?) hence r~%¥aTa0~!(t) = t(BpP?) 
and (r~%0Ta~}(t))/t = 1(BpP), so tT 40Ta~* € Vy and a(TV1) = 
ota} Vy = T9Vy. 

(2) If Z is an Abelian group, then (t~%0T07~!)7! = 797} € Y, for 
every T € T. 

Since T/V, is a cyclic group and 7?~!V; = V; (unit of T/V,), then the 
order of T/V, divides q — 1. a 


In order to have a better insight into the higher ramification, we shall 
now consider the different above a prime ideal P of A. 

We assume as before that L|K is a Galois extension. Moreover BP = 
P©, e > 1. This implies that P is the only prime ideal of B such that 
POA = P.IfS is the multiplicative set-complement of P in A, if A’ = 
S-1A, B’ = S~!B then B’ = Bp, as was shown in Lemma 1. 

We note Ap(L|K) = A(B’|A’) = A(Bp|Ap) the different of L|K above 
P. By Chapter 13, (N), and Lemma 1 we have Ap(L|K) = B’- Ajzix, 
hence by Chapter 12, (G), we have Ap(L|K) = BpP* where s > 0 is an 
integer; it is the exponent at P of the different A;) 7%. Sometimes we also 
denote it by sp(L|K). 

We shall now compute the exponent of the different; it turns out that 
this expression will involve the orders of the various ramification groups. 


Theorem 3. Let L|K be a Galois extension and P the only extension 
of P to L. We assume that there exists an element t such that BpP = Bpt 
and Bp = Ap|t| (for example, by (F), this holds when P is totally ramified 
over P, that is, the inertial field T is equal to K). Then the exponent of 
the different of P in L|K 1s 


r—l 


sp(L|K) = > [#(%) — J], 


7=0 


where T = Vo DV, D--- DV, = {E} are the ramification groups of P in 
LIK. 
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Proof: We have seen in Chapter 13, (T), that Ap = Bp - g’(t), where g 
is the minimal polynomial of t over K. We write g = [[,ex(X — a(t)), 
where K = G(L|K). Then g(t) = [[,4.(t — a(t)). 

Since P is the only extension of P, then the decomposition group of P 
is Z = K. Ifo € Z, o ¢ T then o(t) —t € B, but o(t) —t ¢ P, and 
similarly, ifo € V; but o ¢ V;41 then o(t) —t € P**!, but a(t) —t ¢ P*t? 
(by (G)). If s = sp(L|K) then BpP*® = Bpg'(t) = [|,z. Br(t — o(t)) 
and writing Bp(t — o(t)) = BpP*?) then 


s= oo) => Ys) = OHM) — #MalE+ V 
OFE 1=0 evi 1=0 


= [#(Vo) — #(M1)] + 2[4#(V1) — #(V2)] 
3|# (V2) — #(V3)) +---> + rl r-1) — Y 


+ 
= #(Vo) + #(V1) + #(V2) + + #1) — 7 


EXERCISES 


1. Let K be an algebraic number field, L|K a finite Galois extension, 
and P a prime ideal of the ring B of integers of L. Show that if K’ is a field, 
KC K'CL, A’ the ring of integers of K’ and P’ = PM A’ is unramified 
and inert over P, then K’ C Z (decomposition field of P in L|K). 


2. Let K be an algebraic number field, L|K a finite Galois extension, 
and P a prime ideal of the ring B of integers of L. Show that if K’ is a 
field, K C K’ C L, A’ the ring of integers of K’, and P’ = PA’, if P’ 
is unramified over P, then K’ C T (inertial field of P in L|K). 


3. Let K be an algebraic number field, L|K a finite extension, L’ the 
smallest field containing L and such that L’|K is a Galois extension. Show 
that if a prime ideal of the ring of integers of kK decomposes completely in 
L|K then it also decomposes completely in L’|K. 


4. Let K be an algebraic number field, P a prime ideal of its ring of in- 
tegers. Let L,|K and L2|K be finite extensions. Show that if P decomposes 
completely in L,|K and L2|K then it decomposes completely in L,Lo|K. 


5. Let K|Q be a Galois extension of degree n, let J be an ideal of the 
ring A of integers of K, such that o(I) = I for every o € G(K|Q). Show 
that I™ is generated by some rational integer. 
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6. Use the previous exercise to show that given the ideal J 4 0 of A 
there exists an ideal J # 0 of A such that IJ is a principal ideal (see 
Chapter 7, (J)). 


7. Let K be an algebraic number field, and let L| K be a Galois extension 
of degree n. Show that the relative different A;), is invariant by the Galois 
group. Hence At x is the ideal generated by the relative discriminant 67) x. 


8. Let n > 1 be an integer. Show that there exists an integer I(n) 
(depending only on n) such that: If K|Q is a Galois extension of degree n, 
if p is a prime number, and p* divides the discriminant 6x, then s < [(n) 
(compare this statement with Chapter 9, (H)). 


Hint: Apply Theorem 3. 


9. Let K/Q be a quadratic extension, let A be the ring of algebraic 
integers of K, and let P be a nonzero prime ideal of A. Discuss in all cases 
the decomposition, inertia, and ramification groups and fields of P. 


10. Do the previous exercise in the case where K|Q is a Galois extension 
of degree p, an odd prime number. 


11. Do Exercise 9 in the case where K|Q is a Galois extension with Galois 


group equal to the Klein group K = {e,0,7,0T}, 0? =T? =€, oT = To. 


1d 


The Fundamental ‘Theorem 
of Abelian Extensions 


15.1 The Theorem of Kronecker and Weber 


In Chapter 2, Section 8, we have stated that every cyclotomic field Q(C) 
(where ¢ is a primitive nth root of 1, n > 2) is an Abelian extension of Q. 

From the arithmetical point of view, the cyclotomic fields have been 
fairly well studied. In order to investigate other algebraic number fields, 
it is reasonable to consider first the case of Galois extensions of Q, for 
which we have already indicated in the preceding chapter a rather elaborate 
theory of decomposition of ideals. In fact, a whole branch of the theory of 
algebraic numbers, called class field theory, is devoted to the study of 
Abelian extensions. 

Therefore the natural question to ask is the following: Which are the 
possible Abelian extensions of Q? We certainly cannot attempt to solve 
this problem in such an elementary text. However, we shall prove a rather 
interesting theorem about Abelian extensions and indicate without proof 
the main theorems for Abelian number fields. 

Already in Chapter 4, (P), we have shown that every quadratic extension 
of Q (which is an Abelian extension) is contained in a cyclotomic field. We 
have also indicated its generalization, by Kronecker and Weber. It is our 
intention now to prove this theorem; this will provide excellent grounds for 
the application of the concepts and techniques developed in the preceding 
chapters. 


Theorem 1. If L 1s an algebraic number field, an Abelian extension of 
Q, then there exists a root of unity ¢, such that L C Q(C). 


Proof: We shall consider two crucial particular cases first and then show 
how to reduce the general case to these two special ones. We shall require 
several steps. 


Casel: [L:Q|=p™, 6, = p* where p is an odd prime, m,k > 1. 
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A. There exists only one prime ideal P in L such that PO Z = Zp; 
moreover, P is totally ramified in L|Q, and the inertial field T and the first 
ramification field of P in L|Q are V, =T =Q. 


Proof: Let P, P’ be prime ideals such that PM Z = P'’N Z = Zp. Since 
K = G(L|Q) is an Abelian group, then the decomposition groups Z, Z’ 
of P, P’, respectively, must coincide (Chapter 14, (A)). 

By Chapter 11, (E), there exists 0 € K such that o(P) = P’, hence 
considering the inertial groups of P, P’, we have T’ = oTo7—! and therefore 
T’' = T, because K is Abelian. 

Let T’ be the inertial field of P and of P’. We show that é6r = 1. By 
Chapter 14, Theorem 1, (4), p is unramified in T|Q, since e(Pr|p) = 1, 
so every other prime ideal of T extending p (if it exists) must also be 
unramified in T|Q, because T|Q is a Galois extension (by Chapter 11, 
(F)). By Chapter 13, Theorem 1, p does not divide the discriminant 6r. 

Now, if q is a prime, g # p, and q divides 67, then again by the same 
theorem, q is ramified in T|Q, hence in L/Q, so q divides 6, = p*, a 
contradiction. Thus, 6y has no prime factor; therefore, |é7| = 1. In view of 
Chapter 9, (D), T = Q. If Z is the decomposition field of any prime ideal 
P containing p, since T > Z D Q, then Z = Q. By Chapter 14, (C), there 
exists only one prime ideal P in L, containing p. 

Since [T’: Q| = f(P\p), then f(P|p) = 1. Finally, from [L : Q] = efg, 
with f = g = 1, we deduce that p is totally ramified in L/Q. 

Also, since {V, : T] has degree prime to p (characteristic of the residue 
class field), by Chapter 14, Theorem 2, (4), V; = T. a 


B. Let H be a field, Q C H C L, such that |H : Q| = p. If C is the 
ring of integers of H, Q = PC, then the exponent of the different of Q 
in H|Q is equal to 2(p — 1); this value is therefore independent of the field 
H, provided |H : Q| = p. 


Proof: Since p is totally ramified in L|Q by transitivity of the ramification 
index, p is totally ramified in H|Q. If z is a generator of the ideal CgQ, that 
is, CgQ = Cgz, then by Chapter 14, (F), Cg = Z,[z], {1,z,...,2?7+} 
are linearly independent over Q and z is a root of an Eisenstein polynomial 
g = XP + a,XP7!4+.---+a,y with a; € Z, p dividing each a;, but p* not 
dividing ay. Then g = [[,¢g(X —a(z)) where G is the Galois group of H|Q 
and g’(z) = [],4.(2 — o(z)); by Chapter 13, (T), Ag(H|Q) = Ceg’(z). 
We have to compute the largest power of CgQ@ dividing the principal ideal 
generated by 


g'(z) = pz?! + (p— 1)ayzP 7 +--+ + ap-1. 


Since p is totally ramified in H|Q, then CoP = Cgz? (p being the degree 
of H|Q); on the other hand, if p’ is any prime different from p, then p’ ¢ Q 
so Cgp’ = Cg = Cgz?; hence, for every integer a € Z, if p™ divides a, but 
p™*! does not divide a, then Cga = Cgz?™, with m > 0. In particular, 
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let Ce(p — t)ai = Caz?*, so 8; = 1 for every 7 and so = 1. Hence, 
Cal(p — i)ayz?*") = Cg zPsit (Pt), 


By the argument in the proof of Chapter 14, (F), if i, 7 are distinct indices, 
0<i, 7 < p—1 then ps; + (p—i-—1) 4 ps; + (p — j — 1); hence, if 
Cog'(z) = Coz* then 
$= min | {psi + (p—t—1)}. 
It follows that p < s since s; > 1, so p < ps; +(p—i-1) fori = 
0,1,...,p— 1. On the other hand, Copz?! = CozPt(P-}) = Coz?" !; 
therefore, we have the inequalities p < s < 2p — 1. 
But, by Chapter 14, Theorem 3, the exponent of the different is 


r—1 
=> (#7) - 4, 
1=0 


where V/ denotes the ith ramification group of Q in H|Q. Since [H : Q] = p 
then #(V;) is either 1 or p, thus p — 1 divides s, and therefore 


2p — 1 1 
i< ~ << =2+ —— <3, 
p-l~ p-l~ p-1l p—1l 
(because p # 2). We conclude that s = 2(p — 1). a 


C. Let i be the smallest index such that V; 4 K = G(L|Q) (hencei > 1 
by (A)). Then |V; : Q) = p and V; is the only field of degree p over Q, 
contained in L. 


Proof: We have [V; : Q] = (Vi-1: Vi) = #(Vi-1/Vi). By Chapter 14, 
Theorem 2, (2), Vi_1/V; is isomorphic to a subgroup of the additive group 
L. Since f(L\Q) = 1 then L = Fy, so from V;_, # YV; it follows that 
#:(V;_1/Vi) = p, and therefore [V; : Q] = p. 

Now, let H be any field such that Q C H C L, |H:Q| = p and 
assume that H # V;; we shall arrive at a contradiction. For this purpose 
we compute the differents Ap(L|V;) and Ap(L|H), using Theorem 3 of 
Chapter 14. 

Let H = G(LI|H), then V;(LIH) = YV;(LIQ) N H and, similarly, 
V;(L|Vi) = V;(L|Q) NV; for every j > 0. 

Thus, Vo(L|V;) = --- = Vi(L|V;) = Vi while V;(L|V;) = V; for 7 >24+1 
(as before V; = V;(L|Q) for every 7 > 0). Similarly, Vo(L|H) = --- = 
Vi-1(L|H) = H (since V;_; = K) while V;(L|H) is properly contained in 
VY; (otherwise V;(L|H) = H hence V; = H contrary to the hypothesis) and 
V;(L|H) C VY; for 7 > 7+ 1. Therefore 


sp(LIVi) = S- [#Yi(LIV:) — 1] > > (4Vi(LIH) ~ 1] = sp(LIH). 
j7=0 7=0 
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However, from the transitivity of the different we have Ap(L|Q) = 
BpApnvy,(V;|Q) , A p(LiV;) and also A p(L|Q) = BpApnn(A|Q) . 
Ap(L|H); since P is totally ramified in L|Q, and [H : Q] = [V; : Q| = pby 
(B), we deduce that the exponents of the differents Ap(L|V;) and Ap(L|H) 
must coincide, and this is a contradiction. | 


D. KK =G(L|Q) is a cyclic group. 


Proof: By hypothesis, K is an Abelian group of order p™. By (C), K has 
only one subgroup of order p™~!. This implies necessarily that K is a cyclic 
group: it is a well-known fact in the theory of finite Abelian groups, which 
may be proved either directly or else by means of the structure theorem of 
finite Abelian groups (see Lemma 1 below, or Chapter 3, Theorem 3). & 


For the convenience of the reader, we shall establish this and another 
easy fact about finite Abelian groups. 

First we recall that if p is a prime number dividing the order n of the 
finite Abelian group G, then G has an element of order p (see Chapter 3, 
(M)). 


Lemma 1. Let G be a finite Abelian group: 
(1) If G has order p™, where m > 1 and p is a prime, if H is a 
subgroup of G of order p”, if h < h' < m, then there exists a 
subgroup H’ of G, having order pe and containing H. 
(2) IfG has order p™, m > 2, p a prime, if G has only one subgroup 
of order p™—', then G is a cyclic group. 


Proof: (1) It is enough to assume that h’ = h+1 < m and then 
repeat the argument. Let G = G/H be the quotient group so #G = p™~*: 
thus there exists an element & € G/H of order p. Let H’ be the subgroup 
generated by H and z, so H’ contains H properly (since x ¢ HA); but 
H'’=HUH«vU.---UHz?"!, because x? € H; thus #H’ = p*t!. 

(2) Let H be the only subgroup of order p™~! of G, let x € G, x ¢ H, 
and assume that x has order less than p™. By (1), the cyclic group generated 
by x is contained in a subgroup of order p™~! of G, which must be equal to 
H, by hypothesis, so x € H, a contradiction. This means that x has order 
p™ and G is a cyclic group. | 


E. In Case 1, L C Q(¢), where ¢ is a root of unity. 


Proof: Let R = Q(¢) where ¢ is a primitive root of unity of order p™*?. 
Thus, R|Q is an extension of degree y(p™t!) = p™(p — 1), with Galois 
group isomorphic to the group P(p™*!) of prime residue classes modulo 
p™*! (see Chapter 2, Section 8); by Chapter 3, (L), R/Q is a cyclic extension 
(since p # 2). By Chapter 16, (A), the discriminant dzi;g = 6p is a power 
of p. 
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The cyclic group G(R|Q) has a subgroup of order p—1 (if o is a generator 
then a?” has order p — 1), whose field of invariants we denote by R’, so 
[R’ : Q| = p™. Thus, R’|Q is a cyclic extension and the discriminant 6p: 
is again a power of p (if q is a prime, dividing 6g, then q is ramified in 
R’|Q hence also ramified in R|Q, hence q divides 6g and so q = p, using 
Theorem 1 of Chapter 13. 

Let LR’ be the compositum field of L and R’; by Chapter 2, Section 7, 


LR! R = Q(¢) 


LR'\Q is also an Abelian extension, with degree [[DR’ : Q| = [LR’: R’] - 
[R’: Q) = |L: 20 R’'|-[R’ : Q| which is a power of p. Now we show that 
the discriminant 6; ,R’ is also a power of p. In fact, if q is a prime dividing 
6,R’ then by Chapter 13, Theorem 1, q is ramified in LR’. By Chapter 13, 
(U), or Lemma 3 below, q is ramified in L|Q or q is ramified in R’|Q. Hence 
q divides 6; or q divides é6z:. In both cases, g = p and therefore é;,R is a 
power of p. 

We may now apply (D) to the Abelian extension LR’|Q with degree and 
discriminant powers of p; it follows that D.R’|Q is a cyclic extension, and 
by Galois theory, G(DR’|[Z 9 R’) = G(LIE ON R’) x G(R’|L 0 R’). Now, 
it is quite obvious that such a decomposition as a Cartesian product of 
cyclic groups of orders powers of p has to be trivial, namely, one of the 
groups G(L|LZN R’) or G(R’'|LN R’) has to be trivial (see Lemma 2 below). 
If LD = LOR’ then L C R’, if R'’ = LOR’ then R’ C LF and since 
L, R’ have the same degree over Q, then in both cases R’ = L and so 
L=R'C QO). a 

This lemma is again included for the convenience of the reader: 
Lemma 2. Let G be a cyclic group of order p™, where p is any prime 
number. If G ~ H x H’', then H, H’ are cyclic groups of orders p", p” , 
respectively, with either h = 1 or h' = 1 (hence G & H’ orG ©& H, 
respectively). 


Proof: This follows at once from the uniqueness asserted in Theorem 3 of 
Chapter 3. uw 
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The following lemma has already been proved in Chapter 13, (U). For 
the case of Galois extensions we have however a simpler proof, independent 
of the theory of the different: 


Lemma 3. Let K, K’ be algebraic number fields, which are Galois 
extensions of Q, let L = K - K' be the compositum of these fields. If q is a 
prime number, unramified in K|Q and in K'|Q, then q is also unramified 


in LIQ. 


Proof: We recall that L|(K MK‘) is a Galois extension and that G(L| KM 
K') = G(K|K NK‘) x G(K'|K 1K’); this isomorphism associates to every 
ao € G(L|K MK‘) the couple (ox, 0'), where ox denotes the restriction 
of o to K and ox: the restriction of o to K’. 

Let Q be any prime ideal of the ring C of integers of ZL such that QNZ = 
Zq; let Tg(L|Q) be the corresponding inertial group. If 


0 €Tg(LIQ)NG(L|K 1 BK’) 


then ox € Tonk(K|K 1K"), on: ©€ Tonk: (K'|K MK") (as one sees 
immediately from the definition of the inertial groups). By hypothesis the 
inertial groups of the prime ideals of K, K’ which extend q are necessarily 
trivial; a fortiori, 0x, OK: are the identity automorphisms, hence a is the 
identity automorphism. This proves that Q is unramified in L|(K NK‘). But 
Q(K 1 K’‘) is also unramified in (K 9 K’')|Q because of the hypothesis. 
Therefore Q is unramified in L|Q, showing that q is unramified in L/Q. 


The proof of Case 1 of the theorem is now complete. We shall continue, 
considering the case where p = 2. 


Case2: [L: Q] = 2™, 6; = 2", where m,k > 1. 


F. Given m > 1 there exists a real field K such that |[K : Q| = 2™, dx 
is a power of 2, and K C Q(€) for some root of unity €. 


Proof: Let € bea primitive root of unity of order 2t?, and let K’ = Q(€). 
Then [K’ : Q] = y(2™**) = 2™*! and hence i = /—-1 € K’. 

Let K = K'OR,so K' = K(i); in fact, the conjugates of € belong to K’, 
and are either real or appear in pairs of complex conjugates a + bi, a — bi 
with a,b € R; then 2a,2b € K'NR = K,soa,b € K and K‘ = K/(2). It 
follows that [K’ : K] = 2, hence |K : Q| = 2”. 

We shall show that the discriminant 6x is a power of 2. If q is a prime 
dividing 6x then q is ramified in K|Q, hence also ramified in K"|Q; therefore 
q divides 6x (by Chapter 13, Theorem 1). But, if K" = Q(€), then by 
Chapter 16, (A), 6x” is a power of 2, so q = 2 and 6x is a power of 2. I 


G. Given m > 1, there exists only one real field K such that K|Q is an 
Abelian extension, [K : Q| = 2™, and éx is a power of 2. 
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Proof: Ifm =1land[F: Q| = 2, F C Rthen F = Q(vd) with d > 0, d 
square-free. But 6- = d when d = 1 (mod 4), é6r = 4d when d = 2 or 3 
(mod 4). So if dp is a power of 2, then d = 2, F = Q(vV2). 

Thus, we may assume that m > 2. If F is an Abelian extension of 
Q, F CR, [F: Q = 2™, and 6f is a power of 2, then the Galois group 
G(F|Q) contains a subgroup of order 2™~! (by Lemma 1), hence F contains 
a subfield H such that |[H : Q] = 2 and the discriminant of H must be a 
power of 2 (by the same argument); so H = Q(/2). Thus, G(F|Q) contains 
only one subgroup of order 2”~! and by Lemma 1, it must be cyclic. 

If F’ is different from the field K obtained in (F), we consider the com- 
positum F’'K; thus FK C R, F'K|Q is again an Abelian extension of degree 
a power of 2 and with discriminant a power of 2 (see the argument in (E) 
and Lemma 3); hence by our proof just above (considering F'K in place of 
F), G(FK|Q) is a cyclic group, and 


G(FK|F OK) & G(FIFNK) x G(K|F OK). 


By Lemma 2, either Ff C K or K C F and since both fields have the 
same degree 2” then F' = K. | 


H. Tf L|Q is an Abelian extension of degree 2™ and the discriminant 
dz is a power of 2, then there exists a root of unity C such that L C Q(C). 


Proof: Since Q(z) and L are Abelian extensions of Q then the compositum 
L(t) is also an Abelian extension of Q. By previous arguments, L(i)|Q has 
degree and discriminant powers of 2. 

Let K = L(i) NR, hence K is a real Abelian extension of Q, with degree 
and discriminant powers of 2. By (G) and (F) there exists a root of unity 
€ such that kK C Q(E). 

Let L(t) = K(a+ bt), where a,b € R. The complex conjugate a — bi, 
which is a conjugate of a + bi over Q, still belongs to L(i); hence a € 
L(i) OR = K, and bi € L(z), thus b? € L(i) NR = K; it follows that a+ bi 
is a root of the polynomial X? — 2aX + (a? + 6?) with coefficients in K, 
so [L(t) : K] = 2; since i ¢ K then L C L(i) = K(i) C Q(E, 7) C Q(C), 
where ¢ is a root of unity. | 


It remains now to show how it is possible to reduce the general case of 
the theorem to the preceding ones. 


Reduction to Cases 1 and 2: 


I. If the theorem is true for Abelian extensions having degree a power 
of a prime, then it is true for any finite Abelian extension of Q. 


Proof: Let L be an algebraic number field, which is an Abelian extension 
of degree n over Q. We prove now that L is the compositum of finitely 
many fields L = L,---L,, where each L; is an extension having degree a 
power of a prime. 
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By Chapter 3, (O), the Abelian Galois group G(L|Q) is isomorphic 
to the Cartesian product of pi-groups: G(L|Q) = []5_, Hi. #(H ) = 
pr, (L:Q) =n = J], pe. Let L; = |[,4; Hj for every i = 1,.. 
and let L; denote the fixed field of the subgroup £; of G(L|Q); then [L; : oO 
is a power of p;, since G(L;|Q) = H; (2 = 1,...,s8). Moreover, if L,---L, 
denotes the compositum of the fields L,, ..., L, then the Galois group 
G(L|L,---Ls) C fe, Li = {e} thus L = L,--- Ls. 

Assuming the theorem true for each of the Abelian extensions L; of Q, 
we may write L; C Q/(&;) where €; is a primitive root of unity; let ¢ be a 
primitive root of unity of order equal to the least common multiple of the 
orders of €&;, ..., &,; then 


L = LyLz--- Ly © Q(E1,-.-€s) € QQ). Z 


J. If the theorem is true for Abelian extensions having degree and dis- 
criminant which are powers of the same prime p, then it 1s also true for 
Abelian extensions of degree a power of p. 


Proof: In order to establish (J), we shall need to prove the following 
reduction step: 


K. Let L|Q be an Abelian extension of degree n. For every prime q 
dividing 6; but not dividing n, there exists an Abelian extension L"|Q such 
that [L’ : Q| divides n, L C L’(€) where € is a qth root of unity, q does 
not divide 6,/, and if q' is a prime dividing 6, then q’ divides 6, too. 


Assuming (K), we may proceed as follows: If L|Q is an Abelian extension 
of degree p™ (where p is a prime number), if 6, is also a power of p, then 
we are already in the first or second case and the theorem is true. 

If there exists a prime gq, different from p, such that q divides 6,, by 
(K) there exists an Abelian extension L,|Q and a qth root of unity & 
such that L C L,(€)), [Li : QJ is still a power of p, q does not divide the 
discriminant 6,, and if q’ is any prime dividing 6,, then already q’ divides 
67; thus, 6;, has fewer prime factors than 6;. 

If 6z, is not a power of p, we repeat the same argument; hence there 
exists an Abelian extension L2|Q and a root of unity 2 such that DL, C 
L2(€2), [Le : Q| is a power of p, and 6, has fewer prime factors than 67,. 

After a finite number of steps, we arrive at an Abelian extension L,|Q 
such that [L, : Q] is a power of p, L,_, C L,(&-), where €, is a root of 
unity, and finally 6; is now a power of p (perhaps equal to 1, in which 
case L, = Q). At worst, by the first or second case, L, C Q(€-+41), where 
E,41 1s a root of unity. 


Then L C Dy (€1), Ly C LD2(€2), a) Ly) C L, (Er), L, C Q(Er41) 
andso L C Q(&,...,& +41) © Q(C) where ¢ is a root of unity of order equal 
to the least common multiple of the orders of the roots €;, ..., €-41. This 


proves the theorem, except for the need to establish (K). 
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Proof of (K). Case (i): JL contains a primitive qth root of unity €. 

Then L D Q(€) D Q. Let Q be a prime ideal of the ring of integers of L 
such that QM Z = Zq. Since q does not divide n = |L : Qj then q does not 
divide e = eg(L|Q). By Chapter 13, Theorem 2, if Vi = Vig(L|Q) then 
[L : Vi] is a power of g and divides n, so L = Vi. By Chapter 14, (J), the 
ramification index e = #(7/V)) = #(7) divides q — 1. 


On the other hand, e = eg(L|Q) = eg(LIQ(E)) - eg: (Q(E)|Q), where 
Q' = QN QE). By Chapter 11, (N), eg (Q(E)|Q) = q — 1, thus q —- 1 
divides e, therefore e = q — 1, thus eg(L/Q(€)) = 1. 

Let L’ = T, the inertial field of Q in L|Q, and we shall prove that it 
satisfies the required conditions. 

Of course, T|Q is an Abelian extension, and its degree divides n. The 
inertial group of Q in LIQ(E) is T N G(LIQ(E)), hence the inertial field 
is T(€); similarly Vig(LIQ(E)) = Vig(L|Q) - Q() = Vi = L. Thus 
IL : T(é)] = eq(LIQ(E)) = 1, hence L = T(E) = L'(6). 

Next, we note that gq does not divide 67 because q is unramified in T’ 
(this being the inertial field). If q’ is any prime, gq’ # q, and q’ divides 67, 
then q’ is ramified in T|Q hence also in L|Q, thus q’ divides 6; (by Chapter 
13, Theorem 1). 


Case (ii): General. 
We adjoin a primitive gth root of unity € to L, obtaining the Abelian 
extension L(€)|Q. Let F = LN Q(€), so 


G(L(f)|F) = G(L|F) x G(Q(g)|F). 
Then 
[L(é) : Q) = (L(g): F] -[F: Q=[L: F] -[Q(g): F] -[F:Q| 


divides n(q — 1) since [Q(E) : Ql =q-1. 
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We may apply Case (i) to the Abelian extension L(€)|Q. Let q be a prime 
dividing 6; but not dividing n; then q is ramified in L|Q, hence also in 


L(g) 


L Q(g) L 


LA QE) =F 


Q 


L(€)|Q, thus q divides 6; (¢) (Chapter 13, Theorem 1). Also q does not di- 
vide [L(€) : Q}, because this degree divides n(q — 1). By Case (i), if Q isa 
prime ideal of the ring of integers of L(€), QZ = Za, if T is the inertial 
field of Q in L(€)|Q, then T(€) = L(€) and [L(€) : T] = eq (L(€)|Q) = 
q-1, [L():Q) = LL): T)-(P: Q) = (@—1)- (FQ hence {F : Q| 
divides n. Since q is unramified in T|Q then q does not divide ér. 

Now, if q’ is a prime different from q, and dividing 67, then q’ is ramified 
in T|Q, hence also in L(€)|Q. By Lemma 3, either q’ is ramified in L|Q or 
in Q(€)|Q. Since q’ ¥ q, it is not ramified in Q(€)|Q, and q’ divides the 
discriminant of L|Q. Thus, we only need to take L’ = JT. This concludes 
the proof of the theorem. | 


15.2 Class Field Theory 


In this section we wish to indicate the main results from class field theory. 
This is appropriate, since the theorem of Kronecker and Weber is better 
understood when viewed as a theorem from class field theory. 

We must of course refrain from entering into any details. This would 
require means far beyond the level of this book. 


15.2.1 The Theory of Hilbert 


Hilbert endeavored to relate the decomposition of prime ideals with some 
form of reciprocity law. He studied quadratic extensions and more generally 
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Abelian extensions of algebraic number fields K (not assumed equal to Q). 
This led him to formulate the concept of a class field and to establish 
various important theorems. 


Definition 1. Let K be an algebraic number field, and let L|K be a 
Galois extension of finite degree. L is said to be a class field of K when 
the following condition is satisfied: the only prime ideals of AK, which are 
completely decomposed into prime ideals of inertial degree 1 over Q, are 
the principal prime ideals of A with inertial degree 1 over Q. 

With this definition, Hilbert proved several theorems: 


Theorem 1 (Existence and uniqueness). For every algebraic number 
field K, there exists one and only one (up to K-isomorphism) class field 
of K. 

The class field of AK is usually called the Hilbert class field of K. 


Theorem 2 (Isomorphism). If L is the Hilbert class field of K, then 
G(L|K) = F/Pr (where F is the multiplicative group of nonzero fractional 
ideals of K and Pr is the subgroup of F of principal fractional nonzero 
ideals). 

In particular, |Z : kK] = h (the class number of kK’) and L|K is an Abelian 
extension. 


Theorem 3 (The discriminant). The relative discriminant 61) % of the 
class field extension L|K is the unit ideal. 


Thus, every prime ideal of K is unramified in the class field extension. 
It follows from Chapter 9, (D), that the Hilbert class field of Q is equal to 
Q. Thus, the theory of Hilbert is trivial over the ground field Q. 


Theorem 4 (Decomposition). The prime ideals of K are decomposed 
in the Hilbert class field extension L|K according to the following rule: if 
f > 1 is the smallest integer such that P! is a principal ideal of K, then P 
7s decomposed into the product of h/f distinct prime ideals of L, each with 
inertial degree f over K. 


Therefore, the type of decomposition of a prime ideal P depends only on 
the class of ideals which contains P—this is the justification for the name 
“class field,” which was given to L. 


15.2.2 The Theory of Takagi 


Takagi generalized the theory of Hilbert by considering admissible groups 
of ideals, which had been considered by Weber. 


Definition 2. Let AK be an algebraic number field and let A be the 
ring of algebraic integers of K. For each nonzero integral ideal J of K, 
let F‘) be the multiplicative group of nonzero fractional ideals, which are 
relatively prime to J. Let R'Y) be the subgroup of F‘/) consisting of the 
principal fractional ideals Aa, such that a is totally positive (that is, all 
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real conjugates of a are positive) and a = 1 (mod J). R? is called the 
ray defined by J. 


Definition 3. Every subgroup H of FY? such that R'Y?) CH C FI) 
is called an admissible group of ideals associated to J. 


It is useful to state that for each integral ideal J, the ray RY) is a 
subgroup of finite index in FY’). It is also a fact that a multiplicative 
group of ideals 7 may be admissible with respect to two distinct integral 
ideals J, J’. This leads to the following considerations: 

If H and H’ are admissible groups of fractional ideals associated to J 
and J’, respectively, let H ~ H’ if there exists a nonzero integral ideal I 
such that HN FY) =H’ Nn F™. 

This is an equivalence relation on the set of admissible subgroups of F. 
It may be shown that in each equivalence class there is an admissible group 
H associated to an ideal F' such that if H ~ H’ and H’ is associated to J’, 
then F divides J’. The ideal F is called the conductor of the equivalence 
class of the admissible group H. We denote by [#1] the equivalence class of 
H. 

If H is an admissible group with conductor F and R“) CH C FF), 
and if H’ is an admissible group with RY") CH’ C FY), then H’ = 
HOA FY), hence FY) /H = FYP/H’. 

We define now an order relation on the set of equivalence classes of 
admissible groups. Let H, H’ be admissible groups, with conductors F, F’, 
respectively. Assume that there exist integral ideals J, J’ such that JF = 
J'F’ and H;, C Hi where HH, ~ H, H) © H’', and Hy, H; are associated to 
JF = J'F’. In this situation, we write [H] < [H’], after verifying that the 
property depends only on the equivalence class of admissible groups. The 
above relation is an order relation: [H] < [H]; if [H] < [H’] and [H’] < |H] 
then [H] = [H’]; if [H] < [H’] and [H’] < [H”] then [H] < [H”]. 

Let Pr, denote the multiplicative group of principal fractional ideals Aa, 
where a is totally positive. Thus Pr, = R‘4), so the admissible groups with 
conductor Ff’ = A are equivalent to the groups H such that Pr, C H C Ff. 
We recall that the index ho of Pr, in F is the number of restricted classes 
of ideals. 


Definition 4. Let K be an algebraic number field, let J be an 
integral ideal, and let # be an admissible group of nonzero fractional 
ideals of K associated to J. The Galois extension L|K is said to be a 
class field of K associated to the admissible group H when the following 
property is satisfied: a prime ideal P of K, having inertial degree 1 over Q, 
belongs to H if and only if P is relatively prime to J and P is decomposed 
into distinct prime ideals of L, each having inertial degree 1 over Q. 

If H = Pr (with conductor the unit ideal A) the class field of K associa- 
ted to Pr is the Hilbert class field of K. If H = Pr, (with conductor also 


15.2. Class Field Theory 285 


the unit ideal A), then the class field of K associated to Pry is called the 
absolute class field of K. 


Takagi proved the following theorems: 


Theorem 5 (Existence and uniqueness). For each admissible group H 
of nonzero fractional ideals of K, there exists a class field L of K associated 
to H. IfH, H' are equivalent admissible groups of nonzero fractional ideals 
of K, the associated class fields L, L’ coincide. 


Theorem 6 (Isomorphism). If L is the class field of K associated to 
the admissible group H with conductor F, and if H ~ H™) where RM) C 
Hi) CF), then G(L|K) = FH), 


In particular, L|.K is an Abelian extension and [L : K] = #(F“%)/H"™). 

A fundamental feature is that the isomorphism between the Galois 
group G(L|K) and the quotient group is canonical. It is embodied by the 
general reciprocity law of Artin, which is conveniently stated appealing to 
the zdéles introduced by Chevalley. We refer the reader to books on class 
field theory, like Weil [29], Iyanaga [14] or Neukirch [22]. 


Theorem 7 (The discriminant). Let L be the class field extension of 
K associated to the admissible group H with conductor F. If P is a prime 
adeal of K which divides the relative discriminant 6,\%, then P also divides 
the conductor F. 


So the only prime ideals P which ramify in the extension L|K must 
divide the conductor F’ of the admissible group H to which L|K is the 
associated class field extension. 


Theorem 8 (Decomposition). Every prime ideal P of A, which does 
not divide the conductor F of the admissible group H, decomposes in the 
extension L|K (where L is the class field of K associated to H) according to 
the following rule: let H'*) be such that H) =H, RY) CHE) c FY), 
let f > 1 be the smallest integer such that Pf © H'*), then P is decomposed 
as the product of |L: K|/f distinct prime ideals of L, and each one has 
unertial degree f in the extension L|K. 


Besides the above theorems, which extended the ones by Hilbert, Takagi 
also proved the following new theorem: 


Theorem 9 (Order-reversing correspondence). Let H, H’ be admissible 
groups of nonzero fractional ideals of K, and let L, L', respectively, be the 
associated class fields. Then L C L' if and only if [(H’| < [HI]. 


But the most important theorem is the characterization of class field 
extensions. 


Theorem 10 (Characterization). If L|K is an Abelian extension, there 
exists an admissible group H of nonzero fractional ideals of K, such that 
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L is the class field of K associated to H. Moreover, if H' has the same 
property as H, then H = H’. 


As a consequence, we have: 


Theorem 11 (Conductor and discriminant). If L is the class field of 
K associated to the admissible group H with conductor F, then a prime 
ideal of K divides the relative discriminant 6r)~K if and only if P divides 
the conductor. 


Altogether, if P is a prime ideal not dividing the ideal F, the type of de- 
composition of P in the class field extension L, associated to an admissible 
group H of conductor F’, depends only on the order of the coset of P by 
H') where RO) CHE) C FY) He HE). 

For the finitely many prime ideals P dividing the conductor F, Takagi 
proved: 


Theorem 12 (Ramification). Let L|K be an Abelian extension, let F 
be the integral ideal of K, and let H be the admissible group of nonzero 
fractional ideals and conductor F, R') CH C FF), such that L is the 
class field of K associated to H (by Theorem 10). Let P be a prime ideal of 
K such that P" divides F (with r > 1) but P does not divide F’ = FP~’. 
Let H’ be the smallest admissible group with conductor F', RF) CH! C 
FP) such that H CH’. Let f > 1 be the smallest integer such that 
Pf EH’. Then P decomposes as the product of |L : K\/f(H' : H) distinct 
prime ideals of L raised to the power e = (H': H). 


For admissible groups which are rays, and the ground field K = Q, we 
have: 


L. The class field extension of Q associated to the ray R'Y), where 
J = Zm, m > 1, ts the field Q(C), where € is a primitive mth root of 
unity. 


Proof: Let p be a prime number, p = 1 (mod m). By Chapter 16, (D), p 
decomposes in Q(C) as the product of distinct prime ideals, each of inertial 
degree equal to 1. Conversely, if p is a prime number, which decomposes in 
Q(¢) into the product of distinct prime ideals of inertial degree 1, then p is 
unramified, so it does not divide the discriminant, hence p does not divide 
m; moreover, the order of p modulo m is the inertial degree of the prime 
ideals of Q(C) dividing p, thus it is equal to 1, that is, p = 1 (mod m). 
By definition and the uniqueness of the class field, Q(¢) is the class field 
of Q associated to the ray R‘2™). a 


With this property, it is easy to deduce the theorem of Kronecker and 
Weber from the theorems of ‘Takagi: 


Proof: Let L/Q be an Abelian extension, so by Theorem 10 there exists 
an admissible group H of nonzero fractional ideals of Q, such that R('2™ C 
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H C F'\4™) where Zm (m > 1) is the conductor of H, such that L is the 
class field of Q associated to H. By Theorem 9 and (L), L C Q(¢), where 
¢ is a primitive mth root of 1. a 


Another important theorem was proved in 1930 by Furtwangler: 


Theorem 13 (Principal ideal theorem). Let L be the class field of K 
associated to the ray R‘*) = Pr of conductor equal to the unit ideal. Then 
every ideal of K generates a principal ideal of L. 


It should be noted that this does not imply that the ring of algebraic 
integers of LZ is a principal ideal domain, since not every ideal of LD is 
generated by some ideal of K. A natural question arises. Let K = Ko C 
K, C Ko C --- be the tower of absolute class fields of K, i.e., for each 
1 > 1, K; is the absolute class field of K;_ (class field associated to the ray 
associated to the unit ideal). The question is whether there always exists 
an index 2, depending on K, such that K; = K,1, = ---, in other words, 
kK; has restricted class number ho = 1, hence also h = 1. This would imply 
that K is a subfield of a field of algebraic numbers in which every ideal is 
principal. 

This problem remained open for a long time. Using methods of Galois co- 
homology, Golod and Shafarevich provided a negative answer by exhibiting 
a criterion and an explicit counterexample. 


EXERCISES 


1. Let J be a set of indices, let < be an order relation on J, and let 
(Si; )ier be a family of sets. For every pair of indices (2,7) € I x I, such 
that 2 < 7, let 7; : S; — S; be a mapping such that: 

(1) 74; is the identity map. 
(2) Ifi <j <k then mpg = 15; 0 Te;. 


Show: 


(a) There exists a set S and a family of maps 7; : S — S; with the 
following properties: 
(1) If 2 < q then Ti = 15, O 15. 
(2) If S’ is a set, if for every 2 € I, a; : S’ — S; is a map such 
that 7; = 7;;07; when < j then there exists a unique map 
6: S' + S such that 7; 0 6 = a} for every i € I. 
(b) The set S and maps (7;)ie7 are uniquely defined, in the following 
sense: if S, (7;)ie7 satisfy the properties of (a) then there exists 
a bijection 0 : S — S such that 7; 00 = 7; for every 7 € I. 
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(S, (7;)ser) is called the inverse limit or projective limit of the family 
(S;)ier, with respect to the maps 7; for i < j. It is denoted by S = lim Sj. 


2. In the previous exercise, assume that each set is a group and that 
each map is a group-homomorphism. Show that S' is a group and the maps 
7; are group-homomorphisms. Explicitly, S is the subgroup of the product 
[lier S;, consisting of the families (s;);¢; such that if i < 7 then 7;;(s;) = 
Sj. 


3. Let K|Ko be a Galois extension of infinite degree, and let G be the 
family of fields F, Ko C F C K such that FKo is a Galois extension of 
finite degree. Show: 

(a) If Fj F’ ¢ G then FF’ € G. 
If F|Ko, F’|KO0 are Galois Txtensions, Ko C F’ C FC K, let 


prr : G(F|Ko) > G(F'|Ko) 


be the group-homomorphism which associates with every Ko-au- 
tomorphism of F its restriction to F’. 

(b) If F” C F’ C F belong to G then prprv = prirv ° prr and 
OrF is the identity. 

(c) If F’ C F belong to G then pyr = prr ° pKr. 

(d) Let H be a group, for every F € G let 6- : H — G(F|Ko) bea 
group-homomorphism such that if F’ C F then pre op = Op. 
Show that there is a unique group-homomorphism @ : H —> 
G(K|Ko) such that per o 8 = Op for every F' € G. Conclude 
that G(K|Ko) is the inverse limit of the family of finite groups 
G(F|Ko) (for F € G) with respect to the group-homomorphisms 


PFF’. 
4, Let £;, ..., &% be roots of unity, and let m,; be the order of &;. Let 
m = Iem(m,,..., mx) and let ¢ be a primitive mth root of unity. Show 


that Q(41,...,€&) = Q(0). 


5. Let p be a prime number and let 7, be the field generated over Q by 
all pth roots of unity (for m = 1,2,...). Show: 
(a) T,|Q is a Galois extension of infinite degree. 
(b) If T/ denotes the field generated by U,,, Ty, then Tp, 1 T, = Q 
(for every prime number p). 


(c) The Abelian closure of Q, denoted by Ab, is the field generated 
by U7, (for all prime numbers p). 


q#P 


Hint: Apply the theorem of Kronecker and Weber. 
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6. Let K|Ko be a Galois extension. For every i = 1,2,... let L;|Ko be 
a Galois extension, L; C K, such that: 


(a) If Li is the subfield of K generated by U7, 2; then LiL; = Ko. 
(b) K is generated by U*, Li. 
Show that 
G(K|Ko) = |] G(LilKo). 
i=] 


7. Show that G(Ab|Q) = [],, G(7,|Q). 
Hint: Apply the two previous exercises. 
8. Let p be an odd prime and G, = G(T,|Q). Prove that 
Gp = Z/(p — 1) x Zp, 
where Z, = lim Z/Zp™ for m > 1, with respect to the canoni- 


cal group-homomorphisms Z/Zp"™ — Z/Zp" = (Z/Zp")/ (Zp™ /Zp”) 
when m < n. 


Hint: Apply the previous exercises and Chapter 3, (J). 


9. Show that Gg = G(T>2|Q) is isomorphic to Z/2 x Ze, where Z2 = 
lim Z/Z2™ for m > 1. 


Hint: Apply Chapter 3, (K). 


16 


Complements and Miscellaneous 
Numerical Examples 


In this chapter we shall work out some numerical examples to illustrate the 
theories developed so far. We shall also add some complements. 

The handling of a definite example may offer many difficulties. These 
may be due to the noneffectiveness of the methods of proof of the theorems; 
that is, no algorithm in a finite number of steps may be seen from the proof 
indicated. Sometimes, even though there is a theoretically finite algorithm 
to solve the problem, it may be too long to perform and therefore shortcuts 
have to be found. 

Accordingly, in the first section we point out the existence of certain 
algorithms. 


16.1 Some Algorithms 


We begin by pointing out that the matters discussed here are the object of 
much attention and research, especially after the advent of computers, but 
they had been often expressly considered by the classical mathematicians. 

We should stress that much more is known about computational methods 
than we are able to explain in this text. We suggest therefore that the reader 
consult more specialized books about these problems. 

The basic problems are the following: the determination of the ring of 
integers and of an integral basis; the computation of the different and the 
discriminant; the decomposition of a natural number into a product of 
prime ideals of the ring of integers of the field; the determination of a 
fundamental system of units and the computation of the regulator. Con- 
cerning the class number, there exist classical analytical methods for its 
determination; however, these will not be dealt with in this book. 

We recall that there exist algorithms, that is, procedures with finitely 
many steps: 


(a) to recognize if a natural number is a prime; 


291 


292 16. Complements and Miscellaneous Numerical Examples 


(b) to find the complete factorization into primes of any given natural 
number; 


(c) to find if a polynomial with coefficients in a finite field is 
irreducible; 


d) to express any polynomial with coefficients in a finite field as the 
Pp y 
product of irreducible polynomials with coefficients in the given 


field; 


(e) to find if a polynomial with coefficients in Z is irreducible over 
Z, or equivalently by Gauss’ lemma, over Q; 


(f) to express any polynomial of Z[X] as the product of irreducible 
polynomials of Z[X]; and 


(g) to determine all the subgroups of a finite Abelian group. 


To these basic algorithms, we add the following ones, more closely related 
to the subject of this book. 


16.1.1 Calculation of the Minimal Polynomial, 
Trace and Norm of an Element 


Let F = X" + a,X"7!+---+4@, € Z[X] be an irreducible polynomial, 
let t be a root of F and K = Q(t), so K = Q|t] = Q|X)/(F) (where 
(f°) denotes the principal ideal of all multiples of F in Q[X]). Thus t may 
be viewed as a symbol, the elements of K are written in a unique way 
in the form x = bop + bjt +---+6,_,t"~!. The operations are performed 
as if t were an indeterminate, by then t” is identified with —(a,t"~! + 
agt”—?2 + ---+a,); similarly, t?+!, t?+?, ... are expressed in terms of the 
lower powers t? (0 < 7 <n — 1) by the above relation. 
Thus, given « = bj9 + bi;t+---+0,n-1t"~' we may write x7, ..., 


z™~!, x” as linear combinations of 1, t, ..., #71, say 


n—-1 
r= ) b,;t?, 4=1,2,...,n. 
j=0 


The search of a polynomial G(X) = X"+¢,X""!4+.---+e, with G(x) = 0 
requires the solution of a system of n linear equations in the n unknowns 
Cj, C2, ..., Cn using Cramer’s rule, for example, or Gauss’ elimination. 
This leads in a finite number of steps to a solution in Q, thus giving G € 
Q|X] such that G(x) = 0. By determining the irreducible factors of G, we 
obtain one which has the root zx. It is therefore the minimal polynomial of 
x over Q. 

The trace and norm of x are the appropriate coefficients in the minimal 
polynomial of z. 
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16.1.2 Calculation of the Discriminant 
of a Set {x1,...,2n} 


By definition, discrx)Q(%1,..-,%n) = det(Tr(z;2;)). To compute the dis- 
criminant one needs to compute the traces, which is possible as indicated 
above, and then the determinant. 

For the special case of the discriminant of {1,t,...,¢”~!} there is a more 
expeditious method. By Chapter 2, Section 11, discr( F’) is the discriminant 
of a matrix whose entries are the sums of like powers of the roots of F, 
namely py, = tt Se tk where t,, ..., t, are the roots of F. By Newton’s 
formulas pop = n, P1, p2, ---, P2n—2 are computed recursively in terms of 
the coefficients of F’, without requiring the actual computation of the roots 
of F. 

It is also sometimes feasible to use the norm of the derivative of F € 
Z|X|, according to the formula in Chapter 2, Section 11. 


16.1.3 Determination of an Integral Basis, Ring 
of Integers and Discriminant 


Let F € Z/X] be an irreducible monic polynomial of degree n, let t be a 
root of F, and let K = Q(t), A the ring of integers of K, so t € A, hence 
Z\t] C A. Let Z[t]" denote the complementary Z-module. By Chapter 13, 
(J) and (H), Z[t]}*= (1/F’(t)) Z[t] and Z[t]*is a free Abelian group of the 
same rank n. Therefore Z[t]*/Z[t] is a finitely generated torsion Abelian 
group, hence it is a finite Abelian group. According to (g) it is possible to 
determine in finitely many steps all the subgroups of Z[t]"/Z[t], hence also 
all the subgroups M such that Z[t] C M C Z[t]” By using the result in 
Chapter 6, (L), it is possible to find a basis of M and by multiplication, it 
is possible to identify those Z[t]-submodules M which are actually subrings 
of K. 

We show that there is the largest subring which is equal to A. Indeed, if 
there is a subring M as above, not contained in A, let MA be the set of 
finite sums of elements of the form ry, where x € M, y € A. Then MA 
is a subring of K and A is properly contained in MA (if x € M, ax ¢ A, 
then « = «-1 € MA). Moreover, MA is a finitely generated Z-module. 
Since every element of K is of the form a/m, where a € A, m € Z, then 
there exists r € Z such that MA C (1/r)A. By Chapter 7, Exercise 31, 
(f), there exists a prime ideal P of A such that the subring MA contains 
the set 


{x € K | there exists m > 0 such that P™ Az C A} = LU PO™, 


m->0 


So P~™ C (1/r)A and P™ divides Ar for every m > 0. This is impossi- 
ble, showing that every subring M, Z[t] C M C Z[t])* must be contained 
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in A. Therefore A is determined as the largest of the subrings M which 
correspond to subgroups H of G = Z[t]*/Z[t). 

So it is possible to determine the ring A and an integral basis in finitely 
many steps. 

One may wish to find out if Z|t] = A. If {a1,...,2,} is an integral basis, 
since t? = )°"_, aj;x; (with a;; € Z), then d = discrx)g(1,t,...,t°71) = 
[det(aij)] “Si. Thus, if d is square-free, then d = 6x so A = Z[t]. However, 
it is important to note that it may well happen that the discriminant has 
a square factor m* > 1 which divides discrx;g(1,u,..., u"—!) for every 
integer u of K such that K = Q(u). This possibility was indicated at the 
end of Chapter 13. 


16.1.4 Decomposition into Prime Ideals 


If p is any prime number, then Ap = Py! ---P5’ where the prime ideals 
P,, ..., Pg, and the various integers g, e;, f. may be computed in finitely 
many steps. This follows from Chapter 11, Theorem 2. Indeed, let F € 
Z|X]| be the minimal polynomial of the primitive element t € A of K. 
Let F € F,[X] be its canonical image. If F = HS!---H4’, where g > 
1, €1,...,€, > 1, M,...,H, € A[X], H; € F,[X] are distinct irreducible 
polynomials—this decomposition may be performed in finitely many steps; 
let f; = deg(H;), then P; = Ap + AH,(t), N(P;) = pf. 


16.2 Complements on Cyclotomic Fields 


In Chapter 5, Section 5, and Chapter 6, Section 5, we have determined 
the ring of algebraic integers and the discriminant of the cyclotomic field 
Kk = Q(¢), where ¢ is a primitive pth root of unity and p is an odd prime. 
Namely A = Z[C], dg¢e) = (—1)P7P/2pP-?. 

Now we shall extend these results. First, let m = p* > 2, where p is a 
prime, k > 1, let K = Q(C¢), where ¢ is a primitive mth root of unity, and 
let A denote the ring of integers of K. 

We begin by noting that if 4 = y(p*) then {1,¢,...,C#7!} is a Q-basis 
of K and of course Z|¢| C A. We shall prove: 


A. A=Z[C], so {1,¢,...,C4#7+} is an integral basis. The discriminant 
18 
Sarc) =(- 1) eR )/2p>~ *(k(p—1)— 1) 


Proof: First we compute the discriminant; d = discrx)g(1,¢,...,¢47"). 
By Chapter 2, Section 11, 


d = (-1I)M* VEN KiQ(®),(6)), 
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where ®,, € Z|X] is the mth cyclotomic polynomial. But by Chapter 2, 
Section 11, 

X™—1=(X™/? _ 1)6,, 
hence 


mx™-1 = XxX (m/P)-1@ 4 (x™/P _ 1)0/ , 
Pp 
SO 


mom = (¢™/P — 1) 1, (). 


Considering the conjugates of this expression and taking their product, we 
arrive at 


m—l1 
k-1 
mt TT ct} = JT or -1) Jf &.c"). 
ace P(m) ae€P(m) = (m) 
But 
LT] ¢? =Nxie() = (-1)"-1=1 
ac€P(m) 
and 


| 
os 
— 

| 
I~ 
8 
3 

> 

— 

| 


I] r= 


ae P(m) ae P(m) 


because (pe is a primitive pth root of unity, | [gepy,)(1-¢*) = ® pl) = p 


and a system of representatives of the prime residue classes modulo m = p* 


gives rise to p*—! systems of representatives of prime residue classes modulo 
p. Thus 


mt =p?’ NxiQ(®m'(6)) 
and so 
d = (-1)4 (u— 1)/2 pr" k(p—1)—1) 
Since u(y — 1)/2 = p/2 (mod 2), then 
d =(-1 1)H/ 2p (k(p—1)—1)_ 


In order to show that Z[¢] = A we consider an arbitrary element zx € A. 
It may be written in a unique way in the form 


e=a2o+2,C4+ 220? 4+--- +2,-1C4"*, 


where each x; € Q. It is our purpose to show that in fact each x; is an 
integer. We shall prove that if g is a prime number and x € Ag then also 
x; € Zq (t = 0,1,...,4— 1). If this is established we are able to conclude 
that each x; € Z. In fact, let x; = a;/b; with a;,b; € Z relatively prime 
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integers. Let 1 = Icm(bo, b1,...,b,-1) and 1 = 6,l{. Assume that there 
exists a prime number q such that q” is the highest power of qg dividing 5;; 


so q does not divide [;. From 1 = q’l’ we have 
p-l 
lx = S-(aili)¢! = (l'x)q" € Aq’. 
i=0 


If we show that q divides each coefficient a,l‘, in particular, q divides asl; 
but q does not divide l', then q divides a;, a contradiction. Thus | = 1 and 
each zx; € Z. 


Considering the conjugates in K|Q we obtain the yp relations 


p-l 
t)= Saji), §= 1 


Thus (20,...,2,—-1) is a solution of the system of linear equations with 
coefficients 0;(¢2) € A and determinant whose square is 


(det(ai(¢7)))” = discrxjg@(1,¢,-..,¢4"") =d 


Let a; be the determinant of the matrix obtained from (0;(¢;)) by replac- 
ing the jth column by that formed with elements o;(x),...,0,(x) € A. 
Thus a; € A. By Cramer’s rule, dr; = a;Vd E€E ANQ = Z for 
j=0,1,...,p—1. 

If q # p is a prime number such that x € Aq then x = qy, y = 
yo t yi +--+ +yp-1647! with y; € Q, x; = qy; so dx; = dy;q, with 
dy; € Z. Thus q divides dx; = d(a;/b;) (a;,6; € Z), hence q divides da,. 
But q # p, hence q does not divide d, so q divides a;; that is, q divides x, 
forj7 = 0,1,...,u—1. 

Now we shall prove that if z € Ap then p also divides z, for every 
7 =0,1,...,u—-—1. Leth = To +X +--+ +0,-1X47! soifé=1—¢ 
then 


x = h(c) = h(l - €) 
h(1)-€-W(I) + &- 
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The coefficients h'*)(1)/(k!) are integers which may easily be computed: 


h\e—1)(1) 


h\e-2) (1) 
Toye a tee EA Dan 
he — 
oar = ty9 + (HH 2)tp-2 + ( 9 Jenn 
(1) 7 3 k u-—1l 
or 2 tg Jest + yg fTRT TT (4 ]Tu-1 
h’'( 
at? = 2, + 249 + 343 +--+ + (u — 1)ty-1, 


h(1) = 29 +2, + 2g4+---+2y-1. 

Since p = u€¥ and p divides x then € divides x, hence € divides h(1). 
Thus h(1) € AEN Z = Ap, so p divides h(1). But p > 1, thus € divides 
p/& € A, which divides 

== hh) pt eno RAN (1) 
é (w— 1)! 
Thus € divides h’(1) and so p divides h'(1). We may continue in this manner 
showing successively that p divides 
h'’(1) h’"(1) hie-1)(1) 
a? Bho Gm 1 


h'’(1) 


= Wl) -€=5 


foe +(-1) 


Taking into account the values of these elements, we deduce that p divides 
Ty-1, p divides x2 + (u — 1)ay-1, hence p divides x,_2. Similarly, p 
divides r,,-3, ..., p divides Zo. 

Thus we have established that A = Z|¢] and therefore the discriminant 
of K is 6¢ = d = (—1)#/2pP)*(R(P—1)-1) | 


We consider now the cyclotomic field K = Q(C) generated by an mth 
root of unity ¢, where m > 2 is any integer. We may assume that if m is even 
then 4 divides m. Indeed, if m = 2m’, where m’ is odd, if ¢’ is a primitive 
(m’)th root of unity then ¢’" = 1, so ¢’ € Q(C¢). On the other hand, 
(C™)2 = 1,s0C™ = lor¢™ = —1, and in this case (—C)™ = —(™ =1. 
So ¢ or —C¢ belongs to Q(¢’) and therefore Q(C) = Q(¢’) with m’ odd. 


B. We have, with the above hypothesis: 


( 
(1) baie) = (-1)s0m/2 


Hoi m7 
where s is the number of distinct prime factors of m. 
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Proof: (1) The proof is by induction. By (A), it is true when s = 1. We 
assume it is true for s — 1. Let p be a prime dividing m, and m = p*m’, 
where k > 1, p does not divide m’. Then there exist meee a, b such 
that 1 = ap* + bm’ and ¢ = ¢2?” - Co’ with (C2P°)™ = 1, (com’)P* = 1. 

Thus if € is a primitive (m (m’')th root of unity and 7 is a ‘a primitive (p*)th 
root of unity, then cap" is a power of €, ¢°™ is a power of 7n, and we 


conclude that Q(¢) = Q(€) - Q(n). 
By induction 6g;¢) and 6q(n) are relatively prime. By Chapter 13, (W): 


y(p") y(m") 

Sa1c) = PQre) * %Q¢m) 
/ k 
= (-1)-Dle(m)/2] 90") miel(m )e(P’) 


| TD gianr Pm /(a- De) 


prvlp® )e(m’) 
ple(P*)/(p—1)]e(m’) 
mel) 
Tain 770™)/2-D 


x (—1) le (?")/2]-e0n') 
= (—1)[(™)/2Is 


(2) If B is the ring of algebraic integers of Q(€) and C is the ring of 
algebraic integers of Q(7), then by induction, B = Z|é], C = Zn]. Again, 
by Chapter 13, (W), A = BC = Z[E, 7] = Z[¢]. a 


We applied Eisenstein’s irreducibility criterion to show that ®,(X) € 
Z|X| is irreducible. 

In the same way, we may show that for each k > 2, the polynomial 
®,.(X) is irreducible. It is equivalent to showing that ®,.(X + 1) is 
irreducible. But 


(X+1yP°—-1 — {{(xX +1)" -1 41-1 


PIX + = prey (XDI 


= ((X +1)? ° — 1-14 (") (X $1) = 1P-P +... 
+ (, P ,) (X +1)" —14+p. 


Developing, we obtain a polynomial with leading coefficient 1, constant 
term p, and all other coefficients multiples of p; hence by Eisenstein’s 
criterion, it is irreducible. 

More generally we have the following corollary: 


C. For everym > 2 the cyclotomic polynomial ®,, € Z|X] is irreducible 
in Q(X]. 
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Proof: By Chapter 13, (W): 


(Q(¢) : Q = [Q(E) : Q| - (Qin) : Q 
= y(m’) - p(p*) = v(m), 


thus ®,, is necessarily the minimal polynomial of ¢ over Q, so ®,, is 
irreducible in Q[X]. a 


Now we shall extend the results of Chapter 11, Section 3, about the 
decomposition of Ap as a product of prime ideals. 

Let m > 2 and assume that 4 divides m if m is even. Let ¢ be a primitive 
mth root of 1. 


D. Let p be a prime. 
(1) If m = p*m’', with k > 1, and p does not divide m’‘, let f 


be the order of p modulo m’, let g = y(m')/f. Then Ap = 


(Pi --- P, eo") where P,;, ..., Py are distinct prime ideals. 
(2) If p does not divide m, let f be the order of p modulo m, g = 
y(m)/f. Then Ap = P,--- Py, where Pi, ..., Py are distinct 


prime ideals. 


Proof: Let s be the number of distinct prime factors of m. If s = 1, the 
assertions are true and have been proved in Chapter 11, (N), (O). 

We proceed by induction on s, assuming the results true for s — 1. Let q 
be a prime dividing m, let m = q*m’ where k > 1 and q does not divide 
m’. Let € be a primitive (m’)th root of 1 and 7 a primitive (q*)th root of 1. 
As seen in the previous proof, Q(¢) = Q(€)Q(7) and also A = BC, where 
A=2Z(¢], B = Z[E|, C = Zn] are rings of integers of Q(C), Q(E), Q(n). 

We prove (1), taking gq = p. By Chapter 11, (N), Cp = Re") where R 
is a prime ideal of C. By induction Bp = Q,---Qg where Qi, ..., Qg’ 
are prime ideals of B, f'g' = y(m’), and f’ is the order of p modulo m’. 
Let Ap = (P,---P,)*® where efg = y(m), f being the inertial degree of 
each prime ideal P;. By the transitivity of the inertial degrees, ramification 
indices, and decomposition numbers: 


efg = o(m) = o(p*)p(m’) < e(f'g’) < efg, 


then e = y(p*), f = f’, g = 9', 80 Ap = (Pi Py)? ®), fg = v(m’), 
and f is the order of p modulo m’. 

To prove (2) we proceed similarly; now p does not divide m, so p # q and 
p is unramified in Q(€) and in Q(7). By Chapter 13, (W), p is unramified in 
Q(¢). By induction we have Bp = Q;---Qg:, with Qi, ..., Qg’ distinct 
prime ideals of B, f’g’ = v(m’), and f’ is the order of p modulo m’. Also, 
by induction, Cp = R,--- Rg, with distinct prime ideals Ri, ..., Rg 
of C, fg" = y(q*), and f” is the order of p modulo q*. Finally, we have 
Ap = P,---P,, where P;, ..., P, are distinct prime ideals, fg = y(m), 
and f is the inertial degree of each ideal P; in Q(¢)|Q. We need to show 
that f is equal to the order of p modulo m. 
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By Chapter 14, (E), g = g’g”. Since fg = y(m) = ¢(m')y(q*) = 
fig’ fg" — f' fg then f — fi f". 

If fo = ged(f’, f”), let F be the unique extension of F, with |F : F,| 
fo. We have F C B/Q, F C C/R where Q = PNQ(n), R= PNQ(E), 
is a prime ideal of Q(¢). Since gced(f’/fo, f”/fo) = 1 and [B/Q: F| 
f'/fo, (C/R: Fl] = f"/fo then B/QN C/R = F and we have 

f = folA/P: F) = folB/Q: FIIC/R: Fh= f+ -£- + 
fo fo fo 
thus fo = 1, that is, gced(f’, f”) = 1, so f = f’f” = lem(f’, f”). Since 
f' is the order of p modulo m’ and f” is the order of p modulo q*, then 
f = f'f” is the order of p modulo m’q* = m. a 


I ol 


16.3 Some Cubic Fields 


Example 1: Let K = Q(t), where t is a root of f = X? — X — 1. This 
is an irreducible polynomial, because by Gauss’ lemma the only roots in Q 
could be 1, —1. 

The discriminant of f is equal to —(4(—-1)° + 27(-—1)?) = —23 (see 
Chapter 2, Exercise 48). 

Let 6% be the discriminant of K. We have —23 = m26x, where m € Z; 
hence m? = 1 and 6x = —23. It follows also that {1,t, t7} is an integral 
basis. The only ramified prime is p = 23. 

To see, for example, how the primes 2, 3, 5, 7, 23 are decomposed, we 
consider the decomposition into irreducible polynomials of the images of f 
in the fields Fo, Fs, Fs, F7, Fos. 

Over F2, f is irreducible, hence A-2 = Q» where Qz has inertial degree 3. 

Over F3, f is irreducible, hence A-3 = Q3 where Q3 has inertial degree 3. 

Over F5, f = (X — 2)(X?+2X +3), hence A-5 = Qs - Qé, Qs has 
inertial degree 1, Qs has inertial degree 2. We have homomorphisms ws 
from A onto Fs and w. from A onto Fo5 with kernels, respectively, equal to 
Qs, Qs. ws(t) = 2, ws (t?) = 4, hence Os ») Z:-5@Z(t — 2) OZ(t? — 4). On 
the other hand, if a,b,c € Zand w5(a+ bt + ct?) = 0 thena+264 4é@ = 0, 
so there exists m € Z such that a = 5m — 26 — 4c, thus 


a+ bt + ct? = 5m + b(t — 2) + c(t? — 4). 
This shows that Q, = Z-5 @ Z(t — 2) @ Z(t? — 4). From 
t? — 4 = (t + 2)(t — 2) 
and 


Nxjo(t — 2) = (-1)°f(2) = -5 
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it follows that 5, t? — 4 belong to the principal ideal A(t — 2), hence 
Qs = A(t — 2). 

From A-5 = Qs - Qs, it also follows that Qs is the principal ideal 
generated by 5/(t — 2) = —(t’ — 2)(t” — 2) where t’, t” are the conjugates 
of t. But tt’t” = 1, t+t'’+t” =0, hence 


(t’ — 2)(¢"” — 2) = tt” — Q(t +4") 4-4 = 1/t+ 2t4+4 = (20° + 4t 4 1)/t. 


From Nx g(t) = 1, t is a unit, thus Q5 = A(2t? + 4t + 1). 

Over F7, f = (X —5)(X?+5X +3), hence A-7 = Q7-Q4, Q7 has inertial 
degree 1, Q? has inertial degree 2. We have homomorphisms w7 from A onto 
F7 and wy from A onto F49, with kernels Q7, Q5. w7(t) = 5, w7(t?) = 4, 
hence by a calculation already explained Q7 = Z-7 @ Z(t — 5) Z(t? — 4). 
But t? — 4 = (t+ 5)(t — 5) +3 x 7 and Nejg(t — 5) = (-1)3f(5) = 
—119 = —7 x 17, hence 7 ¢ A(t — 5); otherwise, 7 = x(t — 5), xz € A, 
and taking norms, 343 = —Nx g(x) x 7 x 17, which is impossible because 
Nx\o(xz) € Z. Therefore Q7 is the ideal generated by 7, t — 5 (since the 
decomposition A -7 = Q7 - Q? implies that Q7 #4 A- 7). 

Next, ¥7(7t) = 0, of(t? + 5t + 3) = O then Qi = Z-7OZ-7O 
Z(t* + 5t + 3). In fact, the generators are linearly independent over Q and 


if y4(a + bt + ct?) = 0 then a+ bt + e(—5t — 3) =0s0 
a= 7m+ 3¢, 6 = 71+ 5e with l,m € Z, 


and 
a+ bt +ct? = 7m +4 Tit + c(t? + 5t +3). 


We conclude that Q4 is the ideal generated by 7 and t? + 5t + 3. 

Over Fo3, we know already that 23 is ramified, hence either A - 23 = 
Q33 -Qs3 or A- 23 = Q3,. To decide what actually happens, we factorize 
X? — X —1 into irreducible polynomials modulo 23. Since there will be a 
root of multiplicity at least 2, this will be acommon root of f = X3—X —1, 
and of its derivative f’ = 3X*—1. Multiplying f’ by X and subtracting 3 f 
we have 2X + 3 = 0 (mod 23) hence t = 10 (mod 23) is a double root 
and this yields the congruence X° — X —1 = (X —10)?(X —3) (mod 23). 
Therefore the decomposition is A - 23 = Q33 - Q5, where Qo3, Q43 have 
inertial degree equal to 1. 

By a similar argument, we show that Qo3 = Z- 23 6 Z(t — 10) 6 Z(t? — 
8), t? —8 = (t + 10)(t — 10) + 4 x 23. Qo is the ideal generated by 
23 and t — 10, because Nx\g(t — 10) = (—1)?f(10) = —989 = —23 x 
43, Nx\Q(23) = 23%, hence 23 ¢ A(t — 10) and t — 10 ¢ A- 23. 

In the same way, Q4, = Z-23@Z(t —3) @Z(t? —9), t? -9 = (t+3)(t—3) 
and Nxig(t — 3) = (—1)*f(3) = —23, thus Q4, is the principal ideal 
generated by t — 3. In particular, Q3, is the principal ideal generated by 
3t?7 + 9t+1, because —23 = (t—3)(t’ —3)(t” —3), ttt” = 1, t+t'+t” =0, 
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Nxiq = 1, sot is a unit and 


23 1 


— —(3t? + 9t + 1). 
t—3 7 | + 9t +1) 


Example 2: Let K = Q(t), where t is a root of f = X° —3X 49. 
This is an irreducible polynomial (by Gauss’ lemma the only roots in Q 
could be +1, +3, +9 and none of these numbers is a root). 
The discriminant of f is d = —(4 x (—3)3 + 27 x 97) = -27x 7x 11. 
We shall determine a subring A, of A which properly contains Z/t]. From 
t? — 3t+9=0 (16.1) 
we have 1 — 3/t? + 9/t? = 0 and multyplying by 3, (3/t)* — (3/t)? +3 = 0. 
Let u = 3/t, so 
ue—u*?+3=0 (16.2) 


and u € A. The Z-module A, generated by {1,t, wu} is actually a subring 
of A. In fact, dividing (16.1) by t and (16.2) by u, we have 


t? = 3 — 3u, 
ur-=u—t, 
tu = 3, 


and this provides the multiplication table of A,;. Alsou = 1— ; t and since 
this expression is unique (because {1, t, t?} isa Q-basis of K) then u ¢ Z[E]. 
Therefore, Z[t] is properly contained in A;. Considering the discriminants, 
we have d = m?*d,, where dy = discrx,)Q(1, t, u), with 1 < m?. Hence 
m? = 9 (this is the only square dividing d) and d; = —3 x 7 x 11. Now, 
from A, C A follows d, = r75x. But d; has no square-factors, thus r? = 
1, dj = 6x, A, = A, and {1,t,u} is an integral basis. The only ramified 
primes are therefore 3, 7, 11. 

We shall describe in detail the decomposition of some primes p in A. 
Referring to our discussion in Chapter 11, preceding Theorem 2, we have 


discr «)Q(1, t, t?) 
SY discret u) ~ 

Over Fy, X° — 3X +9 = X*+4+X41 (mod 2) and this polynomial is 
irreducible over Fo. Hence A - 2 = Qo where the inertial degree of @»2 in 
K|Q is equal to 3. 

Over F,7, X?—3X +49 has the root 5 mod 17 and we have X°—-3X +9 = 
(X —5)(X?2+4+5X +5) (mod 17) where X*2 +5X +5 is irreducible modulo 
17. Thus A-17 = Qj7 - Qj7, where Q17 has inertial degree 1, Qj, has 
inertial degree 2. 

Over F7 we know that X° — 3X +9 must have at least a double root. So, 
we look for the roots common to X? — 3X 4+ 9 and its derivative 3X? — 3. 
1 mod 7 is such a root and we have the decomposition X* — 3X + 9 = 
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(X —1)?(X +2) (mod 7). Thus A-7 = Q2-Q/, where Q7, Q} have inertial 
degree equal to 1. 

The prime ideal Q7 is the kernel of the homomorphism wW7 : A — F7 
such that %7(t) = 1, while Q? is the kernel of 4, with w(t) = —2. From 
the relations between u, t we deduce that 3y7(u) = 3 — w(t?) = 2, 
hence w7(u) = 3. Similarly w4(u) = 2. By the computation explained in 
Example 1, Q7 = Z-7@Z(t — 1) 6 Z(u — 3). Since u — 3 = —u(t — 1) and 
Nx g(t — 1) = (-1)°f(1) = —7, then Q; is the principal ideal generated 
by t — 1. Hence Q is the principal ideal generated by (t — 1)? and Q% is the 
principal ideal generated by 7/(t—1)?. If t’, t” are the conjugates of t, then 
t+t'+t" =0, tt’t” = -9s0 —-7 = (t—1)(t’-1)(t”—-1), (t’-1)(t”—1) = 
—9/t+t+1: 


7 _ ly Qeqn 2 (t?+t-9)? 
(t{—1)2 — 7(f — I(t — 1)" = 7t? 
(t2+t-9)u]”  9(1 +t — 3uy? 
a rc iin Cao 


so Q7 = A(t + 2). We could also see this directly, noting that Q4 = 
Z-7@2Z(t +2) 6 Zu — 2), Nejg(t + 2) = (-1)?f(-2) = —7. Thus 
7 € A(t + 2) and u(t + 2) = 3+ 2u = 2(u — 2) +7 therefore 4u(t + 2) = 
(u — 2) + 7(u — 2) + 2, and u — 2 = 4u(t + 2) —- (u-1)-7 € A(t + 2). 
This shows again that QQ] = A(t + 2). 

Over F,, we have, similarly, X° — 3X +9 = (X + 1)?(X — 2) (mod 11) 
so A- 11 = Q?, - Qj,, where Qi1, Q‘, have inertial degree equal to 1. 

Q@11 is the kernel of the homomorphism w,,; : A — Fy, such that 
Wii(t) = —1. Similarly, yj, : A — Fi, has kernel Q{, and w{,(t) = 2. 
Then 3~1(u) = 3 — w(t?) = 3-1 = 2, hence y1;(u) = 8. Similarly, 
wi1(u) = 7. Thus 


Qiu =Z-11@Z(t4+ 1) 6 Zu + 3), 
Qi, =Z-116Z(t — 2) @Z(us 4). 
Since u+ 3 = u(t + 1) and Nx g(t + 1) = (—1)?f(—1) = -11 then 11 € 


A(t + 1) therefore Qj; = A(t+1). Next, Nx Q(t — 2) = (—1)?f(2) = -11, 
so ll € A(t — 2). Also u(t — 2) = 3 — 2u = -2(u4 4) 4 11: 


5u(t — 2) = (u+ 4) -1l(u+4)411 


hence u + 4 € A(t — 2), showing that Q{, = A(t — 2). 

Now we describe the decomposition of A - 3. The method indicated in 
Chapter 11, Theorem 2, cannot be applied to the prime number 3. 

From the relations satisfied by t, u it follows that if w : f — FF is any 
homomorphism then 7)(t) = t, w(u) = U satisfy t? = 0, U? = U, tu = 0. 
The only possibilities ~3, W3 are 


3(t) — 0, 3(u) — 0, 
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and 


w3(t)=0, — ¥3(u) = 1. 


If Q3 = ker(w3), Q5 = ker(w5) then Q3, Q§ have inertial degree 1. We 
have Q3 = Z-3@Zt@Zu, Q3 = Z-36Z2tO6Z(u—-1). Froomt = —(u—1)u 
and 3 = Nx Q(u) it follows that Q3 is the principal ideal generated by u. 
Similarly, -3 = Nx ig(u — 1), so Q3 is the principal ideal generated by 
u—1. Thus At = Q3-Q3 and A-3 = Atu = Q3- Q3. 


Example 3: Now we discuss a classical example of Dedekind. Let K = 
Q(t), where t is a root of f = X°4+ X*—-2X 48. 

f is irreducible over Q, because if f = fifo, with fi, fo € ZX], 
deg(fi) > 0, deg(fo) > 0, then reducing the coefficients modulo 2 we 
would have f = X? +X? = X?(X +1). The constant term of fo 
is congruent to 1 mod 2. Since it divides 8 it must be 1 or —1. But 
f(1) 40, f(—1) 4 0, so f is irreducible. 

The discriminant of f is equal tod = 4-4 x 8418 x (-2) x 8-4 x 
(—2)? — 27 x 8% = —2012 = —4 x 503 (see Chapter 2, Exercise 48). 

We shall determine a subring A; of A which properly contains Z|t]. From 


t? +t? —-2t+8=0 (16.3) 


we have 14 1/t — 2/t? + 8/t? = 0 and, multilpying by 8, 8+ 8/t — 16/t? + 
64/t? = 0. Letting u = 4/t then 


ue — u? + 2u+8=0, (16.4) 


hence wu € A. 
The Z-module A; generated by {1, t, u} is asubring of A. In fact, dividing 
(16.3) by t and (16.4) by u we have 


t? =2—t—2u, 

ue = -2—-2t+u, 

ut = 4. 
These relations provide the multiplication table in A; and show that A, 
is a subring of A. Moreover, u ¢ Z[t] since u = 1 — (1/2)t — (1/2)t? (and 
the expression of u in terms of the Q-basis {1, t, t?} is unique). Thus Z[t¢] 
is properly contained in Aj. If dy = discrx)g(1,t, u) then d = md, with 
1 < m*. Hence m? = 4 and d; = —503. Since 503 is prime then A = A, 
and the discriminant of K is 6x = dy = —503. 

The only ramified prime is 503. In our discussion in Chapter 11, before 


Theorem 2, we have 
discr 1, t, t? 
oe, KIQI ) 5 
discr x )Q(1, €, u) 


Let us study the decomposition of the primes 2 and 503 in the ring A. 
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From the relations satisfied by t, u we see that if w : A — FF is any 
homomorphism then 7(t) = t, ~(u) = @ satisfy t? = t, uw? = u, tu = 0. 
The only possibilities w2, ~4, wy are 


Yo(t) = 
a(t) = 


= 

NS 

— 
| 


~~ 


Cl eH} Ol 
—— 
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If Qo = ker(w2), QS = ker(WS), QF = ker(ws’) then Qo, Q5, Qs have 
inertial degree 1 and A- 2 = Qo-Q5-Qs. We have 


Qo =Z-2@Zt OG Zu, 
Qs =Z-2@6Z(t — 1) 6 Zu, 
=Z-2@6Zt 6 Z(u — 1). 


Now we show that these prime ideals are principal. Nx ;g(t) = —8 and 
similarly Nx;g(u) = —8 since ut = 4. t divides Nx Q(t), hence the only 
prime ideals appearing in the decomposition of At are those which divide 2. 
But t ¢ Q5 and t € Qa, t € Q¥. Similarly, u ¢ QF but u € Qa, u € Qb. 
SoA-tu=A-4= Q2-Q - QZ’. We show that Q3 does not divide At. 
Otherwise, either At = Q2-Q4, thus Au = Q??- Q% which is impossible; or 
At = Q3-Qi?, Au = Q%, then 8 = |Nicjq(u)| = N(Au) = (N(Q5))? = 
which is absurd. With the same argument, we see that Q2 does not divide 
Au. Therefore At = Qo - Qj? and Au = Qo - 

Let us note that if a € Q and if t, t’, t’” are conjugate over Q then 


Nxjg(t — a) = (t — a)(t' — a)(t"” — a) = -8 + 2a — a* — a? = — f(a). 


Ifa € Zis odd thent—a € Q4, t-—a ¢ Qo, t-~a ¢ Qs andu—ae 
2, U-a¢ Qo, u—a ¢ Qo. Thus Nx;g(t — 1) = —8, therefore the prime 
ideals dividing A(t — 1) must be among Qo, Q5, Qs. From the above we 
know that A(t — 1) must be a power of Q5 and taking norms we conclude 
that A(t — 1) = Q$. In the same manner, we see from Nx g(t + 3) = 
—8—~6—9+4+27=4 that A(t + 3) = Q?. Hence 


t—1 

Q2 =A (=) 
is a principal ideal. In terms of the integral basis, we may write (t — 1)/(t+ 
3) = a+bt+cu where a,b,c € Z are easily determined taking into account 
the multiplication table; namely (t — 1)/(t + 3) = —5 + 3t + 2u. 

Ifa € Z is even but not a multiple of 4 then t —a ¢ Q5, and t — 
a€ Qo, t-—a € QY, t—a ¢ QS? (as may be seen from the norms). 
Similarly, u-a ¢ Q¥ and u—a € Qo, u-a € Qh, u-a ¢ QF. 
Thus Nxig(t — 2) = —16, Neig(t + 2) = —8 and the decomposition of 
A(t — 2), A(t + 2) is easily seen: A(t — 2) = Q3- A(t +2) = Q3.- 
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(because of the norms). Hence 


t—2 


a= A(T 


) = A(2—t—u). 
Finally, A -2 = Q2-Q4-Qz3, thus QJ is also a principal ideal, namely 


no 2(t + 2)(t+3)\ _ 


Now we study the decomposition of other primes p into prime ideals of 
A. 

If p = 3 we have A- 3 = Q3 since f = X° + X24 X 4+ 2 is irreducible 
over F3. 

Let p = 5. Then f = X° +X? 4+3X +3 = (X + 1)(X? + 3) over 
F5. Hence A- 5 = Qs - Qs, where Qs has inertial degree 1 and Qs has 
inertial degree 2. If 5, ~s5 are homomorphisms from A with kernels Qs, Qs, 
respectively, then wW5(t)ws5(u) = 4 hence w5(u) = 1 and by a computation 
already explained, we see that Q5 = Z-5@Z(t+ 1) 6 Z(u — 1). Similarly, 
Qs = Z-5@Z(t* +3) @Z(u* +2). From Nxig(t+1) = (-1)8f(-1) = 10 we 
see that the prime ideals dividing t+ 1 are among those dividing A-2, A-5. 
We have seen that t + 1 € Q4. Taking the norms into account, we must 
have A(t + 1) = Q5- Qs. So 


Qs = 4 (C4 2E* "| 


t—1 


and this generator of @s5 may be easily expressed in terms of the integral 
basis {1,t, u}. From A-5 = Qs - Qé we deduce also that Qs: is a principal 
ideal generated by 


5(t — 1) 


G+ipe+s) © 


For the primes p = 7, p = 11, we see with some computation that f is 
irreducible over F7, respectively, over F,;. Hence A-7 = Q7, A-11 = Qj}. 
We conclude the study of this example by noting the following facts. 

For every integer v € A we have A 4 ZQ Zu © Zv’. Indeed, A- 2 = 
Qo - Q5 - Qs, so the prime ideals Q2, Q5, QF have inertial degree equal 
to 1. Thus ~2(A) = w5(A) = Wi(A) = Fo. If we had A = Z[v] then 
the homomorphisms would be determined by the image of v. The only 
possibilities are 0,1 € F2, so there would only exist two homomorphisms 
from A onto Fo, a contradiction. 

This tells us that the discriminant of K has an inessential factor, namely 
2. Indeed A- 2 = Q2-Q5-Q5, N(A-2) =2 <3 = [K : Q] (see Chapter 
13, after (T)). 

The class number of K is 1; that is, every ideal of A is principal. It is 
enough to show that every prime ideal is principal. By Chapter 9, (F), in 
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every class of ideals of K there exists an integral nonzero ideal J such that 
A\"? nl 
Ni) < (2) = Vibe 


In our case, n = 3, ro <1, |6x%| = 503, hence N(J) < 7. Thus it suffices 
to prove that every prime ideal of A having norm less than 7 is principal. 
This has already been established. 


Example 4: Let K, = Q(t) be a field of degree 3 over Q (where t is 
an algebraic integer). Let t; = t, to,t3 be the conjugates of t over Q. We 
assume that Ky = Q(t1), Ke = Q(t2), K3 = Q(t3) are distinct fields. Let 
K = Ki K2 = Kk, K3 = K2Kz (since t; + tg + tz € Z) so K|Q is a Galois 
extension of degree 6. We denote by A the ring of integers of K and by B; 
the ring of integers of K; (4 = 1, 2,3). 

The Galois group of K|Q is the symmetric group on three letters R = G3. 
Moreover, K = K;(V6) for i = 1,2,3 where 6 = 6%, = 6x, = Oxy. 
Indeed, Z[t;] C B;, hence d; = discrx,;Q(ti) = (t1 — to)*(ty — t3)?(te — 
t3)? = m26 with m; € Z; thus K D K,(V6) = Ki(Vd;) D K;. But 
Vd, ¢ K, hence K = K,(\/6). In fact, if /d; € K, from [K, : Q| = 3 it 
would follow that /d; € Q; however, for the permutation 


we have o(,/d1) = (t; — t3)(t, — t2)(t3 — te) = —Vdq. 

Let L = Q(V6) thus [K:L] = 3, [L:Q) = 2, [K: Kj = 
2, [K;: Q| = 3 for i = 1,2,3. We denote by C the ring of integers of 
L. 

The nontrivial subgroups of R = G3 are A = G(K|L), the alternating 
group on three letters, 8; = G(K|K;), group of order 2 generated by the 
transposition 


t, t; tr | 
(= f = 1,2,3. 
Tj (; th ty ) or 12 , 2,3 


Clearly ANB, = {ec}; AB; = RK; Ais anormal subgroup of KR; Bz, Bo, Bs 
are conjugate subgroups. 


We shall discuss all possible types of decomposition of an arbitrary prime 
number p in KjQ. 


The following notations will be used: 


P =P, P2,... denote prime ideals of A, 
Qi1, Qi2, ... denote prime ideals of B,, 
R,, Ro, ... denote prime ideals of C. 
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Case 1: pis unramified in K|Q. 

The inertial group and the inertial field of P in K|Q are, respecti- 
vely, equal to Tp(K|Q) = {e}, Tp(K|Q) = K. The possibilities for the 
decomposition group of P in K|Q are the following: 


(a) Zp(K|Q) = {e} 
(b) ep(K|Q) = %; and 
(c) Zp(K|Q) = B; (i = 1,2,3). 


(a) In this case, Ap = P,P2P3P4P5Pe, Bip = QiQi2Qi3 (t = 
1,2,3), Cp = R,R2, where the above prime ideals are distinct. Each 
prime ideal P,;, Q;;, A; has degree 1 over Q. 

In fact, since p is unramified, by the fundamental relation n = efg we 
have: 

(1) in the extension K|Q:n=g=6, e=f =1; 
(2) in the extension K;|Q:n=g = 3, e = f =1; and 
(3) in the extension LIQ:n=g=2,e=f =1. 


(b) In this case, Ap = P, Po, Bip = Qi, (4 = 1,2,3), Cp = Ri Ro. 

In fact, g = (RK: A) = 2 so Ap = P,P. Also Zp(K|K;) = Zp(K|Q) 
B, = {e} hence PM B; decomposes into the product of two prime ideals 
of A, thus necessarily A(P,; 1 B;) = P,P2. Therefore B;p must be a prime 
ideal of B;, Byp = Q;;. On the other hand, by Chapter 14, (E): 


Zpac(L|Q) = Zp(K|Q)/Zp(K|L) = 4/% = {e}, 


thus C'p is the product of two prime ideals, Cp = R, Ro. 


(c) In this case, Ap = P,P)P3, Bip = QiQio (¢ = 1,2,3), Cp = 
Ry. Moreover, AQi = Pi, f(Pildi) = 2, AQi2 = PoP3, f(Qi|Zp) = 

In fact, g = (R : B;) = 3 so Ap is the product of three prime ideals. 
Since Zp(K|K;) = Zp(K|Q)N B; then P/M B; (denoted by Q;1) generates 
a prime ideal of A, that is, AQ;,; = P,. From the fundamental relation 
in K|K; we have f(Pi/Qi1) = 2. Let Qi2 = Po Bj, so we know that 
Qi2 # Qi. Since Pp is conjugate to P, by some a2 € K then a2 ¢ B; and 
Zp,(K|Q) = 07° Zp(K|Q)o2 = B; (j # #). Hence 


Zp,(K|Ki) = Zp,(K|Q) 1 Bi = {é}, 


thus P2 9 B; = Qi2 decomposes into the product of two prime ideals of A 
(which are distinct from P,), hence AQjg = P2P3. 

since f (P2|Zp) = f(P,|Zp) = f(Pi\Qa) . f(Qi1|Zp) = 2 and 
f(P2iQi2) = f(P3\Qi2) cannot be 2 then f(Qi2|Zp) = 2. 

From Zp(K|L) = Zp(K|\Q)NA = BNA = {Ee} it follows that if 
R, = POC then AR, is the product of three prime ideals of A, thus 
necessarily AR, = P, P2P3, Cp = R,, and f(R,|Zp) = 2. 
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P, Py, P3 


1 


Case 2: pis ramified in K|Q. 
The possibilities for the inertial group and the decomposition group of 
P in K|Q are the following: 


(a) Tp(K|Q) = Zp(K|Q) = &; 


(b) Tp(K|Q) = A, Zp(K|Q) = K; 
(c) Tp(K|Q) = Zp(K|Q) = 2; and 
(d) Tp(K|Q) = Zp(K|Q) = B fori = 1, 2, 3. 


It suffices to recall that Tp(K|Q) 4 {e} and that Tp(K|Q) is a normal 
subgroup of Zp(K|Q). 


(a) This case may only happen when p = 3. Then A-3 = P®, B;-3 = 

3, C-3= R?. 

Let V; be the first ramification group of P in K|Q. VY; is a normal 
subgroup of T = Tp(K|Q) and T/V, is a cyclic group (Chapter 14, The- 
orem 2); thus V, # {e} since R = G3. But the order of V, is a power of p 
and #G3 = 6 thus VY, #4 K. Hence VY; = 2, it has order 3, so necessarily 
p = 3. 

From Tp(K|Q) = Zp(K/|Q) = § it follows that the decomposition 
number and inertial degree of P in K|Q are equal to 1, hence A- 3 = P?. 

By transitivity of the decomposition number and inertial degree, those 
of P; 1 B;, P,; OC are also equal to 1, hence B; - 3 = 3 C-3= R?. 

The case in question may actually arise; for example, when K, = Q( V3) 
(the reader should verify this statement). 
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(b) In this case, Ap = P3, Byp = Q3, (1 = 1,2,3), Cp = Ri. 


We have Jp(K|L) = Zp(K|L) = 2, therefore if P} NC = R, then 
the decomposition number of P; in K|L is 1, the inertial degree is also 
1, so by the fundamental relation R, is totally ramified, that is, AR; = 
P3. Also Tr, (L|Q) = Tp(K|Q)/Tp(K|L) = {e} hence the inertial degree 
f(R,|Zp) = 2. Thus f(P;|Zp) = 2 and by the fundamental relation for 
K\|Q, P; is the only prime ideal of A dividing Zp; that is, Ap = P?. 
Then there is only one prime ideal in B; dividing B,;p, say Qi1; by the 
fundamental relation, Byp = Q3, because f(Qj;1|Zp) divides the degree 3 
and the inertial degree f(P;|Zp) = 2. 


(c) In this case, p # 2 and Ap = P3P3, Byp = Q?, (i = 1, 2,3), 
C'p = R,Ro. 

We have Zp(K|Q) = &, hence Zp(K|L) = WM and Zp(LIQ) = {et}. 
Thus Cp = R,R2 and AR, = P?, AR, = P3 hence Ap = P?P3. Also 
Zp(K|K;) = ANB; = {e} thus if Qi, = Pi, NB, then AQ,, is the product 
of two distinct prime ideals, thus necessarily AQ;; = P,P). Hence B;p has 
only one prime factor Q;,;. But the inertial degrees of P;, P) in K|Q are 
equal to 1, so f(Qj1|Zp) = 1 and by the fundamental relation Byp = Q},. 

We show now that p # 2. If p = 2 let V, be the first ramification 
group of P, in K|Q; by Chapter 14, Theorem 2, #(Tp,(K|Q)/V;) divides 
#-(F2') = 1, so Vj = 2 has order 3. But #(V1) is a power of p, thus p = 3, 
a contradiction. 


(d) Inthis case, Ap = P?P?P?, Bip = Qi1Q?, (i = 1,2,3), Cp = Ri. 


In fact, g = (R : B;) = 3 so Ap has three different prime factors. Since p 
is ramified then Ap = P? P? P2. Let Qi) = By O P,. Since Zp(K|K;) = B; 
then AQ;; = P?. On the other hand, Zp,(K|Q) = 8; (j # i) hence 
Zp,(K|K;) = {e}. If Qi2 = ByN Po (F Qi) then AQj2 is the product of two 
different prime ideals; that is, AQj2 = P2P3 and therefore Byp = Qi1Q%). 
From Zp(K|L) = 8; A4 = {e}, if Ry = Py OC then AR, has three 
different prime factors; that is, AR; = P, P2P3 and so Cp = R?. 


From this discussion we deduce: 

If A- 2 = P,P)P3P1PsPs then 2 is unramified in K,|Q; however, it 
divides the discriminant of every primitive integral element b of K,. Thus 
2 is an inessential factor of the discriminant 6,. 

Indeed, 2 is unramified in K|Q, hence also in K,;/Q. On the other hand, 
if b = b,, be, bg are the conjugates of b over Q, then 


discrx,)Q(0) = (by — bo)? (b1 — bz)? (be _— b3)°. 
But N(P,) = 2 (since P; has inertial degree 1), so bi, bg, 63 are not all 


in different residue classes modulo P;. Hence P? divides discr x,)Q(b) € Z, 
so 4 divides discr x, )Q(9). 
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16.4 Biquadratic Fields 


Example 5: Let K = Q(V7,7), let A be the ring of integers of K, B the 
ring of integers of Q(/7), C the ring of integers of Q(2). 

K|Q is a Galois extension, its Galois group is {€,0, 7,07} where a(/7) = 
V7, o(t) = -i, 7(V7) = —V7, T(t) = i, and of(V7) = —V7, or(i) = 
—j. Thus the fixed field of {e, 7} is Q(/7), while the fixed field of {e, 7} is 
Q(2). 

Every element of K may be written uniquely in the form 

r=atbV7+ci+dv7i with a,b,c,d € Q. 


Then 
a(x) = a+ bv7 — ci — dv7i, 
T(z) =a—bV7+4+ ci — dvV7i, 
ot(z) = a—bV7 —- ci + dv 7i. 
Ifx € Athen Tryig ya (rt) = 2+ o(x) € B, Neg yp(t) = 2-o(x) € B 


and, similarly, Trxjga)(z) = + 7(z) € C, Nxjigay(z) = 2+ T(x) € C. 
We express these conditions in terms of the coefficients of x: 


2a + 2bV7 € B, 

(at+bV7)?+(ct+dV7)? = [(a? + c?) + 7(b? + d?)|+2(ab+cd)V7 € B, 
2a + 2c1 € C, 

(a + ci)? — 7(b + di)? = |[(a® — c*) — 7(b? — d?)] + 2(ac — Thd)i € C. 


Taking into account that B = Z @ ZV7, C = Z © Zi, then 


2a € Z, 26 € Z, 2c € Z, 
(a? +c?) + 7(b? +d?) € Z, 2(ab+cd) € Z, 
(a? — c*) — 7(b? — d*) EZ, 2(ac — 7bd) € Z. 
From these relations we deduce: 2c? + 14b? € Z, 2a? + 14d? ¢€ Z. Letting 
a= 20 b= 50’, c= 5c! with a’,b’,c’ © Z, then 12b? = 3b” € Z, 
so (c’* + b’”)/2 € Z, and therefore b’, c’ have the same parity. Since 14d? 


has a denominator at most equal to 2 then d = 5d’ , d’ © Z, and again 
12d? = 3d’ € Zso (a’? +d’*)/2 € Zand a’, d’ have the same parity. But 


/ d! ri 1 7% ri 
5 tava - va ( Sf) with — E Z, 


2 2 


and, similarly, 


b! / b’ — ce! 7 b’ — c’ 
aVi+ Si “vive (4) with 7 e Z. 
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Thus every element x € A is a linear combination with coefficients in Z 
1, V7, (V7 +%)/2, (1+ V7i)/2, and since these elements are integers and 
are linearly independent, they constitute an integral basis of K|Q. 

Let us note here that t = (/7 + 1)/2 is a primitive integral element of K. 
Its minimal polynomial is easily computed and equal to f = X*—3X? +4. 
Its discriminant is d = 16 x (—3)* x 4— 128 x (—3)? x 42 +256 x 4° = 43 x7? 
(see Chapter 2, Exercise 48). The fact that d has square factors does not 
allow us to decide at once whether Z/|t] is equal to A. But computing the 
discriminant of the integral basis 1, V7, (/7+1)/2, (1+ V7i)/2 we arrive 
at 


7 +41 1 71 
1 J/7 V7 +i 1+ v7 


2 2 
—/7+1 1— V7 
1 V7 ve vn 
6x = det os A = 4? x 7”. 
7—1 1— v7 
1 V7 6 LUNN 
2 2 
—~/7—1 1 71 


Thus Z[t] 4 A. In the notation of the proof of Chapter 11, (I), a = 2. The 
only ramified prime ideals are 2, 7. 

Since f = (X*+2)? (mod 7) and X? +2 is irreducible over F7 it follows 
that A-7 = Q?2 where Q7 has inertial degree 2. 

Let 77 be the homomorphism from A onto F72 having kernel equal to 
Q7. From 77(7) = 0 it follows that ~7(/7) = 0. From i? = —1 it follows 
that w7(i) is the square root of —1 over F7 (X? + 1 is irreducible over F7 
because —1 is not a square modulo 7, see Chapter 4, (H)). So ¥7(t) = 
1 /-1 = 7 € Fr. Finally, p7| (1 + V71)/2| = ¥7(1/2) = 4 € Fy. 

Ifx = atbV7+ct+du € Q7, with u = (1+ V7i)/2 thena+ey+d4 = 0, 
and since y ¢ F7 then @ + 4d = 0, ¢ = 0, so there exist integers 1,m € Z 
such that a = 71 — 4d, c = 7m, and x = 71+ bV7-+7mt + d(u — 4). This 
shows that Q7 = Z-7@ZV7 OZ-7t 6 Z(u — 4). Now we conclude that Q7 
is the principal ideal generated by V7, because u — 4 = —[(V7 — i)/2] V7 
and (./7 — i)/2 € A, being a conjugate of t. 

We now consider the decomposition of 2. We need to describe the possible 
homomorphisms w from A onto a field extension of F2. From [(V7 )|° = 
w(7) = W(1) = 1 it follows that W(V7) = |. Similarly ols = y(-1) = 
T, hence (i) = 1. 

Let t’ = (-V7+1)/2sot+t’ =1, tt’ = —2, therefore, v(t )+ v(t’) = 
1, v(t)y(t') = 0. Let u’ = (1 - VTi) /2 sou+u’ = 1, uu’ = 2, hence 
V(u) +b(u’) = T, v(u)p(u") = 0. From tu = ((V7-+i)/2)- (1+ V7) /2) = 
2i and t’u’ = i V7 + i)/2) - ((1 — V7t)/2) = 27 we have W(t)W(u) = 
0, wW(t')v(u') = 0. Then w(t), ~(u) are either 0 or 1 and there are only 
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two possible homomorphisms y2, 5, namely: 


w(V7) =1, — yo(t) =0, — do(u) = 
Letting Qo, Q5 be their kernels, then Q2, Qs have inertial degree equal to 


1. But K|Q is a Galois extension, so the ramification indices of Q2, Q} are 
equal, hence A- 2 = Q2 - Q/?. Now, it is easily seen that 


Qo =Z-2@Z(1- V7) 6Zto Zu — 1), 
Qh = Z-2@Z(1 — V7) @ Z(t — 1) @ Zu. 


But 2 = —-iut € At, u-1 = (1+ V7i)/2-—1 = (-14 V7i)/2 = 
it € At. Thus Qo is the ideal generated by 1 — V7 and t. We note that 
Nxig(l — V7) = (1 — V7)?(1 + V7)? = 36 and 


= (2) (8) (4) 


hence t ¢ A(1 — V7). It is easily seen that 1— /7 ¢ At (for if1—J/7 = ct 
with x € A, and if we express z in terms of the integral basis, we arrive at 
an impossibility). 

For Q5 we observe that u—1 = it implies that u = i(t—i) € A(t—7), 2 = 
—iut = t(t—1) € A(t —1), thus Qé is the ideal generated by 1 — /7, t —i. 
We note also that 


Nxjg(t —i) = (>) (48) (FE) (4) -4 


hence t — i ¢ A(1 — V7) and it is also easily seen that 1 — /7 ¢ A(t — 4). 

Let us now compute the decomposition of 3. f = X*—3X?44 = X44+ 
1 = (X2+X+2)(X?—X+2) (mod 3), these factors being irreducible over 
F3. Then A-3 = Q3- Qs, where Q3, Q have inertial degree equal to 2. Let 
y be a homomorphism from A onto a field extension of F3. Then (7)? = 
w(7) = 1 so W(V7) = 1 or ¥(V7) = 2. From W(i)? = (-1) = —1 and 
the fact that —1 is not a square modulo 3, then W(t) = y, where y € F232 
is a root of X? + 1. then W(t) = —(W(V7) +7), v(u) = -—( + v(Vv7)7), 


and we have the following homomorphisms 73, w3' defined by 
v3(V7) =T1, wa(t) =—-(y+1), vs(u) = -(y+ J), 
v3(V7) =—T, v(t) =-(7+2), (uy) =7 42. 


If Q3 is the kernel of ~3 and Q3 is the kernel of 5 then by a computation 
already explained 


Q3 =Z-30Z(V7—-1) ®Z- 3t OZ(u — 2), 
Q3=Z-3@02(V74+1) OZ-3t @Z(ut 2). 
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Since 


= )=— = tt -8) 


7T+1 7 71 —- V7 —1 
vin (4) + Vii - V7 =i 
then Q3 is the ideal generated by 3 and V7 — 1. Moreover, 3 ¢ A(V7 — 1) 
and /7 — 1 ¢ A-3, as one sees taking norms. We also deduce that Q5 is 
the ideal generated by 3 and V7 + 1, since Q3 is conjugate to Q3. 


16.5 Binomial Extensions 


Example 6: * Let f = X? —a ©€ ZX], where a = qiqo---q,, and 
P,41,--+,Q,r are distinct prime numbers, p £ 2. 

The roots of f = X? —aaret, tc, ..., t€?~! where ¢ is a primitive 
pth root of unity, t? = a. Thus 


p—1 
f = [[(X - tc). 
i=0 
Now we show that f is irreducible over Q. It has no linear factor, otherwise 
there would exist a rational number whose pth power is equal to a. 
If the minimal polynomial g € Q[X] of t has degree less than p, it is of 
the form 


k 
g = | (x - te") € 2X) 


with 1 < k < pandO = i < ig < --- < i, < p—1. Hence, t(¢% 4+ 
C2 4-..4+¢%) € Qandt € Q(c). But Q(tc’?) and Q(t) are conjugate 
over Q, hence the Galois groups G(Q(¢)|Q(tc’?)) and G(Q(¢)|Q/(t)) are 
conjugate subgroups of G(Q(C¢)|Q). Since this is an Abelian group then 
Q(t) = Q(t¢*2) hence ¢*2 € Q(t); taking 7 such that jig = 1 (mod p) we 
have ¢ € Q(t), that is, Q(¢) = Q(t). Thus g has degree p — 1 and f would 
have a linear factor over Q, which is impossible. 

It follows that kK = Q(t) has degree p over Q. Let A be the ring of 
integers of K. A contains Z/t] and we know that A, Z[t] are free Abelian 
additive groups of rank p. 


E. We have Ap C Zit] and the Abelian group A/Z|t| 1s isomorphic to 
(Z/Zp)) for some j, 0< Jj <p. 


* See Gautheron, V. and Flexor, M., Un Exemple de Détermination des Entiers d’un 
Corps de Nombres, Bull. Sci. Math., (2) 93 (1969), 3-13. See also “Rectificatif,” ibid., 
(2) 96 (1972), 172-179. 
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Proof: By Chapter 6, (B), Z[t] C A C [1/f’(t)|Z[t], where f’(t) = pt?~'. 
Then Apt?~! C Z[t], hence multiplying by t, Apa C Z[t]t C Z[t]. Let us 
note that Z/t] is not contained in Ap, because 1 ¢ Ap (otherwise 1/p € 
ANQ=Z). 

In order to show that Ap C Z[t] it suffices to prove that ify: A — A/At 
is the canonical homomorphism then w(Z) = (A). In fact, this means that 
given any element of A there exists an element of Z in the same residue class 
modulo At, so A = Z+ At. Repeating, A = Z+(Z+ At)t = Z+ Zt + At?, 
and in this manner, A C Z[t] + At? = Z|t]+ Aa hence Ap C Z|t]p+ Aap C 
ZIt). 

We shall compare the decomposition into prime ideals of Za = Zq, - 
Zq2---Zq, and At. Let At = Q} - Q--- Ql, where each Q; is a prime 
ideal of A and 1 < l;. We shall prove that s = r, |; = 1, and Aq; = Q? for 
every index 2 = 1,...,7. 

Indeed, Aa = (At)? = QP. Qb?... Qels; on the other hand, Aa = 
Aq, - Aqz:-- Agq,. Hence we have r < s, because of the uniqueness of the 
decomposition into prime ideals. Each Q; divides one (and only one) ideal 
Aq,;. For example, the decomposition into prime ideals of Aq, is (after 
renumbering) of the type Aq, = i fea vee Qi, where the exponents 
h; satisfy the fundamental relation ean fo, (K|Q) - hj = p. So ply = hy 
and from h, < p it follows that h; = p and l, = 1. Therefore, by the 
fundamental relation k = 1, so Aq; = Q). By the same token Aq; = Q? 
fori = 1,...,r and we conclude that s = r. 

So, each prime ideal q; is totally ramified in K|Q and therefore A/Q; = 
L/“Zq; (t= 1,...,7). 

Now we have A/At ~ [];_, A/Q:i © []j_, Z/Za = Z/Za. lf yp: A 
A/At denotes the canonical homomorphism then 7(Z) is a subring of the 
ring A/At ~ Z/Za. Since this ring has no nontrivial subring then ~(Z) = 
w(A) as we intended to show. 

From Ap C Z{t] C A it follows that A/Z[t] & (A/Ap)/(Z[t]/Ap) and 
since A/Ap is a vector space of dimension p over F,, (see Chapter 11, The- 
orem 1), and Z[t]/Ap #4 0, then A/Z[t] has dimension j, 0 < 7 < p. 

a 


F. ‘The discriminant of K|Q is 6x = Zp?~*Ja?—!, where j is as in (E). 
Proof: ‘The discriminant of t is 
d = discrxyg(1,t,...,t?7) = (-1)°/2-Y Nycig(F"(t)). 


But f’(t) = pt?~!. The conjugates of t are t, t¢, ..., tC?! (where ¢ is a 
primitive pth root of unity), so 


p—-l1 
Naa(f(t)) = peer? T] Ct = pear, 
i=0 


and therefore |d| = p?a?~!. 
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We have seen that Z[t] is contained in A and the Abelian group A/Z[t| 
is a vector space of dimension 7 over F,. By Chapter 6, (L), there exists an 
integral basis {x1,..., Zp} of the Abelian group A and integers fi, ..., fp 
such that if y; = fix; (¢ = 1,...,p) then {y1,...,Yyp} is a basis of the 
Abelian group Z[t]. Then Zd = (f1 +--+ fp)?6x. But 


Pp 


F) ~ A/Z[t] & PD (Z;/Zf;2i) ~ Dz/Zh. 


~w=1 
thus [][?_, f; = p’. We conclude that 6x = Zp?~*JaP-}. | 


Since p is odd then 27 < p. From this result, we know that the only 
ramified primes are p and qi, ..., gr. AS we saw in (E), each prime gq; is 
totally ramified in K|Q. Now we study the ramification of p. 


G. The following facts are equivalent: 
(1) A = Zt]; 
(2) 7 = 0; and 
(3) p is totally ramified (that is, Ap = P? where P is a prime ideal 
of A). 


If these conditions are not satisfied then Ap = PP ... Pls 


$s) 


Pp, 27 = >>-_, fi, where f; 1s the inertial degree of P; over p. 


with |; < 


Proof: The equivalence of (1) and (2) has been seen in (E). 

(1) — (3) Let A = Z[t]. By reducing modulo p the coefficients of 
f = X? —a, we obtain f = X? —a@ = (X —@)?, because @ € F, hence 
aP = @. 

From Chapter 11, Theorem 2, we know that there exists only one prime 
ideal P of A above p; that is, Ap = P*; if f is the inertial degree then 
ef =p. But p is ramified in K|Q, hence e > 1, soe = p, f = 1, and pis 
therefore totally ramified. 

(3) — (2) Let Ap = P? so the inertial degree of P over p is equal 
to 1. Since the ramification index of P over p is the characteristic of the 
residue class field, it follows from Chapter 13, (O), that the exponent of 
the different at P is sp > ep = p; that is, P? divides the different Ax. 
Taking norms, we conclude from Chapter 13, (P), that p? = N(P?) divides 
N(Ax) = 6x = Zp?-*Ja?—!. Hence j = 0. 

Now we assume that p is not totally ramified in K|Q, so Ap = PP ee Pls, 
with each |; < p and )>\_, lif; = p, where f; is the inertial degree of P; 
in A|Q. Hence p does not divide 1; and therefore by Chapter 13, (O), the 
exponent of the different at each P; is s; = 1; — 1. 

We have seen in the proof of (E) that At = Q,Q2---Q,, where each 
prime ideal Q; of A is totally ramified over q;; that is, Aq; = Q?. Since 
p # q, by Chapter 13, (O), the exponent of the different Ax at Q; is equal 
top—1. Since P;, ..., P, and @Q,, ..., Q, are only ramified prime ideals, 
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then 
__ 1,-1 l.-1 p-1 p-1l 
Ax = Pi7*-+-P, Qe QPert, 
Taking norms we have 


a fi, (i-1) _ 
bk = Nxjg(Ax) = Zp (qr + ar)P*. 
But 6x = Zp?-JaP-! and, comparing, we get p— 27 = d-3_, fili - 
iat fi: SO 2j = _ iat fi: 


H. If p is not totally ramified then 7 = 1, Ap = PfPP‘, and the 
inertial degrees of P,, P2 are equal to 1. 


Proof: We shall find a new relation between 7 and the inertial degrees 
fi, ---, fs. This will be done considering the conductor of A into Z[t] and 
localizing above p. 

Let S be the multiplicative set-complement of Zp in Z, let Z’ = 
S-!Z, Zt)’ = S~1Z[t], A’ = S~1A. The ring Z’ has only one nonzero 
prime ideal which is Z'p and Z'/Z'p = Z/Zp = F, (by Chapter 12, (H)). 

Reducing the coefficients of f = X? — a modulo p we obtain f = X? — 
a@ = (X —@)? since a? = @ in F,. By Chapter 11, Theorem 2, there exists 
only one prime ideal P of Z/t] such that PM Z = Zp and Z[{t|p = P?. 
Hence the inertial degree of P over p is equal to 1. It follows that Z[t]'P is 
the only nonzero prime ideal of Z[t]’ and Z[t]'/Z[t]'P = Z[t]/P = F,. We 
note also that P is the ideal of Z[t] generated by t — a and p. 

Since p is not totally ramified then A # Z|t]. Let F; be the conductor of 
A in Z[t]. Thus F; = Af’(t)A;’. We shall show that A’F, = Z[t]'P. By 
Chapter 13, (N): 


A(A'|Z’') = A’. Ax = A'(Af'(t): Foo") = Alp: Ath). (A'R)7! 


= A'p-(A'F,)7 = Tar’ A'F,)7}. 


On the other hand, since p is not totally ramified, each 1; < p, so the 
exponent of the different at P; is 1; — 1, hence A(A’|Z’) = []5_, A'P,fo!, 
Comparing these expressions 


A'F, =] 4'P, =) A’. 
w=1 1=1 
But by Chapter 13, (S), F; C Z[t] so A'F; C Z[t]’ and so 
A'F, = A'F, 0 Z[t] = [a'r zie ) = Z{t]/P 


because each prime ideal A’P,;M Z[t]’ lies over Z'p, therefore A’P;  Z{t]’ = 
Z|t]'P. 
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We shall prove that 7 = Opa fi) — 1, where f; is the inertial de- 
gree of P;. We have A’/A’F, = [];_, A’/A’P;, hence #(A’'/A’F;) = 
peti because A'/A'P, = A/Py: Z\t\'/A'F, = Z{t]'/Z[t)'P = F,, hence 
#:(Z|t]'/A'F,) = p. So the Abelian group 


A'/Z[t)’ = (A'/A'F,) /(Z[t}'/A' Fi) 


has pon Ji~? elements. But A’/Z[t]' ~ A/Z{t] ~ F,’ andsoj = >-) fi-1. 
From 27 = >; fi we deduce that 27 = 7 +1, hence j = 1, S°} fi =2 
and s < 2. 
If we had s = 1 then f; = 2 and from the fundamental relation e; f; = p, 
so p would be even, which is not true. Thus s = 2 and f; = fo = 1, e, + 
e€2 = p and we have concluded the proof. a 


It remains to indicate the conditions to decide whether 7 = 0 or 7 = 1. 


I. The following conditions are equivalent: 
(1) A=Zf(t]. 
(2) a?-! 41 (mod p’). 


If A # Z\t| then 


14 p2 1 + taP-? + t2aP-3 +---4¢P7} 
b) : rn) 9 p 
1s an integral basis. 


Proof: (1) — (2) By (G) we know that Ap = P?. In the proof of (H) we 
have seen that P is generated by the elements t — a, p. Since p € P? then 
t—a ¢ P?. Thus A(t — a) = PJ where P does not divide the ideal J of A. 
Taking norms, |Nx g(t — a)| = N(A(t — a)) = N(P)- N(J) = p- N(J). 
Since P is the only prime ideal of A whose norm is a power of p, from the 
decomposition of J into a product of prime ideals, it follows that p does 
not divide N(J). 

But the minimal polynomial of t — a over Q is (X + a)? —a (this polyno- 
mial is irreducible because Q(t — a) = Q(t)). So |Nx Q(t — a)| = a? -a = 
a(a?~! — 1). We conclude that a(a?~! —1) # 0 (mod p?) and since p does 
not divide a, a?~! #1 (mod p?). 

(2) — (1) Now we assume that A # Zit], hence 7 # 0; therefore 7 = 1 
and Ap = PéP? ©, with P, N Zit] = P2M Z[t] = P, the only prime ideal 
of Z|t] above p. Since t — a € P then A(t — a) is a multiple of P, and of 
P2, so we may write A(t — a) = P|" P;”?J where J is an ideal of A not 
containing p and m, > 1, m2 > 1. Taking norms we have 


la(a?~" — 1)| = N(A(t — a)) = p™*™ - N(J), 


with m; + m2 > 2, hence a?~! = 1 (mod p”) since p does not divide a. 
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Now we shall prove that when A 4 Z/|t] there exists an integral basis of 
the type indicated. Let us begin by showing that 


z= (14+ taP? 4 tar 3 4.---4+4?7!)/p 
belongs to A. We have 
(tP-1)P — 1 = (tP-! —1)(1 4 tho} 4 2 -D E...  ¢-D”) 
= (tP-* —1)(1 +t?! + ath? + a2tP 3 +--+ a? ~7t) 
— (tP-! — 1)pz. 


From (t?~')? = a?—!, we deduce that pzt?—! = a?-!—1+ pz, and therefore 
p?zPaP-| = (aP-! — 1+ pz). Thus z is a root of the polynomial 


praP-! XP — (aP-! —1+4 pxyP 


which has leading coefficient p?(a?~! — 1) € Z. The coefficient of X* (0 < 

1 < p)isequal toc; = ( P Jp'(ar 1" But a?~! = 1 (mod p?) be- 
p-1 

cause A # Z{t], hence fori = 1,...,p—1: 


(,” Jee — 1)P~* = pl t*F2(p~t- 1) (gp-l _1)h with be Z, 
therefore, 1+7%+2(p—i—1) = 2p—1-—1 > p; showing that p?(a?—! — 1) 
divides c;. Similarly, p?(a?~! — 1) divides co = (a?~! — 1)? because (a?~! — 
1)P-! = p??-Yb, b € Z, and p < 2(p—1). Hence z is an algebraic integer. 
Since 1, t, ..., t?~?, t?-1! are linearly independent over Z, then the 
same holds obviously for the elements 1, t, ..., ¢?~?, z. It remains to 
show that these elements generate A. We have A/Z|t] & Z/Zp since j = 1, 
hence A/Z|t] is a cyclic Abelian additive group, generated by every element 
different from 0. Since z € A, z ¢ Z[{t| then A = Zz + Z[t]. Finally, t?~! 
belongs to the Abelian group generated by 1, t, ..., t?~?, z because 


tP-* = —1 — aP~*t — a 3? — -.. — atP-? + pz. | 


We conclude with the following observation. The results indicated above 
do not hold when some square divides a. For example, let f = X*-—4, K = 
Q(t), where t? = 4. The discriminant of t is d = —27 x 16. Letting u = 2/t, 
from t? — 4 = 0 we have 2 — 8/t? = 0, so u? — 2 = 0, therefore u € A. The 
Z-module A, generated by 1, t, u is a subring of A, because t? — 4/t = 0 
implies t? = 2u. Similarly, u2 = t and ut = 2. Since {1, t, t?} isa 
Q-basis of K and u = t?/2 then u ¢ Z[t}. Hence Z[t] #4 A. We have 
3u = (3/2)t? ¢ A, thus pA is not contained in Z[t]. 

Let d, = discrx)g(1,t,u). From the expression of 1, t, t? in terms of 
1, t, u it follows that d = 4d,, hence dj = —27 x 4. Since A; C A then 
dy = m*6x, m? > 1. It follows that |64| 4 33-29 x 4?. 

The prime ideals of A dividing 3 are the kernels of the homomorphisms 
w : A — F3 such that u? = t, t? = 2u, ut = 2. The only possibility is 
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t = 1, u = 2. So there is only one prime ideal P dividing 3 and A-3 = P?. 
Thus 3 is totally ramified, yet Z[t] 4 A. 


16.6 Relative Binomial Extensions 


Example 7: Let p be a prime number, K an algebraic number field con- 
taining a primitive pth root of unity ¢, and A the ring of algebraic integers 
of kK. Let a € K be an element which is not the pth power of an element 
of kK and consider the polynomial F = X? —a € K(X]. Let t be a root 
of F, L = K(t) and B the ring of integers of L. We shall determine the 
decomposition of the prime ideals of A in L|K. 

First we note that L|K is a Galois extension. In fact, the roots of F’ are 
t, tC, ..., tC?! and they belong to L. 

Next, we show that [LZ : K] = p. Indeed, by hypothesis the minimal 
polynomial G of t over K cannot be linear (since a is not the pth power of 
an element of A). Thus G = [T;_1(X — tC)) withO = i) < tg < +++ < 


lh <p-—land1<k < p. It follows that trey Ci) € K. fk < pthen 


iat (4 #0sot € K(¢) = K which contradicts the hypothesis about a. 
Hence k = p; that is, G has degree p, G = F, and [L : K] = p. 

We deduce that the Galois group G(L|K) is the cyclic group with p 
elements. 

Let P be any nonzero prime ideal of A, then BP = []?_, Pf and all 


the prime ideals P; have the same inertial degree f over K. From the 
fundamental relation p = efg we deduce the following possibilities: 


(a) e=p, f=g=1: BP=P?, P is totally ramified, 
(38) f=p,e=g=1: BP=P, P is inert, 
(y) g=p,e=f=1: BP=P,---P,, P is decomposed. 


Now we shall indicate which case holds for any given prime ideal P of A. 


J. Let Aa = P" J, where J is an ideal of A not a multiple of P. and 
h > 0 is an integer not a multiple of p. Then P is ramified. 


Proof: We may assume without loss of generality that P divides Aa, but 
P? does not divide Aa. Indeed, let b € P, b ¢ P? let 1, I’ be integers such 
that lh +l'p = 1. Taking a’ = a!b?!’ then X” — a’ generates the same field 
extension L|K. In fact, if t’? = a’ = a!bP! = ¢?!oPl’ then t’ = Cit!b! € L 
(for some pth root of unity ¢*); conversely, a’/” = a!* ppl! h = a(ba7!)'?, 
hence a = a/*(ab-")''? and in the same way we see that t € K(t'). From 
the choice of b we deduce that the exact power of P which divides Aa’ = 
Aa! . Ab?! ig Pht — p. 

Thus Aa = P- J where J is not a multiple of P. Now let P be the ideal 
of B generated by BP and Bt; that is, P = gcd(BP, Bt). Then 


P? = gcd(BP”, Ba) = gcd(BP, BP - BJ) = BP. 
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It follows from the fundamental relation that P is necessarily a prime ideal 


of B and P is totally ramified in L|K. a 


In the second case, P is a prime ideal of A such that Aa = Pr J, where J 
is an ideal of A not a multiple of P and p divides the integer h > 0. Actually, 
we may assume without loss of generality that P does not divide Aa. Indeed, 
we choose an element b € P, b ¢ P*; ifh > 0 and if a’ = a(b~"/?)? then 
XP — a’ generates the same field extension L|K (because a root t’ of this 
equation satisfies t/” = a’ = t?(b-"/P)\P, so t' € K(t) and, conversely, 
t € K(t')). Moreover, the exact power of P dividing Aa’ is now equal to 
h — (h/p)p = 0. In particular, gcd(Aa, P) = A. 


K. Assume that P divides neither Aa nor Ap. 


(1) If the congruence X? =a (mod P) has a solution in A then P 
decomposes in L|K. 


(2) If the above congruence has no solution in A then P is inert in 
L\K. 


Proof: (1) Let us assume that there exists x € A such that x? —a € P. 
We have z? — a = (x — t)(x — Ct) +--+ (x — CP“! 4). 

Let P; = BP + B(x — ¢°"!t) = gcd(BP, B(x — C*"!t)) fori = 1,...,p. 
These ideals of B are conjugate over K. 

We have P, P2:---P, = BP because every element of P;P2--- Py isa 
sum of elements of the form 

p 

Lv: + 2,(x —C"t)) = y+ z(x? — a) € BP, 

i=1 
where y;,y € BP, z;,z € B. Hence each P; is different from B (for these 
ideals are conjugate, so if some P; = B then Py = --- = Pp = B 
P,P2--:P, = B, contradiction). It follows that A # P; MN A D P and 
therefore P; 1 A = P fori = 1,2,...,p7. 

Taking into account the fundamental relation, from BP = P,P2--- Pp, 
with each P; 4 B, we see that each P; must already be a prime ideal of B. 

It remains to show that these ideals P; are all distinct. By Galois theory, 
the decomposition group of P; in L|K has order 1 or p, so either P; = P) = 
--» = P, or these ideals are all distinct. In the first case, we would have 
c—t, c—tC € Pj =--: = Py, hence t(1 —¢) € Py; since gcd(Aa, P) = A 
then gcd( Bt, P,}) = B so there exist elements y € P,, z € B such that 
1=yt+e2tandi-—-¢ = yi-¢)4+2t(1-¢) € RANA = P. Now 
p = u(1 — ¢)?"! where u is a unit, so p € P, that is, P divides Ap which 
contradicts the hypothesis. We conclude that P decomposes in L|K. 

(2) Let us assume now that P is not inert in L|K. So either BP = PP 
or BP = P,P,---P,. At any rate, P, is a prime ideal of B with inertial 
degree over A equal to 1, thus B/P,; = A/P and Nyzx(Pi) = P. In 
particular, there exists x € A such that x —t € P,. So P, divides B(x — t) 
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and therefore P = Nz)x(P,) divides Nz) «(B(x —t)) = A(z? — a) because 
Niix(« —t) = []P_,(«—C7't) = 2? —a. This means that the congruence 


X? =a (mod P) has the solution x € A. a 


It remains now to study the case where P divides Ap but does not divide 
Aa. Since p = u(1 — ¢)?~! then P divides A(1 — ¢). We write A(1 — ¢) = 
P™ . J where P does not divide the ideal J and m > 1. 


L. With these notations we have: 
(1) If the congruence X? = a (mod P™?t') has a solution in A 
then P decomposes in L. 


(2) If the above congruence has no solution in A, but the congruence 
X? =a (mod P”?) has a solution in A, then P is inert in L. 


(3) If the congruence XP = a (mod P™?) has no solution in A, 
then P is ramified in L. 


Proof: (1) We first show that the congruence X? = a (mod P™?*"*) 
has a solution if and only if BP = P,P2---P,, where Pi, ..., Pp are 
distinct prime ideals of B. This will establish (1). 

In fact, if P decomposes in L|K then the inertial degree of each P; 
is equal to 1. Hence P? NA F P*~! for s > 1; otherwise, P? divides 
(BP)s-! = BP*~' and the exponent of P; in the decomposition of BP 
into prime ideals could not be equal to 1. Now we show that P° A = P” 
for every s > 1; this is true for s = 1 and if it is true for s — 1 then 
PS’ CC PSN AC PS"'NA = P*' with P21 A # P*', hence also 
P’ 1 A = P*. We deduce that A/P* is a subring of B/P’%. But these 
rings have the same number of elements, namely N(P)* = N(P;)*, so 
B/P = A/P’. 

Thus there exists x € A such that t = x (mod P{”?*"); that is, pret 
divides B(x —t). Taking norms and noting that Nr) (x2—t) = 2? —a, we de- 
duce that P”?t! divides x? — a, so the congruence X? = a (mod P™?*') 
has a solution in A. 

Conversely, let x € A be such that 2? = a (mod P™?T'). Let u € 
P°™, ug P-™*', hence Au - P™ = J is an integral ideal of A. Consider 
v = u(x — t). This element is a root of 


(X — ux)P + uPa = XP — (M)ucxe + (B)uztxr- _. 


+ ( P wrt tx — uP(xP — a). 


The coefficients of this polynomial belong to A as we show now. We know 
that P™'?-)) divides A(1—C)?—! = Ap. For every j such that 1 < j < p-1 


we have m(p — 1) — mj = 0, hence P ulx? € A. Moreover, x? — a € 
J 


P™?t! thus uP(xP —a)eP. 
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Therefore, v € B and the same holds for the conjugates u(x — ¢*~!t) for 
2=1,...,p—1. We consider the integral ideals 


P; = BP + Bu(xz—(¢'"'t) = ged(BP, Bu(z —¢''t)) for i=1,...,p—1, 


conjugate over K. We have P;P)---P, = BP, because every element of 
P, P2--- Py is a sum of elements of the form 


Dp 
WG + zju(z — ¢*'t)) = y + zu?(x? — a) € BP, 


i=1 


where y;,y € BP, z;,z € B. Hence each ideal P; is different from B, since 
these ideals are conjugate and P, P2---P, = BP. Therefore P; 1 A = P 
for2 =1,...,p. 

Taking into account the fundamental relation, from BP = P,P 2--- Pp, 
with each P; # B, we see that each P; must already be a prime ideal of B. 

It remains to show that all these conjugate ideals P; are distinct. Consi- 
dering the decomposition group of P; in L|K, we see that either all ideals 
P, are distinct or P; = Pp = --- = Py, because the Galois group of L|.K 
has order p. In the latter case, u(x — t) and u(x — Ct) belong to P, so 
ut(1 — ¢) € P, and, taking the pth power, uPa(1 — ¢)? € P, OA = P. 
Now, the exact power of P dividing A(uPa(1 — ¢)?) is P™™?Tt™?, so P 
would not divide this ideal, a contradiction. 

(2) Now we assume that the congruence X? = a (mod P’””) has a 
solution z € A. We choose u € P™™, u ¢ P™™*!, and v = u(z — 2). 
As before, the minimal polynomial of v oer K is g(X — ux)? — uPa, 
hence v € B because z?a € P™?. The different of the element v in 
L\K is g'(v) = p(ut)?~!, o gcd(P, Bg'(v)) = B for every prime ideal 
P dividing BP. Indeed, if P contains g’(v) then PM A = P contains 
g'(v)? = pPuP'P-Ya@P-!, But this is not true, because the exact power of P 
dividing this element is P?’?—)™-PP-Dm, 

We conclude from Chapter 13, (T), that A;)~% does not divide any of 
the prime ideals P such that PM A = P. This shows that P is unramified 
in L|K. 

If we also assume that the congruence X? = a (mod P™?t') has no 
solution in A, then from (1) we deduce that P is not decomposed. Therefore, 
P is inert in LK. 

(3) We assume that the congruence X? = a (mod P”?) has no 
solution in A. 

However, the congruence X? = a (mod P) has a solution in A. Indeed, 
A/P is a finite field with p” elements and the multiplicative group of A/P 
is cyclic. Let w be a generator, so there exists an integer a such that w® is 
the residue class of a modulo P. Since p, p" — 1 are relatively prime, let 
c, ce’ € Z be such that cp + c'(p" — 1) = 1. Hence a = cap (mod p” — 1). 
Taking 8 = ca we have w?? = w®% and if x € A has residue class modulo 
P equal to w® then z? = a (mod P). 
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Let | > 1 be the largest integer such that the congruence X? = a 
(mod P') has a solution in A. We show that / is not a multiple of 
p. For suppose that | = ph, that x € AQ is a solution of X? = a 
(mod per). and that X? = a (mod pent!) has no solution in A. Let 
yeP y ¢ P’*) hence y? € PP”, yp ¢ pP'*! Similarly, by hypothe- 
sis, a — x? € PP”, qa — xP ¢ PP**! But per | pert is a vector space of 
dimension 1 over A/P (see Chapter 8, (A)), hence there exists z € A such 
that zy? = a—x? (mod P?"t"). Since A/P is a finite field of characteristic 
p, the raising to the pth power is an automorphism, so there exists w € A 
such that z = w? (mod P). Therefore, x? + y?w? = a (mod P?"*'). But 
then r+yw € A would satisfy the congruence (x +yw)? = a (mod P?"*!), 
which is a contradiction. Indeed, (x+yw)? = x? +y?w? (mod P?"*!) since 
the exact power of P dividing each of the terms / xP ~tytayt is at least 
m(p—1)+ih > ph+1, becauseh << m—1, 1<i<p-—1. 

This shows that / is not a multiple of p. We write 1 = ph +k, with 
l1<k<pandh<m-l. 

Let ue P*, u ¢ PP! and xz? = a (mod P'), and consider v = 
u(x — t), which is a root of (X — ur)? + uPa. As before, we deduce that 
v € B and P* is the exact power of P dividing u?(x? — a) = Nyix(v). 
Therefore v ¢ BP, otherwise, BP divides Bv, hence P? = Ny) x(BP) 
divides A - Ny)x%(v), which is false since k < p. 

Let P = BP + Bu = gcd(BP, Bv). So BP # P. Also P F B. This 
may be seen by considering the ideals P} = P, Po, ..., Pp, which are the 
conjugates of P in L|K. Then P; P)--- P, = BP, by the argument already 
used: If y; € BP, z; € B, then 


(yy + z;u(x — c’~"t)) = y+ zuP(2z? —a) € BP 


—~ 


i=1 


with y € BP, z © B. Since the ideals P; are all equal or all distinct, 
PZB. 

We conclude that BP is not a prime ideal of B, hence P is not inert in 
L|K. By (1), P is not decomposed, hence P is ramified in L|K. a 


From the study of the decomposition of the prime ideals of A in L|K we 
may infer the following result about the relative discriminant: 


M. The relative discriminant 6;\% 1s the unit ideal of A if and only if 
the following conditions hold: 


(1) Aa is the pth power of an ideal of A. 


(2) In the case gcd(Aa, Ap) = A, there exists x € A which satisfies 
the congruence X? = a (mod A(1 — ¢)?). 


Proof: We assume that 6;)~ = A, so by Chapter 13, Theorem 1, no prime 
ideal of A is ramified in LIK. 
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Let P be a prime ideal of A dividing Aa, and let Aa = P™ - J, where 
J is an ideal of A not a multiple of P. By (J), m is a multiple of p. This 
being true for every prime ideal P dividing Aa, it follows that Aa is the 
pth power of an ideal of A. 

Now we assume that gcd(Aa, Ap) = A, and let A(1 — ¢) = J];_, BP” 
be the decomposition of A(1 — ¢) into prime ideals of A. Thus P ; divides 
Ap, hence P; does not divide Aa. Since P; is not ramified, by (L) there 
exists x; € A such that 2} = a (mod P;””). By the Chinese remainder 
theorem, there exists x € Asuch that z = x; (mod Pj") fort =1,...,7, 
so x? =a (mod A(1 — ¢)?). 

Conversely, we assume now that conditions (1) and (2) hold and we shall 
show that every prime ideal P of A is unramified in L|K.If Aa = P™ - J, 
where J is an ideal of A, not a multiple of P, and m > 0, then by (1) m is 
a multiple of p. Replacing a by another element a’, we may assume without 
loss of generality that P does not divide Aa. 

If P does not divide Ap then by (K), P is not ramified in L|K. If P divides 
Ap then necessarily Ap does not divide Aa, because P does not divide Aa. 
Since Ap = A(1 — ¢)?7~! then P divides A(1 — ¢). Let A(1 —¢) = P™ - J, 
with m > 1, where J is an ideal of A, not a multiple of P. By (2) there 
exists x € A such that x? —a € A(1 — ¢)? C P”™?. By (L) it follows that 
P is not ramified. By Chapter 13, Theorem 1, 67), is the unit ideal. JH 


In Chapter 9, (D), we showed that if K is any algebraic number field 
then its absolute discriminant 6x \g is different from the unit ideal. In the 
preceding result we saw that this fact need no more be true for the relative 
discriminant. 

In class field theory, it is important to consider field extensions with 
relative discriminant equal to 1, as we saw in Chapter 15, Section 2. 


16.7 The Class Number of Quadratic Extensions 


In this section we indicate a method to compute the class number of 
quadratic extensions; we follow the exposition of Hasse [7| or [8, Chapter 
III, §29.3]. The procedure is appropriate for small values of the discrimi- 
nant. There exist more efficient methods using the theory of characters 
and transcendental arguments; the interested reader should consult the 
literature (see [9], [3, Chapter V, §4]). 

Let K = Q( Vd) where d is a square-free integer, let 6 = 6x be the 
discriminant, and A the ring of integers of K. We recall that if d = 2, 
3 (mod 4) then 6 = 4d, and if d= 1 (mod 4) then 6 = d. 

Also, if d = 2,3 (mod 4) then {1, Vd} is an integral basis of K. If d = 1 
(mod 4) let w = (1+ Vd)/2, then {1, w} is an integral basis. In this latter 
case, the elements of A are of the form (a + bv d) /2, where a,b € Z, a=b 
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(mod 2). In all cases, the elements of A are of the form (u + vVd)/2 with 
u,v € Z, u* = vd (mod 4). 

Let D be the set of prime numbers p which are decomposed in K, that 
is, Ap = PP’, with P, P’ distinct prime ideals of A. 

Let 7 be the set of prime numbers q which are inert in K; that is, 
Aq = Q, where Q is a prime ideal of A. 

Let R be the set of prime numbers r which are ramified in K; that is, 
Ar = R?, where R is a prime ideal of A. 

A nonzero integral ideal J of A is said to be normalized when its norm 
satisfies the following conditions: 


(1) N(1) = Tr [[ 


rEeR pED 
with e, = Oor 1, ep = 0. 
(2) If6 > Othen N(I) < 4 ,/|5); if 6 < O then N(J) < (2/r)\/|6|. 


A nonzero integral ideal I of A is primitive when there exists no integer 
mé€Z, m #1, such that Am divides I. 
Let N be the set of normalized primitive ideals of A. 


N. Every nonzero fractional ideal of K is equivalent to some ideal 
belonging to N. 


Proof: From Chapter 9, (E), it follows that every nonzero fractional ideal 
of K is equivalent to an ideal J such that N(J) < [2"+?/vol(D)| Jd, 
where D is a symmetric convex body in R* such that D C Dy, and 
D, is defined as follows. If 6 > 0 then ry = 2, ro = 0, and Dy = 
{(E1, €2) | 1 |E2| < 1}. If 6 < O then Ty, = 0, TQ = 1, and dD, = 
{(€1, €2) | & + & < 1}. 


Thus if 6 > 0 we may choose D to be the square with vertices 
(2,0), (0,2), (—2,0), (0, —2); therefore vol(D) = 8, hence N(J) < 4/6]. 
If 6 < 0 we take D = D, hence vol(D) = 7 and N(J) < (2/7) \/1B]. 

Noting that Ar = R? for every r € R, Aq = Q for every g € J, Ap = 
PP’ for every p € D are principal ideals, then the integral ideal J is 
equivalent to an integral ideal J such that 


I= |[[ Rv. [[ pvr 


rEeR pED 
with e, = Oorl, €ép, e, = 0, and ep = 0 or e, = 0. Thus J is a 
normalized ideal. But J is also primitive, as follows from the limitation on 
the exponents e, (r € R), ep (p € D). a 


Let N(N) denote the set of integers N(I), where I € N. Thus if m € 


N(N) then 
m= 1] Re 1] p° 


rEeR pED 
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with e, = Oorl, ep > 0,andm < $y/|6|, when 6 > Oorm< (2/1) /1d| 
when 6 < 0. 

Given the field K it is possible to determine all integers m € N(N) by 
the computation of a finite number of Legendre symbols. 

Once the set of integers N(V) is known, the question is to find all possible 
ideals in NV and to decide when I, I’ € N are equivalent. 

In m € N(N), let km = #{p € D | p|\m}; then there exists 2*” ideals 
I € N such that N(I) = m. Indeed, if p*? is the exact power of p € D 
dividing m, if Ap = PP’, we may choose an ideal J € N such that P® 
divides I or such that P’©» divides I. This gives rise to 2* possible ideals 
Ie N such that N(I) = m. 


O. Let m € N(N) and let xc = (u+ vVd)/2, with uv € Z, u = v 
(mod 2), and u, v even when d = 2,3 (mod 4). The following conditions 
are equivalent: 
(1) N(Azx) = m. 
(2) (u? — v7d)/4 = +m and gcd(u/2,v/2) = 1 when d = 2,3 
(mod 4), or gcd((u — v)/2,v) = 1 whend = 1 (mod 4). 


Proof: (1) > (2). m= N(Az) = |Nx\Q(z)| = |(u* — v7d) /4|. Moreover, 
since m € N(N), then gcd(u/2,v/2) = 1 when d = 2,3 (mod 4), or 
gcd((u — v)/2,v) = 1 when d = 1 (mod 4). 

(2) > (1) Let J = Az so N(J) = m and I is a primitive ideal, as 
follows from the hypothesis on u, v. | 


We need therefore to find for which integers m € N(N), m or —m 
admits a primitive representation as indicated in (2) of (O). 

Of course, if d < 0 then necessarily —m has no such representation. 

If d = 2,3 (mod 4) then we have to consider representations of the type 
+m = a? — 67d, with gcd(a, b) = 1. 

As a corollary, we deduce: 


P. Assume that the class number of K ish = 1 and thatm € N(N). 


If d < 0 then m admits a primitive representation. 

If d > 0 and the fundamental unit « of K has norm N(e) = 1 then m 
or —m admits a primitive representation. 

If d > 0 and N(e) = —1 then m and —m both admit a primitive 
representation. 


Proof: In view of (O) and the hypothesis that h = 1 for every m € 
N(N), m or —m admits a primitive representation. If d < 0, —m has no 
primitive representation, as already said. 

If d > 0 and N(e) = —1, if m (or —m) has a primitive representation, 
so also has —m (respectively, m). a 


Summarizing, to determine the class number of K, we proceed as follows: 
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Step 1: To determine the set NV of normalized primitive ideals and the set 
N(N) of integers which are their norms. 


Step 2: For every pair of ideals J, J € N, to decide whether J, J are in 
the same class; it is equivalent to decide whether J - J~! is a principal ideal. 
Now we shall consider numerical examples. 


Case 1: d> 0. 

Let n be the largest integer such that n < 3 \/|6]. 

(a) n = 1. The fields with discriminant 6 = 5, 8, 12,13 are the only ones 
such that n = 1. In this case N contains only one element and therefore 
h=1. 

(b) n = 2. The fields with discriminant 6 = 17, 21, 24, 28, 29,33 are the 
only ones such that n = 2. Let us consider some of these values. 

If 6 = 17 then N(N) = {1,2} since 17 = 1 (mod 8) so A-2 = Py: P3. 
But —2 = (3? — 17- 17)/4 is a primitive representation of —2, so Pp = 
Ax, « = (34+ V17)/2, Pi = Az’, x! = (3 — V17)/2. Thus h = 1. 

If 6 = 24 then d = 6 and N(N) = {1,2}, since 2 is ramified, so A - 
2 = RZ. But —2 = 2? — 6 - 1? is a primitive representation of —2, hence 
Ry = Ar, x = 2+ V6. Thus h = 1. 

(c) n = 3. The fields with discriminant 6 = 37, 40, 41, 44, 53, 56, 57, 60, 
61 are the only ones such that n = 3. We consider one of these values. 

If 6 = 40 then d = 10 and N(N) = {1, 2,3} since 2 is ramified and 
(2) = (4) = 1; hence A- 2 = R3 and A-3 = P3- P3. 

But +2 have no primitive representation, otherwise +2 = a? —10b? (with 
a,b € Z) hence a? = 100? + 2; this is impossible since the last digit of a 
square is not equal to 2 or to 8. For the same reason +3 has no primitive 
representation. 

Finally, -2-3 = 2? —10-1?, hence Rg - P is principal and so is Rg - P3. 
Therefore h = 2. 

lt should be noted that when the discriminant is positive, the question 
of primitive representation of a prime number may not be as immediate to 
answer as in the above example. In general, it requires the theory of the 
Hilbert symbol. 

From the tables of class numbers of real quadratic fields, one sees that 
there exist 142 square-free integers d, 2 < d < 500, such that the class 
number of Q(vd) is equal to 1. It is not known whether there exists an 
infinite number of real quadratic fields with class number 1. 


Case 2: d< 0. 

Let n be the largest integer such that n < (2/ )\/16| ; 

(a) n = 1. The fields with discriminant 6 = —3, —4, —7, —8 are the only 
ones such that n = 1. In this case, N contains only one element and 
therefore h = 1. 

(b) n = 2. The fields with discriminant 6 = —11, —15, —19, —20 are the 
only ones such that n = 2. 
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We consider some of these values. 

If 6 = —11 then N(N) = {1} since —11 = 5 (mod 8) so A-2 isa prime 
ideal. Hence h = 1. 

If 6 = —15 then N(N) = {1,2} since —15 = 1 (mod 8), so A- 2 = 
Py - P3. Now 2 # (u? + 15v?)/4 for u,v € Z, gced(u,v) = 1. Hence Po, P3 
are not principal ideals; but P2 - P; is principal, hence h = 2. 

(c) n = 3. The fields with discriminant 6 = —23, —24, —31, —35, —39 are 
the only ones such that n = 3. 

We consider one of these values. 

If 6 = —31 then N(N) = {1,2} since —31 = 1 (mod 8) so A-2 = 
P, - P3; on the other hand, (—31/3) = —1 hence 3 is inert in Q(/-—31) 
and 3 ¢ N(N). Since 2 # (u? + 3lv)/4 for u, v € Z, gced(u,v) = 1 then 
P,, Ps are not principal ideals. Similarly 2? 4 (u? + 31v7)/4 for u, v € Z, 
but 2° = (17 + 31-17)/4, hence P? is not a principal ideal, but P} is a 
principal ideal. From P2-P; = A-2 it follows that P3, P5* are not principal 
ideals, but P3° is a principal ideal; actually, P?P,;~' = P?.(A-2)"1isa 
principal ideal, so P; is equivalent to P?. We conclude that h = 3, and the 
class of the ideal P2 is a generator of the class group. 

The question of determination of the imaginary quadratic fields with 
class number 1 may be tackled as follows: 


Q. If Q(vVd), d <0, has class number 1 then N contains only the unit 
deal. 


Proof: This is true when |6| < 7, so let |6| > 7. 

If I e N, I # A, there exists a prime ideal P dividing I, so N(P) = 
p < (2/7),/|6|. If P is a principal ideal generated by (u + vVd)/2, with 
u, vu integers, u =v (mod 2) and u, v even when d # 1 (mod 4), then 


u+vovd 


So v # O and therefore (2/7),/|6| > p > |6|/2, hence |6| < 7, a 
contradiction. Then P is not a principal ideal and h > 1. | 


u* — vd 


p= N(P)= ri 


Gauss developed a theory of genera of binary quadratic forms. It implies: 
If h = 1 then 6 = —4, —8, or —p, where p is a prime, p = 3 (mod 4). 
We shall discuss this topic more amply in Chapter 28, Section 1. 

If 6 # —3, —4, —7, —8, in order for N to contain only the unit ideal 
it is necessary and sufficient that —p = 5 (mod 8) and if q is an odd 
prime number, gq < n (largest integer such that n < (2/7),/|6|) then 
(—p/q) = —1 (this means that q is inert). 

Let_n = 2. Then ~20 < 6 < —11. From 6 = -p, p 
then 6 € {—11,-—19}. But 2 should be inert, thus 6 = 
6 = —11, —19 satisfy the required conditions. 


= 3 (mod 4), 
5 (mod 8), so 
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Let n = 3. Then —39 < 6 < —23. From 6 = —p, p = 3 (mod 4), then 
6 € {—23, —31}. However, —23, —31 do not satisfy the condition 6 = 5 
(mod 8). 

Let n = 4. Then —59 < 6 < —40. Again 6 € {—41, —43, —47, —53}. 
From 6 = 5 (mod 8) it follows that 6 = —43. Also (—43/3) = —1, hence 
6 = —43 satisfies the required conditions. 

Let n = 5. Then —88 < 6 < —62 506 € {-67, —71, —73, —79, —83}. 
But 6 = 5 (mod 8), so 6 € {—67, —83}. From (—67/3) = —1, (—67/5) = 
—1, and (—83/3) = 1 we deduce that 6 = —67 is the only possibility. 

If n = 6 then —120 < 6 < —89 so 


6 € {—89, —97, —101, —103, —107, —109, —113, —117}. 


From 6 = 5 (mod 8) it follows that 6 = —107. But (—107/3) = 1 so no 
value of 6 is possible. 
If n = 7 then —157 < 6 < —121, so 


6 € {-131, —137, —139, —149, —151, —157}. 


From 6 = 5 (mod 8) it follows that 6 € {—131, —139}. But (—131/3) = 1 
and (—139/5) = 1 so no value of 6 is possible. 
If n = 8 then —199 < 6 < —158 so 


6 € {-163, —167, —173, —181, —191, —193, —197, —199}. 


From 6 = 5 (mod 8) it follows that 6 = —163 is the only possibility. 

Altogether, we have shown that if —200 < 6 < 0 and Q(Vd) has class 
number 1 then 6 = —3, —4, —7, —8, —11, —19, —43, —163. As we have men- 
tioned in Chapter 5, Section 4, these are the only imaginary quadratic fields 
with class number equal to 1. 


16.8 Prime Producing Polynomials 


Euler discovered that if gq = 2,3,5,11,17, or 41, then fy(X) = X7+X+q 
has prime values for k = 0,1,...,q — 2. 

Thus f4;(X) assumes 40 successive initial prime values: 41, 43, 47, 53, 
61, 71, 83, 97, 113, 131, 151, 173, 197, 223, 251, 281, 313, 347, 383, 421, 
461, 503, 547, 593, 641, 691, 743, 797, 853, 911, 971, 1033, 1097, 1163, 1231, 
1301, 1373, 1447, 1523, 1601. 

Note that 


falg-—1) = (¢- 1)? + (@-1)+¢=(¢-Dlq-14+1) +4 
=[¢-N)+lq=¢@. 


It is an interesting fact that this property is intimately connected with the 
class number of imaginary quadratic fields, as discovered by Rabinowitsch 
in 1912 (see Ribenboim |22, Chapter III, Section IV B)}). 
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First we need the following fact. We simply denote by (z, y) the ideal 
generated by the elements z, y of K. 


R. Let p be an odd prime, d = 1 (mod 4). 
(1) Ifa is any integer, then (p,at+ Vd) = (p, &(a—1)+w) where 2£ = 
1 (mod p). 
(2) If p is not inert in Q(Vd), there exists an integer b, 0 < b < p—1, 
such that p divides Nx\Q(b + w). 


Proof: (1) Since 

a+Vd=a—1+ Ww = 2¢&(a — 1) + Qu (mod p) 
and since p is odd, there exists s such that 2s = 1 (mod p). It follows that 
(p,a + Vd) = (p, (a — 1) + 2w) = (p,2(a — 1) + Qw) = (p, (a — 1) +.w). 


(2) If p is not inert in Q(Vd)|Q then Ap = P,P, where P;, P2 are 
(not necessarily distinct) prime ideals of A. More precisely, from Chapter 
11, Theorem 2, if 


X* —d =(X —a)(X —a’) (mod p), 
then 
Py = (p,a + Vd) = (pa — 1+ 2w). 


Since p is odd, then 2 is invertible modulo p and there exists 6 such that 
0<b< p—1, 2b=a-—1 (mod p). Then P; = (p,b+w). Then p = N(P,) 
divides N(A(b + w)) = Nx Q(b 4+ w). a 


The main result is the following: 


S. Let q be a prime number, and let f,(X) = X? + X +4q. Then the 
following conditions are equivalent: 

(1) q = 2,3,5,11,17, 41. 

(2) fag(k) ts @ prime number for every k = 0,1,...,q — 2. 


(3) The class number of Q(./1 — 4q) 1s equal to 1. 


Proof: (1) — (2) This is a simple numerical verification. 

(2) — (3) Let 1 — 4g = u7d, where d is square-free, so d = 1 
(mod 4), Q(./I — 4q) = Q(Vvd), and its discriminant is 6 = d. If gq = 2 
or 3, then d = —7 or —11; as was computed, h_7 = 1, h_y, = 1. Thus, 
we may assume that gq > 5. As follows from the discussion in Section 7, in 
particular (Q), it suffices to show that if p is any prime, p < (2/7),/\6], 
then p is inert in Q(,/1 — 4q)|Q. 

If p = 2, since q = 2t — 1 and u? = 1 (mod 8), then du? = 1 —.4q = 
5 (mod 8) sod = 5 (mod 8), hence (2/d) = —1 and 2 is inert. 
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Let p be an odd prime. If it is not inert, then by (R), there exists an 
integer b such that 0 < b < p — 1 and p divides 


Nxjig(b +w) = G ae G 4) =b*+b4+4 = f,(b). 


Now we note that b # p — 1. Otherwise p divides f,(p — 1) = (p — 1)? + 
(p -1) + q = q (mod p), sog = p < (2/7)\V/|d| < Vld| < V4q—1 80 
q = 2 or 3, which is a contradiction. 

So b # p—1 and from the hypothesis f,(b) is a prime number, so it must 
be equal to p. 

We conclude that /4q — 1 > p = fy(b) > fa(0) = q, hence again g = 2 
or 3, a contradiction. 

(3) — (1) It is known that if the class number of Q(Vd) (with d < 
—3, d square-free) is equal to 1, then d = 1 — 4q = —7, -11, —19, —43, 
—67, —163. This implies that g = 2,3,5, 11,17, or 41. | 


In the implication (3) — (1) we used the determination of all imaginary 
quadratic fields with class number 1. But it is possible to give a direct proof 
that (3) — (2) 

For this proof, the theory of genera—more precisely, the results quoted 
in Section 7—will be needed. 

(3) — (2) Let d = 1 — 4q and assume that the class number of Q(Vd) 
is equal to 1. Then either d = —1, —2, —3, —7, or d < —7. Since the class 
number is 1, by the theory of genera, d = —p, where p is a prime, p = 3 
(mod 4); also q > 2. 

As noted before, 2 is inert in Q(Vd) = Q(./—p), so p = 3 (mod 8). 

We show that if @ is an odd prime, @ < q, then (¢/p) = —1. Indeed, if 
(€/p) = +1 then @ is decomposed in Q(,/—p). Since the class number is 1, 
there exists an algebraic integer a = (a + b,/—p)/2 with a = b (mod 2), 
such that Af = Aa- Aa’, where a’ is the conjugate of a. Taking norms 


(? = N(Aé) = N(Aa)N(Aa’) = N(Aa)’, 


hence £ = N(Aa) = (a? + b?p)/4, sop +1 = 4q > 4€ = a? + b*p. Hence 
1 > a? + (b? — 1)p,soa = 0, b* = 1, and 4é = p, which is absurd. 

Now assume that there exists k, 0 < k < q — 2, such that f,(k) = 
k? + k + q is not a prime. Then there exists a prime @ such that @? < 
k?+k+q= al, witha > 1. Since k* +k + q is odd, then @ ¥ 2. Also 


2 2 
—] 1 
MOS OES SP Cs) ree Cy) 


Hence @ < (p+ 1)/4 = q. As was shown, (¢/p) = —1. However, 


dal = (2k +1)? + 4q —1 = (2k + 1)? +p, 
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hence —p is a square modulo @ and using Gauss’ reciprocity law 


(2) =A) errr * 


and this is absurd. || 


EXERCISES 


1. Let K; = Q(t), Ko = Qiu), K3 = Q(v), where t, u, v satisfy the 
equations 
t? —18t —-6 = 0, 
u> — 36u — 78 = 0, 
uy? — 54v — 150 = 0. 
Show that these fields have the same discriminant 22 356 = 27 x 3° x 23. 


2. Let K,, Ke, K3 be the fields of the previous exercise. Show that 
they are distinct, by considering the decomposition of the prime numbers 
5, 11. 

3. Let g = X° — 7X — 7. 

(a) Show that g is irreducible over Q. 
Let t be a root of g, K = Q(t). 
(b) Find the discriminant of K and the ring of integers A of K. 


(c) Determine the decomposition into prime ideals of the ideals of A 
generated by 2, 3, 5, 7, 11. 


(d) Does there exist an inessential factor of the discriminant? 


4. Let K = Q(V175) and let A be the ring of integers of K. 
(a) Show that {1, V175, 245} is an integral basis, and that the 
discriminant of K is 6 = —3° x 5? x 77. 
(b) Show that 3, 5, 7 are completely ramified in K|Q. 
(c) Show that 6 has no inessential factor and find the decomposition 
of 2 into prime ideals of A. 


(d) Show that A has no integral basis of the form {1, x, x7}. 


5. Determine the ring of integers and the discriminant of the field 
Kk = Q(t), where t? — t — 4 = 0. Which prime numbers are ramified 
in K? Determine the decomposition into prime ideals of A of the ideals 
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generated by 2, 3, 5. Determine whether there is an inessential factor of 
the discriminant. 


6. Let a, 6 be square-free positive integers, gcd(a,b) = 1. Let c = ab 
when a? = b? (mod 9) or c = 3ab when a? # b? (mod 9). Show that the 
discriminant of Q(Vab2) is 6 = —3c?. 


7. Determine the ring of integers, the discriminant, and the decomposi- 
tion of prime numbers in the field Q(/2, i). 


8. Determine the ring of integers, the discriminant, and the decomposi- 
tion of prime numbers in the field Q(¢)2), where ¢)2 is a primitive twelfth 
root of unity. 


9. Let ¢7 be a primitive seventh root of unity. Determine the minimal 
polynomial of ¢7 + ¢7' and show that the discriminant of Q(¢7 + C7") is 
equal to 49. 


10. Let g be a prime number not dividing n. In order that there exists x € 
Z such that ®,(2) = 0 (mod q) it is necessary and sufficient that q = 1 
(mod n). In this case the solutions are the integers x such that 2” = 1 
(mod q). The number of pairwise incongruent solutions modulo q is y(n). 


Hint: Use the results about the decomposition of primes in cyclo- 
tomic fields. 


11. Let qg be a prime factor of n, and let n = q%n,, n; not divisible 
by q. Show that there exists an integer x such that ®,(2) = 0 (mod q) if 
and only if g = 1 (mod nj). In this case, the solutions are the integers x 
such that x”1 = 1 (mod q). The number of pairwise incongruent solutions 
modulo gq is y(n). 


Hint: Use the results about the decomposition of primes in cyclo- 
tomic fields. 


12. Determine the integers x such that @29(x2) = 0 (mod 41). 
13. Show that there exists no integer x such that ®,5(2) = 0 (mod 5). 


14. Prove the following particular case of Dirichlet’s theorem: for every 
natural number n there exist infinitely many prime numbers which are 
congruent to 1 modulo n. 


Hint: Let m be the product of all primes congruent to 1 modulo 
n > 2; show that every prime factor of ®,(nm) is congruent to 1 modulo 
n, and note that this is impossible. 


15. Let m = p® > 2, pa prime number, k > 1; let ¢ be a primi- 
tive mth root of unity. Show that if s is any integer, such that 1 < s < 
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m, gcd(s,m) = 1, then 
1 — a —¢-s 
1-¢ 1-¢7! 


is a real unit of Q(¢) (see Chapter 10, Section 3). 


Us = 


16. Let m = pe --- pr with r > 1, p; prime numbers, k; > 1, and let 
¢ be a primitive mth root of unity. Show that if s is any integer such that 
1<s<m, gcd(s,m) = 1, then v, = /(1 — ¢8)(1 — ¢-8) is a real unit 
of Q(¢) (see Chapter 10, Section 3, and the previous exercise). 


17. Let L be the algebraic number field of Example 7 with K = Q(¢), 
and let o be a generator of the Galois group of Q(¢)|Q, o(¢) = ¢%, where 
1<s<p-—1l, gcd(s,p) = 1. Show: 

(a) L|Q is a Galois extension if and only if there exists r, 1 < r < 
p —1, such that o(a)/a” is the pth power of an element of Q(C). 

(b) L|Q is an Abelian extension if and only if o(a)/a® is the pth 
power of an element of Q(C). 


(c) If L|Q is a Galois extension then L = Q(¢)- M, where MQ is 
an extension of degree p. 


18. Let n > 2 and let A be an integer, gcd(h, n) = 1. Show: 


(a) Q(cos(27h/n))|Q has degree y(n) /2. 
(b) If n # 4 then 


y(n) when gcd(n, 8) < 4, 
Q(sin(27h/n))|Q has degree ¢ y(n)/4 when gcd(n, 8) = 4, 
y(n)/2 when gcd(n,8) > 4 


(c) Ifn > 4 then 


y(n) when gcd(n, 8) < 4, 
Q(tan(27h/n))|Q has degree ¢ y(n)/2 when ged(n, 8) = 4, 
y(n)/4 when gced(n, 8) > 4. 


19. Let ¢ be a primitive nth root of unity, where n > 2. Show that 
Q(¢ + ¢~*)|Q has degree y(n)/2. 


20. Let K|Q be a real quadratic extension, and let <9 be a fundamental 
unit of K, having norm equal to 1. Let x be an algebraic integer of K such 
that Nxjg(z) < 0 and Ax = J?, where J is an ideal of the ring of integers 
of K. Show that J is not a principal ideal. 
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21. 


16. Complements and Miscellaneous Numerical Examples 


Show that the class number of Q(./34) is h = 2. 


Hint: By a result of Chapter 9, reduce to the consideration of the 


principal ideals generated by 2, 3, 5; study their prime ideal decomposi- 
tions in Q(/34) and, by the previous exercise, show that the ideal generated 
by 3 and 1 — 34 is not a principal ideal, and also show that the ideal ge- 
nerated by 5 and 3 — 34 is not principal; conclude by showing that these 
ideals are equivalent. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


Show that the class number of Q(/21) is 
Show that the class number of Q(/37) is 
Show that the class number of Q(/65) is h = 2. 


Show that the class number of Q(,/—19) is h = 1. 


Show that the class number of Q(./—23) is h = 3. 
Show that the class number of Q(./—14) 


( 

( 

( 

( 

Show that the class number of Q(./—163) is h = 1. 

( 

( ish = 4. 

Show that the class number of Q(/—127) is h = 5. 
( 


Show that the class number of Q(./—39) is h = 4. 


Let p be a prime number, p = 1 (mod 4). Show that the ideal class 


group of Q(,/—p) has an element of order 2. 


Part ‘Three 


17 


Local Methods for Cyclotomic 
Fields 


In his investigations about Fermat’s last theorem, Kummer developed the 
theory of cyclotomic fields. His ideas and results were extended by his 
illustrious contemporaries or successors, among them Dedekind, Hermite, 
Hurwitz, and Hensel. 

Some of the ideas and theorems proved by Kummer for cyclotomic fields, 
and later extended for all number fields, are the concepts of an ideal 
(ideal number in Kummer’s terminology), the unique factorization of ide- 
als into a product of prime ideals, the classes of ideals, the finiteness of the 
class number, the finite generation of the group of units, and the type of 
decomposition of prime numbers into prime ideals of the cyclotomic field. 
These topics have already been dealt with in this book. 

As a preparation presenting a proof of Kummer’s result on Fermat’s last 
theorem (see next chapter) we shall consider here the methods, which today 
are called “local.” 

Let p > 2 be a prime number, let ¢ = cos(2m7/p) + isin(27/p) be a 
primitive pth root of unity, K = Q(¢) the pth cyclotomic field, and A = 
Z|¢| the ring of cyclotomic integers. We have [K : Q| = p — 1. 


17.1 p-Adic and A-Adic Numbers 


In his research on cyclotomic fields, Kummer worked with A-adic numbers, 
which are a generalization of p-adic numbers. In this section we indicate the 
definitions and a few results. The topic belongs to the Theory of Valuations, 
and it is fully developed in my book [26]. 


17.1.1 The p-Adic Numbers 


In order to study divisibility properties of a prime p, it is often convenient 
to consider the development of integers in the base p: 


A=ap +aypt---+amnp™ 
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with 0 <a; <p—1, p™ <a<p™*!. 

Numbers defined by infinite p-adic developments are the p-adic integers. 
Hensel described the operations of addition and multiplication of p-adic 
integers, and proved a very important theorem concerning the existence of 
p-adic integers which are roots of certain polynomials. 

The p-adic numbers may be considered as being the limits of sequences 
of integers, relative to the p-adic distance. These considerations allowed the 
introduction of methods of Analysis in the study of questions on divisibility. 

We shall describe here very briefly the concepts of p-adic numbers and 
give a few results which will be needed. The systematic study of these 
numbers is given in [23, Chapter 2]. 

Let p be any prime number. For any nonzero integer a let v,(a) = m if 
p™ divides a, but p™*! does not divide a. For any nonzero rational number 
a/b, let vp(a/b) = vp(a) — vp(b), where a,b € Z, b # 0. Let v,(0) = co. 

Then the following properties are satisfied: 

(1) vp(x) = oo if and only if z = 0. 
(2) vp(ry) = vp(x) + vp(y). 
(3) up(z + y) 2 min{vp(x), vp(y) f- 


(By convention n < oo and n+ oo = o4+7n = 0+ © = oO, for every 
integer 7.) 

Moreover, we also have 

(3’) If up(x) < up(y) then vp(x + y) = vp(Z). 


The mapping vp, : Q — ZU {oo} is called the p-adic valuation of Q. 
The set A,, = {x € Q| u,(x) = O} is a subring of Q, containing Z 
called the ring of the valuation vp. It is easy to see that 


a 
Ay, = 2ya = 4 § EQ 


a,be Z, b #0, gcd(a, b) = 1, pt} 


The ring Z,z has the unique maximal ideal Z,zp, and the residue field 
Zy2/ Lyzp = Fp. 
Let 
dy : Q x Q — R>o 
be defined by d,(z, y) = p~’»‘"-¥ where x # y and d,(z,z) = 0. Then 
d, satisfies the following properties: 
(1) d,(z, y) = O if and only if z = y. 
(2) dp(x,y) = dp(y, 2). 
(3) d,(z,y) < max{d,(a, z), dp(z, y)}- 
(4) d,(x + z,y + z) = d,(z, y). 
So d, is a distance function compatible with the operation of addition, 
thus Q becomes a metric space; d, is called the p-adic distance. 


p 
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The completion of Q relative to the p-adic distance is again a field, de- 
noted Q, and its elements are called p-adic numbers. The nonzero elements 
a of Q, are represented by p-adic developments 


OO 
a= S axp’ 
t=m 


with O <a; <p—1, mé€ Z, anda, £ 0. 

If 

On = d— agp’ 
=m 

(for each n > m) then a = limy_.o0 Qn (the limit is relative to the p-adic 
distance). 

The p-adic valuation may be extended by continuity to a valuation of 
the field Q, (still denoted by v,), which is defined as follows: 


OO 
Up S— ap" =m if Am # 0. 
1=mM 


Thus, the values of vp are also integers or infinity. 

The topological closure of Zz in the field Q, is a ring, still denoted by 
Z,y. Its elements are called the p-adic integers. Thus a € Q, is a p-adic 
integer exactly when vp(a) > 0. It is also clear that Z, 1 Q = Zyz. 

The only nonzero prime ideal of Z, is Zpp, consisting of the multiples of 
p. The residue field of vp is Z)/Zpp, which is isomorphic to the field Fp. 

If a, B € Qy, we say that a divides f if there exists y € Z, such that 
ay = 2; this means that v,(a) < vp(@). 

The element a € Zp is a unit in Zp when a divides 1, ie., vp(a) = 0. 
The set U, of units of Z, is a multiplicative group. 

Ifa, B,y € Q,, y # 0, we write a = 8 (mod y) if 7 divides a — Z. 
Similarly, ify € Q,, y # 0 and F(X), G(X) € Q,[X] we write F(X) = 
G(X) (mod y) when 7+ divides each coefficient of F(X) — G(X). 

These congruence relations satisfy the usual properties of congruences of 
integers. 

Hensel proved, in 1908, what today is known as Hensel’s lemma: 


A. Let F(X) be a monic polynomial with coefficients in Zp. Ifa € Z is 
a simple root of the congruence 


F(X) = 0 (mod p), 


then there exists a p-adic integer a € Zy such that a = a (mod p) and 
F(a) = 0. 


The proof of this result can be found in [26, Chapter 3]. 
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We apply Hensel’s lemma to the polynomial X?~! — 1: 


B. Ly contains p— 1 (p—1)th roots of unity. More precisely, for every 
j =1,2,...,p—1, there exists a unique element w; € Zp such that Pt — 


J 
1 andw; = j (mod p). 
Proof: For every j = 1,...,p—1, j?-! =1 (mod p), so 


p—-1 
XP l_js ames — 7) (mod p). 
j=l 
Thus 1, 2, ..., p— 1 are all the roots of this congruence, and they are 


simple. By (A), for every 7 there exists w; € Z, such that ws ~! = 1 and 
W; = Jj (mod p). 


For the uniqueness, we observe that if w € Zp, wP-! = l,andw = 
k (mod p), then w must coincide with one of the roots of X?~! — 1, say 
wW =w;;thenj =w; =w =k (mod p),soj =k, ie., w = wk. a 


Let P(p) = (Z/pZ) denote the multiplicative group of nonzero residue 
classes modulo p. Let 2. denote the multiplicative group of (p — 1)th roots 
of unity in Zp. | 

As a corollary, we have: 


C. The mapping which associates to each nonzero residue class 3 modulo 
p the (p—1)th root of unity w; in Zp, such thatw; = 3 (mod p), establishes 
an isomorphism between the multiplicative groups P(p) and Q. Moreover, 
Wg 1s a generator of 2 if and only if g is a primitive root modulo p. 


Proof: Indeed, if 1 < j,k,h < p—1 and jk = h (mod p), by (B) it 
follows that wj;w, = wp, (mod p). Since w; = jg (mod p), the mapping 
j (mod p) +» w; is an isomorphism. The last assertion is trivial. a 


D. With the above notations: 
(1) Ifp—lfr then Vo oegw”™ = 0. 
(2) Ifp— |r then oo egw” =p-1. 


Proof: (1) Let g bea primitive root modulo p, so wy is a generator of 
the multiplicative group 2. Then 


1 — Wy Pr 


p—2 
ro jr — _ 
Sow =) “6 = Ta = 0 when p-— lfr. 
wEN 7=0 


(2) Ifp—1|r then w” = 1 for every w € Q, hence oo cg wu” = p— 1. 
a 
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17.1.2 The -~Adic Numbers 


We now consider the pth cyclotomic field K = Q(¢). Let A = 1 — ¢, then 
P = AX is a prime ideal and Ap = P?~! = AdP-!. 

We introduce the A-adic valuation v, on K, by defining: for a # 
0, v,(a) = mif AXA™ divides Aa but AA™* does not divide Aa; moreover, 
Uy (0) = ©. 

Then v, : K — ZU {co} satisfies the following properties (for a, 3 € K): 

(1) v,(a) = oo if and only if a = 0. 


(2) v,(aB) = v,(a) + vy (8). 

(3) v,(a + B) > min{v)(a), v,(G)}. 
Moreover: 

(3’) If vy(a) < v(G) then vy (a + B) = v(a). 


We also note that v,(p) = p—1 and, more generally, v,(x) = (p—1)vp(z) 
for every x € Q. 

Let d, : K x K — Ryo be the mapping defined by d)(a, 3) = e~¥'2~?) 
when a # @ and d)(a,a) = 0. 

Then d, satisfies the same properties indicated for the p-adic distance; 
dy is called the A-adic distance function and K becomes a metric space. 

Let K denote the completion of the metric space K. The operations of 
addition and multiplication extend by continuity from K to K, which is a 
commutative ring. But, in fact, every a € K, a # 0 is invertible, so K is 
a topological field, whose elements are called the A-adic numbers. 

The A-adic valuation and the A-adic distance extend canonically by 
continuity to K, by letting 

Vy ( lim an = lim v)(an), 
n—- CO 


Tu— OO 
when (Qn)n>0 is any Cauchy sequence in K. 
We define dy(a, B) = e *r(¢-F) for a, BE K. It is immediate that Vy 
and dy satisfy the same properties already indicated for vy, dy). 


For simplicity, we shall use the notations v,, dy, instead of V, dy. 
The set 


A = {zx é€ K | v(x) > 0} 


is a subring of K, K is the field of fractions of A, and AN K = A,, (the 
ring of the valuation v)). 

The elements of A are called A-adic integers. The unique maximal ideal 
of A is AX, and A/A\ = Fp. 
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Hensel’s lemma, given in (A), is still valid with A instead of Lip: 


E. Let F(X) be a monic polynomial with coefficients in A. Ifa € A is 
a simple root of the congruence 
F(X) =0 (mod Ad), 

then there exists a r-adic integer a € A such that a =a (mod Ad) and 
F(a) = 0. 

The proof can be found in [26, Chapter 3}. 

K contains the subfield Q, of p-adic numbers and LK : Q,, =|K:Q = 
p—l. 

K|Q, is a Galois extension with a Galois group canonically isomorphic 
to G(K|Q) = P(p). Explicitly, every 7 € G(K|Q) may be extended in a 


unique way by continuity to an element of GK |Q,), still denoted by a. 
Indeed, if 


ae K, a= lima, (witha, € K) then o(a) = lim o(an), 
n—0o n—0o 


because (0(Q,))n>0 is still a Cauchy sequence in K. Thus, if a € K then 


Trigg, (@) = Trriel@), Nag (a) = Nxja(@). 


17.2 The A-Adic Exponential and Logarithm 


We begin this section with a brief discussion of formal power series. Other 
aspects of formal power series are discussed in [23, Chapter 7]. 


17.2.1 Formal Power Series 


Let A be a commutative ring, let X,, ..., X;, (r > 1) be the indetermi- 
nates. A (formal) power series in X), ..., X,, with coefficients in A, is a 
formal sum 


S=§(X,...,X;) = 5 Sin 


where each S,, is zero or a homogeneous polynomial of degree m, in the 


indeterminates X,, ..., X,, with coefficients in A. 
So is the constant term of S; So € A. 
If 


9= 3° Sy, r-S°r, 
n=0 


n=0 
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we define 


S+T= S7(Su + Ta) and ST = 3 SY) ST; 
n=0 


n=0 \itj=n 


With these operations, the set A[[X1,...,X;,]|] of power series is a com- 
mutative ring. The ring A is naturally identified with a subring of 
A[[X1,...,X-]]. 

The elements 0 and 1 of A are also the zero and unit elements of 
Al[Xq,...,Xr]]. 

The order w(S) of S is defined to be the smallest integer n > 0 such 
that S, 4 0. By convention, the order of zero series is co. 

It is clear that w(S+T7T) > min{w(S),w(T)} and w(ST) > w(S)+wu(T). 
We assume henceforth that A is an integral domain. Then w(ST) = w(S)+ 
w(T) and A[[X,,...,X;,]|] is an integral domain. 

In the case of one indeterminate X, each power series is of the form 


oe) 
) Sn X”; 
n=0 


each s, is called a coefficient of S(X). 
If 


OO 
TD = S° TY € A[X,..., Xr] 
m=0 
and w(T4)) > 7 for every 7 > 0, then for every n > 0 the following sum 
is finite: 


OO 7m 


Un =S TY =S 07. 
j=0 j=0 

Let 

OO 

U=S_ Un € Al[X,..., Xr] 

n=0 

In this case, we write U = 3% TY). 
A series S € Al[X,...,X,]|] is invertible if there exists a series T € 


A[[Xq1,..., X;,]] such that ST = 1. Then SoTp = 1 so So is an invertible 
element of A. Conversely, if So is invertible, let S5 © A be such that 
S§So = 1, let T = —S§(S — So) so w(T) > 1 hence w(T) > 7. Then 


So{ > T? | € AlLXa,..., Xp] 
j=0 
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is the inverse of S: 


We write S~! for the inverse of S. 
Let 


S=S°s,X" € AX], T= > 0 Tp € Al[X,..., Xe]: 
n=0 n=0 
If w(T) > 1 or if S is a polynomial, it makes sense to consider the power 


series 
CO 
S- Syl”. 
n=0 


We write 


S(T) = S(T(X,...,X,)) = 3 SnT™. 
n=0 


S(T) is called the power series obtained by substituting T’ for X in S. 
If 


S(X) = S- SyX", 

n=0 

its derivative is 
S'(X) = So ns,X"7}. 
n=1 
Iterating, we have the higher derivatives 
S"(X) = S- n(n — 1)s,X"~*, 
n=2 


etc. 

If $,T € Al[[X]], w(T) > 1, and S; = S(T(X)) then Si(X) = 
S'(T(X))- T’(X). 

If A has characteristic 0, ie., Z C A, if S € A[[X]] and its derivative is 
0, then S = So is a constant. 

With the same hypothesis, if S(X), T(X) have the same derivative 
S’(X) = T’(X) and the same constant term, then S(X) = T(X). 

Let d > 0 and let Dg be the set of all power series S € A[[X1,...,X-;]] 
such that w(S) > d. Then Dg is an ideal of the ring A[[Xq,...,X;,]]. 

If $,T € Al[Xy,..., X;,]] we write S = T (ord d), when w(S — T) > d; 
this is an equivalence relation. Moreover, if S, T, U, V are power series, 
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if S = T (ord d), U = V (ord d), then S+U =T+4V (ord d), SU = 
TV (ord d). 

Let S,T € A[[X]], U,V e€ A|[X,,...,X-;,]]; assume that S is a 
polynomial or w(U) > 1, and that T is a polynomial or w(V) > 1; if 
S = T (ord d), U = V (ord d), then S(U) = T(V) (ord d). 

From now on, we assume that A is an integral domain containing Q, and 
we shall introduce the exponential and logarithmic series. Let r > 1 and 


A= {S € Al[X1,...,X;]]|w(S) > 1}, 
M = {14S € Al[Xi,...,X,]] |w(S) > 1}. 


From the above considerations, it follows that A is an additive group and 
M is a multiplicative group. Let exp : A — M be the mapping defined by 


1 
exp(S) = S- ae for every SEA. (17.1) 
n=0 — 
We also write e? = exp(S). In particular, ifr = 1, X = X: 


oo 


e* = exp(X) = S> — X” (17.2) 


is called the exponential series. 
On the other hand, let log : M — A be the mapping defined by 


= (-1)""! n 
log(l +S) = 5° —— $ (17.3) 
n=1 


for every 1+ S € M. In particular, ifr = 1, X = X: 
= (<1) 
log(1 + X) = —_—_—_ Xx” 17.4 
og(1 + X) 3 - (17.4) 


is called the logarithmic series. 
We note that the derivatives of these series are 


exp'(X) = exp(X), 
1 

14+ Xx 

because log’(1+ X)=1—-X+X%*—-X%4+.---. 


log’(1+ X) = 


Lemma 1. The mapping exp is an isomorphism from the additive 
group A onto the multiplicative group M,; the mapping log is the inverse 
isomorphism. 
Explicitly we have: 
(1) exp(log(1 + S)) =14 8S; 
(2) log(exp(S)) = 5; 
(3) exp(S + T) = exp(S) exp(T); and 
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(4) log((1 + S)(14+ T)) = log(1 + S) + log(1 + T); 
for any series S, T of order at least 1. 


Proof: (1) We show that in A[[X]] we have exp(log(1.+ X)) =1+4 X. 
Indeed, log(1 + X) has order 1, so we may write 


exp(log(1 + X)) = 3 log + AQT =1+ 7 AL Xx”, 


n! 
n=0 n=1 


where each A, is given by a finite sum. Taking derivatives 


exp(log(1 + X)) 1 
ile eet SL nA,X”~ 
aa 


hence 


n=1 n=1 


1+ S- A,X” = exp(log(1 + X)) = (1+ X) S- nana) 


Comparing the coefficients on both sides, it follows that A; = 1, Ag = 
A3 = --- = 0, hence exp(log(] + X)) = 1+ X. By substitution, the 
relation holds for every S € A. 

(2) We show that in A[[X]| we have log(exp(X)) = X. Writing 
exp(X) = 1+T7(X), then 


log(exp(X)) = > —— irexyy" = Ax” 


where each A, is given by a finite sum. 
Taking derivatives 


exp’(X) = —1 
= ) A,X”. 
exp(X ) ” 


n=1 


xp(X) then A; = 1, Ay = A3 = -::: = O, so 


Since exp’(X) = 
= X, By substitution, the relation holds for every S € A. 


log(exp(X )) 
(3) 
va 1 = 1 D\ carb 
n=0 n=0 a+b=n 
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(4) By (1), exp(log(1 + X)) = 14 X. Substituting S$ +7 + ST for X 
we have 


exp(log((1 + S)(1+T7))) =(1+ S)(14+T) 
= exp(log(1 + S)) - exp(log(1 + T)) 
= exp(log(1 + S) + log(1 + T)), 
hence by (2): 
log((1 + S)(1 + T)) = log(1 + S) + log(1 + T). a 


17.2.2 The »-Adic Exponential and Logarithm. 


Let p be an odd prime; we use the same notations as in Section 17.1, (B). 

A series )>~_) Qn of elements an € K is said to be convergent when the 
sequence of partial sums ye _¢ On (for all N > 0) is a convergent sequence 
in K. We write 


OO 
a=) an if a= Jim Ya, 
n=0 


It is easy to see that the series ear Qn is convergent if and only if 
limp—oo Qn = O and, in turn, this is equivalent to limp. v, (Qn) = oo. 
The formal power series 


S=S°5, € K[[X,...,X]] 
n=0 


(with r > 1) is said to be convergent at (£1,...,€,), where each €; € K, 
when the series yo Sn(€1,---,&-) is convergent in K; in this case, we 
write 


S(&1,---5&) = do Sn(€i,.--s&)- 


n=0 


The set of all (&,...,&-), such that the series S is convergent at 
(€1,---,&,), is called the domain of convergence of S. We are especially 
interested in series S(X) € K|[X]]. _ 
Let S € K[[X]] and T € K[[X),...,X;,]] where w(T) > lor S € K(X]. 
Let U = S(T(X,...,X;,)). If T is convergent at (€1,...,€,) and S is 
convergent at T'(&1,...,&,-) then U is convergent at (€1,...,€,) and 


U(Ei, ce , Er) = S(T(E1, tee , &r)). 


In the book [23, Chapter 7] we have studied in greater detail power series in 
valued fields. The present situation of K, endowed with vy, is just a special 
case. 
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Now, we determine the domains of convergence of the series exp(X), 
log(1 + X), when considered as series with coefficients in K. 

We need the following easy lemmas. If x is any real number, [xz] denotes 
the only integer such that [z] < x < [z] + 1. 


Lemma 2. Let x be any real number, and let a > 1 be any integer. 


: (2) 


Proof: [x]/a—1< 2/a-—1 < |x/a] Also a[x/a] < a(x/a) < [x] +1, hence 
a|z/a] < [x], so [z/a] < [r]/a. This proves the lemma. a 


Legendre proved: 


Lemma 3. Ifn > 1 and p is a prime, the exponent of the exact power 
of p dividing n! is 
=] Blt] 35 
p p? p° p-1- 
where 
n= ao +aypt---+agp*, OS a <p], 


and Sn = €9 +@, +---+4g. 


Proof: Let n! = p’m, where p{m, thus e = vp(n!). Letn = nip+r, 0 < 


ny, 0O< ry < p, son, = [n/p]. The multiples of p no bigger than n are 
p, 2p,...,nip <n, so 
p™ +n! =p-2p---nmp = p’m’, ptm’. 


Thus n; + e; = e where e€; = v,(n,!). Since ny <n, by induction 


2) B} 


By Lemma 2: 


SO 


Now we note that if 


n= a9 +a\;pt+---+agp* with O<a;<p-—l, 
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then 
my k-1 
2) =a baspt sap ; 
Dp 
my k—2 
5] <2 + agp bane , 
Dp 
Fa 
— = Ak 
pF 

re) 


M> 

SB) 

[ ee 
| 


= a, + a2(p + 1) +.a3(p? +p +1) +--+ +ag(p* 7! + p*-? 


+---+p+1)= —— [ax(p = 1) + ag(p? = 1) +++ +an(p* ~ 1) 


1 
= 5 "7 Sn). a 


With these lemmas we show: 


F. (1) The domain of convergence of the exponential series in K is 


{€é © K| uy (€) > 2} = Ad?. 


(2) The domain of convergence of the logarithmic series in K is 


{14+€e€ K lu (é) >1}=1+4+A). 


Proof: (1) We have 
wn (5) = nen(e) - va(nt) = noale) ~ @ ~ Doplnt), 
where € € K. 
By Lemma 3, v,(n!) = (n — s,)/(p — 1) where 
N= a9 + aypt-+++axp*, O<a<p-l, 


is the expression of n in the basis p and s, = a9 +a, +---+Qk. 
Hence 


vy (=) = n(va(€) ~ 1) + 84 > n(va(€) — 1). 


So if v,(€) > 2 then lim v) (€"/n!) = oo and the series converges at €. But 
if v,(€) < 1, since there exist infinitely many integers n such that s, = 1 
(namely all the powers of p), then the limit of v, (€"/n!) when n tends to 


352 17. Local Methods for Cyclotomic Fields 


infinity does not exist, hence the exponential series is not convergent for 
such €. . 
(2) If€ € K then 


__41\n-lg¢n 
UN (oe) = nu(€) — va(n) = nuy(€) — (p — 1)up(n). 


Since p’?'™ divides n then v,(n) log p < log n and 


vy (core) > nva(é) - 2— togn. 
n log p 


Again if v)(€) > 1 then the limit of the general term is oo and the series 
converges at €. However, if v,(€) < 0 then 


» (ae) < —v(n) 


and considering integers of the form n = p* we see that the general term 
has no limit. | 


We define the A-adic exponential and logarithmic functions as follows: 
exp) = > when (6) > 2 
1 
and 
=. (~1 
= ‘> (-1 ay when v,(n) > 1. 

n 

n=1 


Now we indicate several properties of the A-adic exponential and A-adic 
logarithm. 

First we note that for every m > 1, AX” is obviously an additive group. 
Similarly, 1 + AX" isa multiplicative group. Indeed, it suffices to note that 
if a € A then 

1 
——— =1+ad\™4+a7)?™4.---+a*M™4--- = 14 BAT 
1—ar™ 
since 
converges to some element G € A, because vy (ak \F-)™) > (k — 1)m. 


G. The exponential function defines an isomorphism from the additive 
group AX? onto the multiplicative group 1 + Ad. The inverse isomorphism 
is defined by the logarithmic function (restricted to 1 + AX?). 


Proof: First we show that if € € AX? then v,(exp(€) — 1) = vy(E). 
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Indeed, let 


If n > 2 then 


as follows from (3’). At the limit we have v,(7) = vy(€) > 2. Clearly 
exp(0) = 1. From the above, it follows that if € € AA?, € # 0, then 
exp(€) # 1. 

Taking S(X) = exp(X), T(X1, Xo) = X1+ Xe, U(X, Xe) = exp(X))- 
exp(X2) by Lemma 1, S(T(X), X2)) = U(X, X2). 

Thus, if £,& € Ad’, since & + £2 € A)’, then exp(f: + £2) = 
exp(€1) exp(£2). If € € AA? then 1 = exp(0) = exp(€ - €) = 
exp(€) exp(—€), so exp(—€) = (exp(€))~1. It follows that if €; # € then 
exp(£i) # exp(&2). _ 

So the exponential function defines an injective homomorphism from A}? 
into 1+ A)?. 

Now we consider the restriction of the logarithmic function to the sub- 
group 1 + AA?, and we show that if 7 € AX? then v)(log(1 + 7)) = vy(n). 
Since 


log(1 +7) = >~ — ” 


ry 


n= 


we need to compute v) (((—1)"~! /n)n”). 
Let n = p*n' > 2, where k > 0 and p does not divide n’. Then v,(n) = k 
and 


_34)\n-1 
Uy (or) = nv(n) — (p — 1)k > v(m). 


Indeed, this is true if k = 0 because n > 2. If k > 1 it follows from 
n—1> p* —1and (p* —1)/(p—1) = p**4+---+p+1>k. 
Hence if m > 1 we have 


Ud (5 | = uy(n) 


n=1 


and taking the limit, v)(log(1 + 7)) = vy(n). 
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Thus the logarithmic function maps 1 + AX? into AX?. 

Moreover, from Lemma 1, it follows that | 
log(exp(€)) = € and exp(log(1+7))=1+yn for &,7€ Ad?. 
Therefore the exponential function is an isomorphism from AX2 onto 


1 + A)? and the logarithmic function is the inverse isomorphism. a 


We shall also work with the polynomials 
p-1 
xX” — n 
=0 


They have p-integral coefficients and degree p — 1. 

We note that exp(X) = E,(X) (ord p) and log(1+ X) = 
X) (ord p). It follows that if T(X) is a power series and w(T(X) 
then exp(T(X)) = E,(T(X)) (ord p) and log(l + T(X)) = L,(1 
T(X)) (ord p). In particular, exp(log(1 + X)) = E,(log(1 + X)) (ord p), 
log(exp(X)) = L,(exp(X)) (ord p). 


Lemma 4. Let X, Y be indeterminates. 
(1) By(X)- By(¥) = Ey(X +Y) (ord p). 


2) [E,(X)]" = E,(kX) (ord p) fork > 1. 


(2) 

(3) L(+ 4) + ¥)) = Lp(1 + X) + Lp + Y) (ord p). 
(4) Lp((1+ X)*) = kL,(1 + X) (ord p) fork > 1. 

(5) Lp(Ep(X)) = X (ord p). 

(6) £,(L,(1 + X)) =1+X (ord p). 


Proof: (1) Since E,(X) = exp(X) (ord p), E,(Y) = exp(Y) (ord p), 
then by Lemma 1: 


E,(X)E,(Y) = exp(X) exp(Y) = exp(X + Y) = E,(X + Y) (ord p). 


(2) This follows at once from (1). 
(3) From L,(1+ X) = log(1 + X) (ord p) and L,(14+ Y) = log(1+ 
Y) (ord p) it follows from Lemma 1 that 


L,(1 +X) + Lp(1 + Y) = log(1 + X) + log(1+ Y) 
=log((1+ X)(1+Y)) =2,((1+ X)(1+Y)) (ord p). 


(4) This follows at once from (3). 
(5) Since E,(X) = exp(X) (ord p), then 


Ly(Ep(X)) = Ly(exp(X)) = log(exp(X)) = X (ord p). 
(6) From Z,(1 + X) = log(1 + X) (ord p) it follows that 
E,(Lp(1 + X)) = Ep(log(1 + X)) = exp(log(1 + X)) = 1+ X (ord p). 
a 
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To conclude we note a general fact: let A be any commutative ring, let 
I be any ideal of A, and let P € A[X]. If a, 6 € A anda = @ (mod J), 
then P(a@) = P(@) (mod I). . _ 
From this it follows that ifm > 1, a,@ € A, anda = 6 (mod AX”) 
then 
E,(a) = E(B) (mod AX™) (17.5) 


and 


L»(1 +a) = L»(1 + 8) (mod AA”). (17.6) 


17.3 The A-Adic Integers 


In this section we shall study in more detail the ring of A-adic integers. 
We recall that A = ZJ|¢], ie., {1,¢,C7,...,¢?77} is a basis of the 
Z-module A. 


From this we easily obtain: 


H. The ring A of A-adic integers is a free module over the ring Zp of 
p-adic integers, having the basis {1,¢,C?,..., CP~?}. 


Proof: A is the direct sum 
p—2 
A=Qz¢. 
~ 


Let M be the multiplicative set of integers not multiples of p. Then 
M~'!Z = Zz, (the ring of p-integral rational numbers) and 


p—2 
M'A = €BZz,¢). 
j=0 


But M~'A = Aay. Indeed, ifa € A and m € M, then m ¢ AX since 
AANZ = Zzpy. So a/m € Ag, showing that M~!A C Ag). Conversely, 
let a € A, let 6 € A, and let B ¢ AX. The conjugates o4(G) cannot belong 


to o/(AX), but this is a prime ideal containing p, hence equal to AX. So 
o3(3) ¢ Ad and therefore 


p—2 
N(8) = [| 07(8) ¢ AX. 
j=0 


But N(G) € Z hence N(G) ¢ Zp, so 


a ao(f)---0? (8). y 
a> woe ou “* 


proving the equality. 
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Therefore 


Taking the closure in the completion K , relative to the valuation v,, we 
deduce that 


p—2 
A= B20 
j=0 
which was to be proved. a 


Our aim is to indicate another basis of the Z,-module A, which behaves 
nicely with respect to the trace. 
First we show: 


I. Ifa € A, v,(a) = 1, and {l,a,a’,. . ,aP-* are linearly 
independent over Q,, then this set 1s a Zp-basis of A. 
Proof: Since (K : Q,| = p— 1 then {1,a,a7,...,a?~?} is a basis of the 


Q,-vector space Kk. 
Given @ € A C K, we may write, in unique way, 


p—2 
B= ca’, 
j=0 


with each c; € Q,; we shall prove that each c; € Zp. 
Let 


_ i . i —Ko. = 
k= min {vp(cj)} then | min {up(p"cs)} = 0. 
so each d; = p*c; € Zp. | | 
We note that if0 <1 < j < p—2 then v)(dja’) # v)(dja’). Otherwise 
vy(d;) + tuy(a@) = va(d;) + jvx(@) so 
(p — 1) [vp(di) — Up(d;)| = (j — t)u(a) = Jj - 2, 
that is, 7 — 7 is a multiple of p — 1; but this is impossible, since 0 < j —1 < 
p—l. | 
Let jo be the smallest index such that vp(d,,) = 0. Then vy(dj;,a7") < 
v,(dja)) when j # jo. Otherwise 
jo = va(dj,a”) > vy(dja?) = (p — 1)up(ds) + 5; 


if up(d;) > 1 this implies that jo > p—1, which is impossible; if vp(d;) = 0 
then jo > 7, contrary to the choice of jg. Therefore 
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on the other hand, 


vs(p-"B) = —kvy(p) + v,(@) > —k(p — 1). 
Therefore k > 0 so each c; = p*d; € Zp. a 


We now show the existence of a special element p, which will play an 
important role. 


J. A contains one element p which is unique, satisfying the following 
two conditions: 


(1) p?-* = —p; and 
(2) p =—A (mod A2?). 
Hence Ap = Ay. 


Proof: First we establish the uniqueness. If p, p; € A satisfy the above 
properties then 


pP'=—-p= ph — so (pip™*)P* = 1, 
i.e., 7 = pip ' is a (p — 1)th root of 1. But 
Pi = —rA = p (mod Ad?) so pn = p (mod Ad?). 


Since p = —A +a’ = (-1+ aA) witha € A then Ap = A). Thus n= 1 
(mod AA). If 7 4 1 then X — n divides 
XP-1 _ y 
—X-1— 
and computing these polynomials at 1, we deduce that 1 — n divides p — 1. 
But A divides 1 — 7, hence 2 divides both p and p — 1, which is impossible. 
Thus 7 = 1 and this proves that p; = p. 
To prove the existence of p, let a= —p/(1 — ¢)?7?. 
First we show that a = 1 (mod A)). 
We write 


p ®(1) A-O0-¢*)---a— 7?) 


ee 


(l—¢jpt (Gye (1 - QA -¢)--- = 9) 
(14+ QVC +O) +O HC +--+ ¢P%), 
Since A = 1 — ¢ then ¢ = 1 (mod AX), hence 


1+¢€2=2 (mod AX), _ 
14+¢+4+¢? =3 (mod Ad), 


= XP*4..-4 X41 


1+ C+---4+¢?-2 = p—1 (mod Ad). 
Hence, from Wilson’s congruence 


p 


doops =1-2---(p—1) =(p-—-1)! = -1 (mod A)). 
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Therefore a = 1 (mod Ad). . 

We shall show that a is a (p — 1)th power in A. Let 

F(X) = X?"'-a then F(1) =0 (mod Ad). 
But the derivative 
F'(X) =(p—1)X?-?_— is such that ~F’(1) #0 (mod AX). 

Thus the image of 1 modulo AX is a simple root of F(X) = X?-1_@ 
(polynomial with coefficients reduced modulo AA). According to Hensel’s 
lemma of Section 17.1 there exists a root 3 of F(X) in A, such that G = 1 
(mod AX), so B?-! =a. 

Let p = —G(1 — ¢), then 

pPh = BPN — ¢)P* = a(1 ~ ¢)P* = =p 

and 


p= —B(1-¢) = -(1—¢) = —A (mod A)?). | 


In the next few propositions we derive some congruences satisfied by 
expressions involving this element p. 


K. (1) [Ep(p)]? =1 (mod Ad??7!), 
(2) For every integer k > 1: Ey(kp) = C* (mod AXP). 


Proof: (1) Wewrite E,(X) = 1+ XG(X), where 


x 
G(X) =1+ 5 +--+ oD 


So 
[Ep(X)]” = 1+ pH(X) + X?[G(X)), 
where H(X) € Z,|X]. By Lemma 4: 
[Ep(X)]” = Ep(pX) + XPT(X), 
where T(X) € Z,|X]. We show first that pH(p) = pp (mod Ad?P-1), 
Indeed, 
pH(X) = [E,(X)]? -1— X?(G(x)? 
= {E,(pX) — 1} + X?(T(X) — [G(X)]”). 
Since 
pX py? xX? pe-lxp-} 


X)-1= fo eZ ix 


then T(X) — [G(X)]? € pZ,[X]. Hence pH(p) = pp (mod Ad?2P-1), 
because Ap = AX and Ap = Ad?-!. 
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Next we show that 


p” = —pp (mod Ad?P-1). 


Indeed, since G(p) = 1 (mod_ AX) then [G(p)]” = 1 (mod A)?) hence 
p?(G(p))? = p? = —pp (mod AX??), 
Therefore 


[E,(p)|” = 1+ pH(p) + p?(G(p)]? = 1+ pp — pp = 1 (mod Ad?P~?), 


(2) We first show that E,(p) = ¢ (mod A?). 
We have 


p =C—1 (mod A)?) then  E,(p) =1+p=C (mod Ad’), 


so €~'E,(p) = 1 (mod A?) and there exists an element a € A such that 
¢~'E,(p) = 1+ a)?. Raising to the pth power 


[¢~* Ep (0)|? = [Ep(p)]” = 1 (mod Ad???) 
by the first part of the proof. On the other hand, 
(1 + ad”)? = 14 pad? + (3) a2a' 4 +++ +aP)?P 
and comparing 
a (>>? + (Bax +:-- tary?) = (0 (mod A)??-?), 
Since v,(pA*) = (p - 1) +2 =p+1 and 


o|(R)ak 1024] > (p= 1) +2 > p41, k=2,...,p—1, 


vy(aP-!)d?P) > 2p > p+ 1, 
then 


VU) (»»° + (Bax free tart) =p+l, 


therefore v,(a) > (2p — 1) — (p+ 1) =p — 2, ie., a = 0 (mod Ad?-?) 

and, consequently, ¢~'E,(p) = 1 (mod AX?), so E,(p) = ¢ (mod A)?). 
Now if k > 1, it follows from Lemma 4 that E,(k ” = [E,(p)|- 
(mod AX”). But Ep(p) = ¢ (mod Ad?) hence E,(kp) = C* (mod A)?). 
a 


L. (1) Ifa € A)? then L,(1 + a) = log(1 + a) (mod AX?). 
(2) Ifa,,a2 € AX then 


Ly((1 + a1)(1 + a9)) = Lp(1 + a1) + Lp(1 +. a9) (mod AA?) 
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and 
Lp((1 + a1)~') = ~Lp(1 + ay) (mod A)?). 
(3) Lp(¢) = p (mod A)?), 
Proof: (1) We have 
(—1)” 


n 


a” 


log(1 + a) — L,(1 +a) = 3 


and we shall determine the value v)(a"/n) for n > p. 
We have vy(a”/n) = nvy(a) — vy(n) > 2n — vy(n). Since vy(n) = 
(p — 1)up(n) and since p’*™ divides n then vp(n) log p < log n. Therefore 


7m 


log 
Uy (=) > 2n — (p— 1) ve? 
n log p 


We shall show that this last quantity is greater than p. For this purpose 
we consider the function of t, t > 2: 


log t 
F(t) = ——; 
(= 
since 
1 —1/t — logt 
F'(t) = ——————_~— 0) 


for t > 2, F(t) is monotone decreasing. In particular, if p < n then 
log p/(p — 1) > log n/(n — 1). 
Therefore 


2n — (p— 1) 


" >2n-(n-—1)=n4+1>p. 
This proves that v,(a”/n) > p, and establishes the statement (1). 
(2) By Lemma 4: 
Ly((1 + a1)(1 + a2)) = Lp(1 + a1) + Lp(1 + a2) (mod Ad?), 


since Qj, Q@2 € A. 
The second formula follows at once. 
(3) By Lemma 4: 


L»(Ep(p)) = p (mod Ad”). 
By (K), E,(e) = ¢ (mod ANP) hence by (17.6): 
Lp(Ep(p)) = Lp(¢) (mod Ad?) 
and therefore L,(¢) = p (mod A)?). a 
With the element p we build a basis: 
M. {1, p, p?,..., p?~7} is a basis of the Zy-module A. 
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Proof: Since Ap = AX then v y(p) = 1. Now we show that the elements 
1, p, p*, ..., p?-? are linearly independent over Qp. 

Indeed, if co + c1p+--++Cp-2p?"? = 0 with c; € Q,, not all zero, 
then there must exist two indices 7, 7 such that0 <i<j7< p-—2 
and vy(c;) + tv,(p) = vya(c;) + jvy(p) (as follows from (3’)). So 7 — 74 = 
(j — é)vy(p) = va(ci) — vale;) = (p— 1)[uples) — up(c3)]. 

This is not possible since 7 — 1 < p— 1. 

_ It follows from (I) that {1, p, p?,..., p?~?} is a basis of the Z,-module 
A. | 


So every element of A (respectively, K ) may be written in a unique way 
in the form a9 +a1p +--+ +ap-2p"~* with a; € Z, (respectively, a; € Q,). 


N. (1) For every i = 1,2,...,p — 2, the trace of p* in the extension 
K|Q, is 0. 


(2) An element of K has trace 0 if and only if it is of the form 


p—2 


S> ip’, a, € Qp- 


1=1 


Proof: (1) By definition Tr-,. (p*) is equal to the trace of the endomor- 


K|Q, 
phism of K of multiplication with p’. This is equal to the trace of the matrix 
of this endomorphism with respect to any basis, say {1, p, p”,..., p?~*}. 


As seen immediately, all elements in the diagonal of this matrix are zero, 
hence the trace of p* is also 0. 


If 
p—2 
= S- aip 
i=0 
then 
Trgig, (©) = Treg, (a0) = (p — Lao. 
So Irgig (§) = 0 exactly when ap = 0. a 


Now we consider the real cyclotomic field K+ = Q(¢ +¢~!), which is the 
field fixed by the automorphism of complex-conjugation: g_;(C€) = ¢~! = 


— “o_o A+ 

¢. The extension of g_; to K leaves invariant a subfield, denoted K . It is 
. st, . ._ os 

easily seen that K coincides with the closure of Kt in K. The elements of 

A+ A+ 

kK are the real A-adic numbers. The elements of the ring A , the closure 


~+ 
of At in Kare the real \-adic integers. 


O. (1) o-1(p) = —p, o-1(p*) = p’, K is the set of all elements 


(p—3)/2 


21 
S aip , 
i=0 
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with a; € Q,; A’ is the set of all elements of the above form, 
with a; € Zp; [KR : Qp] = (p — 1)/2. 
(2) Let 


~+ 
S= {a cA | Treg, (2) = O}. 


Then S is a Zy-module equal to the set of all elements of the form 


(p—3)/2 | 
a;p" with a; € Zp. 


7=1 


Proof: (1) Since p?~! = —p then [o_1(p)/" > = —p = p?-! thus 
o_1(p) = np where n € K, 7?! = 1. . 

But there are at most p — 1 (p — 1)th roots of 1 in K. By (B), they all 
belong to Zp. In particular, 7 € Qp. 

It follows that 


p = 0-1(0-1(p)) = no_1(p) = n’p 


hence 7* = 1. If 7 = 1 then o_, leaves invariant every element of K 
(since these are combinations of 1, p,..., p?~*), and o_,; would be the 
identity automorphism. In particular, every element of Q(¢) would be real, 
a contradiction. This proves that 7 = —1, so 0_1(p) = —p. 

It follows that o_1(p*) = p* exactly when 7 is even. Hence the subfield 


-_~ 


+ 
Kk, invariant by o_1, is the one indicated. 

(2) Combining (N) with what we have just proved immediately yields 
the present statement. a 


We conclude this section with a result about units: 
P. (1) Ife is a unit of K then e?-! = 1 (mod Ad) and 


Tr (log(eP~*)) = 0. 


K|Q, 
If, moreover, € is a real unit then log(e?~!) € S. 


(2) Ifd2, ..., 6(p—1)/2 are the circular units of K then log(6?-*) Es 
fork = 2,,...,(p—1)/2. 


Proof: (1) Let € be a unit of K, hence also of K - thus € = ago + 
aipt-:: + Ap—2p”~*, with a; € Zp and actually up(ao) = 0. Thus ¢ = ao 
(mod AX) hence e?~! = ag?~! (mod AA). But ag = mp + a’p with mp € 
Z, a’ € Zp, s0ag?~! = mo?! = 1 (mod Zpp). We conclude that e?~* = 1 
(mod AX) and the A-adic logarithm is defined for ¢?~?!. 
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Since each Q,-automorphism of A is continuous, then 


p-1 p-1 
Trig, (log eP-1) — S "a; (log e?~*) = S| log(o;(e?~')) 
j=1 j=1 
p—-1 
= log | [] os(e?") | = los(Ngg, (€P-") 
j=l 
= log(NxQ(e?')) = log((£1)?7') 
= log1 = 0. 


Finally, if € is a real unit so is e?~' and, therefore, log(<?~') is also a real 
A-adic number, hence it belongs to S. 

(2) This follows from (1), because the circular units are real positive 
units of K. a 


EXERCISES 


1. Calculate the 7-adic developments of the integers 328, 171. 


2. Calculate the 7-adic developments of —1, —2, —3,...,—6, —7. 


3. Calculate the 7-adic developments of ; —_ 5 , 3 — 


Crloo 


4. Which of the following integers have a square-root in the field of 5-adic 
numbers 2, —2,5, —1, 25? In the affirmative, write the 5-adic development 
of the square-root. 


5. Is Z a square in Qs? If so, find the 5-adic development of its two 
square-roots. 


6. Let p = 5,7, or 11. For which values of p does the field Q, con- 
tain a primitive cubic root of 1? In the affirmative, calculate the p-adic 
development. 

7. Which of the numbers 2, —2, 3, 7 —1 have a cubic root in Qs, Q7? 
In the affirmative, calculate the 5-adic or 7-adic development of the cubic 
root. 


8. Does Q7 contain a fifth root of 2? If so, calculate its 7-adic 
development. 


9. Let p = 5. Calculate the 5-adic developments of the four fourth roots 
of 1. 
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10. Let p be a prime. Show: 

(a) Each p-adic series }°" a;p’ (with m € Z, am #0, 0 < a; < p) 
converges to a unique element x of Q, (with respect to the p-adic 
distance d,); in this situation, write z = )°** a;p’ and show 
that vp(xz) = m. 


(b) Distinct p-adic series converge to distinct elements of Q,. 


(c) Every x of the completion Q, of Q is the sum of a uniquely 
defined p-adic series. 


11. A padic development >>>, a;p’ is said to be finite if there exists 
r > 0 such that a; = 0 for all 7 > r. Show that x € Q, has a finite p-adic 
development if and only if x € N. 


12. A p-adic development >>;°, a;p’ is said to be periodic infinite if there 
exists r > 0 and k > 1 such that 
Qr = Artk = Gr4+2k = °°", 
Ar+1 = Gr+itk = Gr414+2k = "7 °°; 


and @r, Q@r41,---,@r4k-1 are not all 0. Show that z € Q, has an infinite 
periodic p-adic development if and only ifz € Q, x ZN. 


13. Determine the rational numbers with 7-adic developments: 
(a) 34+6x7+6x77+6x 7+---, and 


(b) 24+774+3x 742x744 7°43x774+2x B4.--. 


14. Prove Hensel’s lemma (statement (A)). With the notation of the 
statement, show: 
(a) There exists a, € Z, 0 < a; < p, such that F(a + ajp) € Zpp”. 
(b) Show by induction that there exist a1, @2,...,@n € Z, 0 < aj < 
p, for each i, such that F(a + aipt+:-++anp") € Zpp"*!. 
(c) Let a = 573°, aip' € Z, with ap = a. Show that F(a) = 0 and 
that a = a (mod Z,p). 


15. Let F € Z,|X] be a nonconstant polynomial, and let F’ denote its 
derivative. Assume that there exists a € Z such that 2u,(F’(a)) < v(F(a)). 
Show that there exists a € Zp such that F(a) = 0 anda =a (mod Zp). 


16. qg-adic solutions of Fermat's equation. Let p,q be prime numbers 
(not assumed to be necessarily distinct). Show that the equation X?+Y? = 
Z” has a solution in nonzero integral g-adic numbers. 


Hint: For p # q use Exercise 14, for p = q use Exercise 15. 
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17. Prove the A-adic Hensel’s lemma (statement (E)) for the field K 
and the A-adic valuation. 


Hint: Follow the method indicated in Exercise 14. 


18. Let n > 1 and let ao,ai,...,@n—1; be complex numbers. The 
circulant of (do, a1,...,@n—1) is the determinant of the matrix 
Qo Q) "st An-1 
Qn—1 QO ‘** Qn-2 
Q1 a2 eee ao 


Let G(X) = ap + a) X 4+-+++an_1X"7?! and for j = 0,1,...,n — 1 let 
¢; = cos(2aj/n) + tsin(27j/n). 
Show that the circulant is equal to 
n—1 
L] €@) 
j=0 


and also equal to Res(G(X), X” —1) (the resultant of the polynomials—see 
Chapter 2, Exercises 53, 54). 


19. Let p = 5. Express the inverse of 1 — ¢ + ¢? + 3¢3 as a Qlinear 
combination of 1, ¢, ¢7, ¢?. Do the same for (3 — 2¢7)/(1 — ¢ + ¢? + 3¢°). 


20. Let p = 5. Express the periodic infinite A-adic development 
3 — r+ 2d? — 48 — A444 2° — 48 — AT + --- 
as a Q-linear combination of 1, ¢, ¢?, ¢°. 


21. Calculate the inverse of the series 1 — 2X + 3X? —4X°4+5X4-—.... 


22. We consider the power series in one indeterminate. Let f : A — Abe 
the mapping defined by f(S) = exp(S) — 1. Calculate the terms of degree 
at most 4 in the series f7(S) where f* = f o f. 


23. We consider the power series in one indeterminate. Let g: M — M 
be the mapping defined by g(1 + S) = 1+ log(1 +S). Calculate the terms 
of degree at most 4 in the series g?(1 + S) where g? = g og. 


24. Let p be a prime number. Following as a model the text about the 
A-adic exponential and logarithmic functions on K , define the exponential 
and logarithmic p-adic functions on Q,. 

Determine the domains of convergence and study the properties of the 
p-adic exponential and logarithmic functions. 


25. Let p = 5. Calculate explicitly the A-adic development of the element 
p from statement (J). 
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26. Let p = 5. Use the explicit A-adic development of p (obtained in the 
preceding exercise) to verify the congruences in the statement (K). 


27. Let p = 5. Calculate explicitly the expressions of A, \?, A° as Z,-linear 
combinations of 1, p, p”, p®. 


28. Let p = 5. Express ¢ + (7! as a linear combination of 1, p, p?, p®. 
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Bernoulli Numbers 


Bernoulli numbers appear in the expression of sums of a fixed power of 
consecutive integers. These sums are intimately connected with the class 
number of cyclotomic fields. 


18.1 Algebraic Properties 


18.1.1 Recurrence for the Bernoullt Numbers 


The series (exp(X) — 1)/X has order 0 and constant term 1, so it is 
invertible. We write its inverse in the form 


X “ B 

a a" x”, 18.1 
exp(X) — 1 » (18.1) 

The numbers B,, are called the Bernoulli numbers. 


A. The Bernoulli numbers are rational numbers; Bp = 1, By = — 5. 


For every k > 1 the following recurrence relation is satisfied 


k+1 k+1 k+1 
( t ) Be + ( + ) Beate + ( t )B+1=0. (18.2) 


1 2 k 
Proot: 
xX 1 i 
X =[exp(X) — 1]}} ————- |] = [|X + = X74 —X°4+... 
lexp(*) lEecoest ( Toe apt ) 
By Bo 2 B3 3 


Comparing the coefficients of the powers of X, we deduce that Bo = 
1, By = ~ 5 and if k > 2 then 
By Br-1 Br_2 By 1 


a a 
kT Q(k—-1! 7 3k-2)) EL (e+ dD)! 


367 


368 18. Bernoulli Numbers 


Multiplying with (k + 1)! we have 


k+1 k+1 k+1 k+1 
( 1 ) B+ ( 5 ) Baa +( ; )Baate+( i )Bi+1=0 


It follows, by induction on k, that each By, is a rational number. a 


Moreover, we have: 
B. (1) Ifk = 3 andk is odd, then By = 0. 
(2) Ifk > 1 then (—-1)*-! Bo, > 0. 


Proof: (1) We consider the series 


k yk 
S(X) 2 exp(X) — 1 > k! 
We have 
X xX X exp(X ) xX 
S(-X) = -2 — — Oa I 
(-X) 2 exp(—X) — 1 exp(X) — 1 2 
hence 
2X 


Therefore B, = 0 for every odd index k > 3. 
(2) This proof is due to Mordell. We have 


xX xX 2X 


exp(X) + 1 exp(X)—1  exp(2X)—1 


Soy Bax 


n=0 


Multiplying with X/(exp(X) — 1) gives 


xX 2X “ B a B 
2 exp(2X)—-1 dX n! dW! n! 


The left-hand side is equal to 


X [2B Uy 
2 » Rm 
k=0 


Since B, = 0 when k is odd, k > 1, comparing coefficients of X?* on both 
sides, yields (for k > 2): 


1 — 2” 
0 = S° — Brn Bn- 
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In the right-hand side, if m = 1 or n = 1 the summand is 0; it suffices to 
consider the summands with even indices and 2n > 2. Thus 


1 — 22n 1 — 224 
0= So Ba BomBan + ax ~ Bar: 


2m+2n=2k 
Omron. 


The proof of the proposition is by induction. The result is assumed true for 
Bo, fori = 1,...,k—1. By induction (—1)™~! Bom > 0, (-1)"~!Ban > 0, 
for 1 < m,n, hence 


(-1)™tr-1 1-2" 4» Bo, = (-1)*7! 1-2" 5 Bo, > 0 
(2m)!(2n)! 7°" *" (Q2m)!(2n)! 7" °" 
so (—1)*-! Box > 0. a 


In Subsection 18.1.3 we shall give another proof that (—1)*-1 Bo, > 0. 
Here are some Bernoulli numbers: 


Bi = —}, Bye = “88, 

By = @ Bo = —*-. 

Bs = — 36: By = Bes. 

Bs = ror Boy = — 236364091 | 
By = -%; Bog = 8883103 | 

Byo = &, Bog = — 23749461029 
Bi = — 2 Bayo = 8615841276005 _ 
Big = i, Bay = — 7109321041217 | 
Big = ee. Bay = 2577687858367 


etc. 
We shall also need the following formal power series expressions: 


C. 


exp(X ) 1 1 Bop ok] 
AES 8 xX 
exp(X) —1 xtaty 


and 
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Proof: We have 


exp(X) —_exp(X) X 
exp(X)-1 Xx exp(X) — 1 
=|x th an 1+) aX 
k=0 k=1 
-x th qx +>) ery 
k=1 k=0 
OO By . 
+d ld a 7 |x 
= (5 hi(k —h +1) 
a x 1 
X 2 > (2k)! r 
1 “(k+l 
1 By > X* 
+ Eap 2 +e (Th) B 


It follows from (A) that the expression in the bracket is equal to 0. Hence 
the first formula is established. 

For the second formula we consider the derivatives of the expressions in 
the right-hand side and in the left-hand side of the identity. We note that 


X QN Bo vox 
oS xX 
27 d (2k)! 2k 


has derivative equal to 


1 ~ Bok y-oK-1 
~ X ; 
5th (2k)! 
k=1 
Similarly, the derivative of log((exp(X) — 1)/X) is equal to 
xX X exp(X) — exp(X) + 1 exp(X) 1 


exp(X) — 1 xX? exp(X)-1 X> 


By virtue of the first formula these derivatives are equal. But both expres- 
sions have constant term equal to 0, so they are equal, and this proves the 
second formula. | 


18.1.2 Relations of Bernoulla Numbers with 
Trigonometric Functions 


The Bernoulli numbers were introduced as coefficients in the power series 
expansion of the function z/(e” — 1). Since the trigonometric functions may 
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be defined in terms of the exponential functions, there are also relations 
between certain trigonometric functions and the Bernoulli numbers. 


D. For |z| < tm: 


cot s\ 1)k 2° Bok 2k (18.3) 
zcotz = —1)* ——— 2°". 
(2k)! 
k=0 
Proof: From 
e’* = cosz + isinz (18.4) 
and 
e’* = cosz —isinz 
it follows that 
el _ ew 
sin z = —————— 18.5 
“ 2i (18.9) 
ez + e722 
COS Z = ———5—— (18.6) 
here, for 0 < |z| < 7, sinz # 0, and 
cosz .e@+e-% i(e%% 41) | Qiz 
cot z = , = 6 eC at st re Co .. 
sin z et? — e- 2 ettz _ J z ez — 


Qiz . By —. B 
_ Pk io. \k _ 4 _ | 2k_ 52k _1\k,2k 
k=0 k=1 
Substituting 
1 — k Bo,2°* 2k-1 
tz=- 7 a 
cotz = = * DU ) (Qn)! 
BE. = For \z| < 1/2: 
OO 
Q2k (22k _ 1)B 
_ _1\k-1 2k 2k-1 
tanz = d| 1) ahr z , (18.7) 
Proof: 
tan z = cot z — 2 cot 2z (18.8) 
as is well known. So for |z| < 7/2, using (D): 
OO OO 
Bop2?* oy p Bae ony 
tanz = 4 (-1)F —“_z —2) (-1)* ———-z 
> (2k)! d (2k)! 
0° 2k (92k 
2°"(2°" —1)B 
_ So (- yk) NB 2k ak, | 
— (2k)! 
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Identity (18.7) shows that the tangent coefficients T>;_1, which are 
defined by 


Pok-1 2k-1 
t = —-—_— , 18.9 
an z 2. Bk!" (18.9) 
satisfy 
92k g2k 1 

Top_1 = ( Dk ) (1) F-1 Bp. (18.10) 

F. For |z| < 1/2: 
z cosec z = s(-0 P2k 2(1 — 2?*—-1),2h (18.11) 

7 (2k)! 


k=0 
Proof: The well-known identity 
cosec 2z = cot z — cot 2z 
gives 
2z cosec 2z = 2z cot z — 2z cot 22. 


Applying (18.3): 


OO OO 
92k B 92k B 
2z cosec2z = 2 ) (—1)* ~ 24 22h — ) (—1)* ——** 9 22k 


= (2k)! = (2k)! 
= 2(1 — 274-1) Bo, 
_ k 2k 
and this proves (18.11). a 


18.1.3 Bernoulli Numbers and the Zeta-Function 


It is easy to see—and we shall return to this topic in Chapter 22——that for 
s > 1, the series }*>”_, 1/n® is convergent; on the other hand, the harmonic 
series )>°~_, 1/n is divergent. 

Let 


an 
C(s) = S- -3 for s> 1. (18.12) 
n=1 


The zeta-function was studied by Euler (for real numbers s > 1) and later 
Riemann (for complex numbers s with real part Re(s) > 1). (See Chapter 
22). 


18.1. Algebraic Properties 373 


In order to present Euler’s beautiful result, we need the expansion in 
partial fractions of the cotangent function cot z, which was also given by 
Euler. 


G. For |z| < t: 


1 oS 1 
tz—---2 se 18.13 


Proof: The function cot z = cos z/sin z is meromorphic, with period 7. 
By (18.3), for |z| < a: 


— 27k Bop 
cotz = = >) ) 71am z 


hence cot z has poles of order 1, with residue 1 at the points kz for all 
k € Z, and no other poles. 
Let f(z) = mcot mz. Then f(z) is a meromorphic function, with period 
1, with only poles at k for every k € Z, having order 1 and residue 1. 
Now we introduce the function 


1 oS Qz 1 2 1 1 
h =_- — =—=lUc —_—= . 18.14 
(2) z +2 22 — n? z r >») (— - ) ( ) 


This function is also meromorphic with period 1. Its only poles are n, for 
n € Z; they are of order 1, having residue 1. 

We shall compare the functions f(z) and h(z), by considering the 
difference | 


g(z) = f(z) — A(z), 


and showing that it is identically zero. 


At z = 0: 
am (4@)- >) ~° 
and 
lim (ne — :) = 0, 
z—0 z 
hence 
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By differentiating termwise the series for g(z), for |z| < 7: 


CO 


2 
Tt 1 (2? +n) 
"(> = _— + — + —<——— 
g{) sin? az =z? ie (z —n)?(z +n)? 
re. | 1 
sin? tz 2? — Il (z +n)? G —n)? 
2 OO 


| 


In particular, for z/2 and (z + 1)/2: 


Zz nr? _ it 
/ 
a a — 
9 (5) sin?(1z/2) 2» (z + 2n)? 


,{(zt+1 nr ~~ 1 
~~ -—"____44 Oo 
9 ( 2 cos? (7 z/2) r oy (z+ 2n +41)? 


Let 


M = sup |g'(2)| 
|z|<2 


If |z| < 2 then |z/2| < 2 and |(z + 1)/2| < 2, hence 


vols t {0 (2) +|o (Yb < F 


Thus M < M/2 hence M = 0, showing that g’(z) = 0 for |z| < 2. 

Therefore the entire function g’(z) = 0 for every z € C. Thus g(z) is 
a constant and since g(0) = 0, then g(z) = 0 for every z € C. Therefore 
f(z) = A(z) for every z € C. Thus 


1 2z 
Teotmz = -— + ) . 
2 S44 z2 — n? 


Hence, for |z| < 7: 


1 oe 1 
cotz = — — 2z —_______ | 
z awe 
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In the next result, the function zeta appears: 


H. For |z| < m: 


1 OO z2k-1 
Proof: From 
1 1 1 2k 
eee ae i* — ree Ce 3 7 . 
n2n? — z? n?n2 1 — (z/nr)? ~ (n7)2k+2 
Hence by (18.13): 
cote 2) gee 


Since the above double series converges absolutely for |z| < 7, interchan- 
ging the order of summation gives 


1 Oo z2k OO 1 1 OO z2k-l 
cot z = y — 22 ) okt ) nokt2 = 2 — 2 C(2k) a a 
k=0 n=1 k=1 


And now we derive Euler’s famous expression for ¢(2k) in terms of 
Bernoulli numbers. 


I. Fork > 1: 


7 4 27)2* 
c(2k) = (—1)1 


Proof: It is enough to compare (18.3) and (18.15). For every k > 1, the 
coefficients of z?*~! in both series are equal 


ew 


Box. (18.16) 


i) 


(—1)é 27* Bop a ¢(2k) 
(2k)! mek 
hence 
Qn )2k 
2k) = (1k 
Explicitly, taking into account that 
By = 3, Bs =-3%, Be = a: etc. 
Euler gave the values of the sums 
a 1? 
(= a=>: (18.17) 
n=1 
a n4 
(4)=)) = (18.18) 
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¢(6) = So =; = 7 (18.19) 


and so on. 

It is now easy to determine the signs of the Bernoulli numbers; we give 
a new proof of part (2) of (B): Since ¢(2k) > 0 it follows from (I) that 
(—1)*¥-! Box > 0. 

Concerning the absolute values of the Bernoulli numbers, we prove: 


J. (1) Ifk > 2 then 


2(2k)! 2k)! 
a < |Box| < vee 
(2) If k > 3 then 
k(2k —1 
|Box| > 6(2k +1) |Bor—2| 


and ifk > 4 then |Box| > |Box-al. 
(3) Asymptotically, as k tends to infinity 


202k)! ee ( k 2k 
|Box| (rn) 2k ivak (= ) 


(4) For every integer N > 1: 


Proof: (1) If1< s < s’ are real numbers then ¢(s) > C(s’) > 1 and 
lims—oo C(s) = 1. Hence from (I), if k > 2: 


2(2k)! 2(2k)! 2k)! 
aoe < |Box| < ayer 62) = ee 
because €(2) = 17/6. 
(2) By (1), if k > 3 then 
k(2k — 1) B k(2k —1)(2k -2)! (2Q7)*(2k)! 
6(2k + 1) /Bax—2| < 6(2k + 1)12(27)2k-4 7 122(2k + 1)(27)?* 
2(2k)! 
< aa < |Bogl, 


since 74/37(2k +1) < 2. 
For k > 7 we have k(2k — 1) > 6(2k + 1) hence {Box| > | Box—a|. Also 
for k = 3,4,5,6, we have 


|Be| = roe |Bs| = 30° Biol = a6? |Byo| = 3730» 
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1 1 5 691 
(3) It follows from (I) that 


2(2k)! 
|Box| ~ (ome 


By Stirling’s formula 
ok 2k 
(2k)! ~ V2aV2k (=) , (18.20) 
e 


k \ 2k 
Bas| ~ Avak ( =) , 
Te 
(4) By the above, we have 


Bal atin)" he (2) 


(2k)N (2Q7)2* e (2k)N Te Qme)N ’ 
thus 
| Bag | 
= OO. |_| 
ci OR)N = © 


18.1.4 Sums of Equal Powers of Successive 
Natural Numbers 


Now we shall study the sums }7"_, j*. 


K. For every integer k > 0 there exists a polynomial S;,(X) € QLX] 
with the following properties: 


(1) S,(X) has degree k +1, leading coefficient 1/(k+1), and constant 
term equal to zero. 


(2) (kK + 1)!5,(X) € ZX]. 
(3) S,(n) = j=l 3* for every n > 1. 


These polynomials satisfy the recurrence relation: So(X) = X and if 
k > 1 then 
k+1 k+1 k+1 
(PPT) sir + (E57) Saat (FE 2) 8100 + 5000 
= (X +1)**! — 1. (18.21) 


Proof: The statement is true for k = 0. For k > 1 we have 


1 
(X4+1)*tt— xkth — (Ay Txt (FG t)xbt pt (*; )x+1 
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Let n > 1 be an arbitrary integer and let X be successively equal to 


1, 2, ..., n. Adding up the relations so obtained, we have, by induction 
(n4+1)**1-] 
k+1\[Q. k+1 k+1 
=F) (drat) + (FE) seatn ee + (FP) site + stm 
j=l 


If Sg(X) € Q[X] is defined by the relation 
(X +1)Ft'-1 


= (* , *) 840%) + (Oy )SeaX tet (* r *) 8100 + X, 


then by induction on k, we see that S;(X) has degree k + 1, leading coefh- 
cient 1/(k +1), no constant term, (k +1)!S,(X) € Z[X], S,(n) = a1 7" 
for every n > 1, and the recurrence relation (18.21) is satisfied. a 


For example: 


So(X) = X, 

Si(X) = 5X°+ 3X, 

So(X) = XP + 5X? + EX, 

S3(X) = 4X44 5X34 GX’, 

Sa(X) = 4X5 4+ 1X44 5X8- EX, 

S5(X) = ¢X8 4+ $X° 4+ BX*- ZX’, 

So(X) = 3X7 4+ 5X84 FX°- EXP + BX, 

S7(X) = £X8+ 5X74+ BX°- FX*+ FX’, 
Sg(X) = 4X94 5X84 2X7 - EX? 4 Exe - EX, 


etc. 


Euler expressed the coefficients of S;,(X) (for k < 16) in terms of 
the Bernoulli numbers and he indicated how to compute the coefficients 
recursively 


L. For every k => 1: 
(k + 1)S,(X) = X**! 


1 1 k+1 
— a Jaxts (°) ) Box. ( 1 ) Bex. (18.22) 


Proof: Let n > 2 be an arbitrary integer. We consider the formal power 
series in the indeterminate T°: 


U(T) = k!T/1 + exp(T) + exp(2T) +---+ exp((n — 1)T)]. 
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The coefficient of T*t! is equal to 


1 = Qk (n—1)* 
Me +t = S,(n — 1). 


On the other hand 


1 — exp(nT) T 
cr) = 67 (ay) = Cagayan = 
By Bo 2 Bz 3 
=m (i+ rs Pr +a lh + 
n?T? n?T? 
x [nt + 1 + 31 + 
By comparing the coefficients of T*+! we have 
nkt1 B, nk Bo nko} By 
S.(n —1) = k! a a 
a(n — 1) (eo +5 Mo Ol (e-1! CT 
hence 


(k + 1)S;(n — 1) 


k+1 k+1 k+1 
= nktt 5 ( , ) Bink + ( > )Bankt po + ( t ) Ben 


Since this holds for every n > 2, then 
(k + 1)S,(X — 1) 


= XR+l + (* t *) Bix" + (* > *) Bax* feee (* t *) Bix. 


1 k 
(18.23) 
But S;,(n) = S,(n—1)+n* for every n > 2. Thus S,(X) = S,p(X —1)+X* 
and since B,; = —3 then 


(k + 1)S,(X) 


1 1 
= xe (09 Jaxts (83 ) Box peo4 (OT) Bix. a 


Writing (18.23) with X = 1, we obtain the recurrence relation (18.2) for 
the Bernoulli numbers. 
Let us note the following congruences: 


0 (mod p) if p — 142k, 


Sok(p — 1) = —1 (mod p) if p — 12k. (18.24) 


The first part follows from (18.23), while the second part follows from 
j?-1 = 1 (mod p) when 1 <j < p-—1. 
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Formula (18.22) may be rewritten as follows: 


XFtl Xk 1k 1 (k | 
S,(X) = —~ + — + =(- |ByoxX*-14 - X*k-8 
MX) = oat + (4) 2X +3 (5) 

k 


1 k 1 
ef — X74 = 
beet (<9) B LX? 4 E(, 1) BX (18.25) 


For even integers 2k, formula (18.25) becomes 


KX 2k+1 KX 2k k-1 ok 1 
Son(X) = — —— Bop_9, X41 |] 4 Bop X. 
aX) = Sy to + “ (4 2k~2 1 92k 
(18.26) 
Indeed, 
1 /2k+1 dhl; 1 2k +1 119; 
Bo: X +1-27 _ B yekti 27 
sear ( 24 9 seat (oe 125) 9 
2k | 2k+1—2j 2k l 2i 
= — . — —— Bo, _ F w+1 
|) 2k 1p 2" oi) BHT Rai 


with 1 = k — 7. Then (18.26) follows at once from (18.22). 


18.1.5 Quadratic Identities 


We shall give here a quadratic relation satisfied by Bernoulli numbers, 
which was discovered by Euler. 


Lemma 1. Tet n > 1, and let U = {uy,ug,...,un}, Vo = 
{v1, V2,---,Un} be sequences of elements in an integral domain containing 
Z. For everyk =1,...,n, let 


Then 
UnVn = > (ujyVj + 0903) — So uj0;. (18.27) 
Proof: 
U,Vn = S- U,V; 
ij=l 
=U V1, + (u2V2 + voV_ — U2U2) + (u3 V3 + 303 — U3U3 ) 


+--+ (UnVn + UnUn — Unvn) = > (uy; + 0jUj) — » ag05: 
j7=1 


j=l 
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This may be easily seen (for example, when n = 4) by arranging the 
products as indicated below and adding according to the different sectors. 


U1U1 | U1U2 | U1 V3 | U1U4 | 


U2U1 U2U2 | U2U3 U2U4 
U3 VU) U3 V2 U3 U3 U3U4 | 
U4U1 U4VU2 U4 U3 U4UVU4 | aw 


We give first the following expression for the product of the polynomials 
Sp(X), Sp(X): 


M. Letk > 1, h>1. Then 


k 
1 k+1 
Sk(X)Sp(X) Eo Sh+k+i(X) + > } ( j ) BiSranas() 


j=2 


1 Ah+1 
+ hol Shans(X) + 90 ( 4 ) BiSronnri() ; 


j=2 
(18.28) 


Proof: Let n > 1 and consider the sequences 
U = {1*,2*,...,n¥}, V = {1",2",.. 2, nh. 


Then U; = S;(j), Vj = Sr(j), and 


By the above lemma 
Sk()Shr(n) + Sktn(n - 2b *Sr(i) + 3” Sk(9))- 


We compute now the right-hand side. 
By (18.22): 


(k + 1)X"S,(X) = XPt*t! 


k 
k+1 h+k k+1 h+k+1—j 
-( yt) Bix +o ax i, 


j=2 
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Let X be equal to1, 2, ..., nin the above relation; adding up the relations 
so obtained 
“ k+1 
(k+1) 50 6"S,(£) = Sroeai(n) - ( 1 ) BrSeen(n) 
e=1 
F(k+1 
+> ( j ) BiSrawvr—s(n) 


j=2 
By interchanging h and k: 


(h +1) ES(0) = Saues(n) ~ ("7") BiSeanln) 
é=1 


h 
h+1 
+d j ) BySkansi-o(n) 


j=2 
Noting that By, = — 3 , it follows that 


Se(n)So(n) = Zz |Shanesln) +9 ("5 1) BySrener-sl 


1 
k+1 = 


h 
1 h+1 
+ hel Shok+i(m) + S ( j ) Bsr 


j=2 
This holds for every n > 1, hence the statement is proved. | 


Here are some special cases. Taking h = 1, k = 2 gives the formula of 
Djamchid ben Massoud (1589) which was rediscovered by Fermat (1636): 


S\(X)S2(X) = %[5Sa(X) + S2(X)| (18.29) 
hence 
S4(X) = £S2(X)[6S\(X) — 1]. (18.30) 


As a particular case, we note 
[Sk(X)P = 


for k > 1. 

Since B; = 0 for j odd, 7 > 3, (18.31) means that each [S;(X)]° belongs 
to the Q-vector space generated by {So¢11(X), Sox-1(X), Sox_-3(X),.--, 
Sk (X)} (where ko = k + 1 or k + 2, whichever is odd). 

Several special cases had been known 


[S1(X)]? = $3(X), (18.32) 
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[So(X)]° = 4[255(X) + $3(X)], (18.33) 
[S3(X)}° = 3 [57(X) + S5(X)], (18.34) 
(this formula is due to Jacobi): 
[Sa(X)]° = 4 [6S9(X) + 10S7(X) — S5(X)], (18.35) 
[S5(X)]° = 4 [2811(X) + 5S9(X) — S7(X)]. (18.36) 


From the above relations between the polynomials S;,(X), it is easy to 
obtain quadratic relations between Bernoulli numbers. 


N. Ifk,h > 1, then 


k 
1 k+1 
0- ——|B 3 
cI h+k+1 +> j ) BBrawes- ] 


(18.37) 
h 
1 h+1 
+ hel Pas + 2 ( j )B, Bhak+i- | 
and 
B, Bp 
1 k+1 
= —_—_ 1 —J ; —7 
ET eke DB +d (" JQ b+ 1 DB Bras 


J=2 


jJ=2 


EST + k + 1)Bhak + > (** ‘Ch + k +7 _ Bt . 


(18.38) 


Proof: Equating the coefficients of X on both sides of (18.28) yields the 
first identity. The second one is obtained by comparing the coefficients of 
xX?. a 


As a special case 


1) k+1 


qJ=2 
(18.39) 
for k > 1. 
The following relation was found by Euler: 
O. If m > 2, then 
m—1 
(2m +1 \Bom + + S° (| | Ba; Barn = 0. (18.40) 


j=l 
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Proof: Applying (18.37) with k = 2m — 2, h = 1, gives 


1 eo /2m —1 
0 = Gl Bom + > ( 25 ) Bay Ban) + 5 Bom 


since B, = 0 for s odd, s > 3. Thus 


m—l1 
2m+1 2m—1 
0= 5 Bom + 2. ( 2; ) Bo; Bom-2y 


Multiplying with 2m and noting that 


then 


Applying again (18.38) with k = 2m — 1, h = 1 gives, since Bg,_ 1 = 0: 


m—1 
1 , 
Q0= > x Im (2m + 1)Bam + 2 (| yl (2m +1-2 9) Bo; Bam~—2; 
j= 
+ — (2m +1)B 
9x2 m 2m) 
hence 
m—-1 
2m 
0 = (2m + 1)\(m + 1) )Bam + ‘> ( ,, (2m + 1 — 27) Bo; Bam- 25° (18.42) 
j=1 


Subtracting (18.41) from (18.42) gives the relation of the statement. UH 


It is possible to use this identity to derive a new proof that (—1)*~!Box > 
0 for k > 1. 


18.2 Arithmetical Properties 


In this section we study the arithmetical properties of the rational numbers 
Box. We shall prove an important theorem about the denominator. Much 
less can be said about the numerator. 


18.2.4 The Denominator of the Bernoulli Numbers 


We recall the following terminology 
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If r = a/b, with a, 6 nonzero integers, gcd(a, b) = 1, if m is a nonzero 
integer, we say that m divides r when m divides a. 

Ifr,s € Q, mE Z, m F 0, then we define the congruence modulo m, 
by saying that r = s (mod m) when m divides r — s. 

If p is any prime number, we denote by Z,z the ring of all rational 
numbers r = a/b (as above) which are p-integral, that is, such that p does 
not divide b. Clearly 


Z= (| Zpz. 
Pp 


prime 


For every k > 1 we write 


where No,, Dox are relatively prime nonzero integers and Do, > 0. Nox 
is the numerator and Do, is the denominator of the Bernoulli number Bo,. 

The important theorem of von Staudt and Clausen describes completely 
the denominator Do,. 

We begin by recalling (Chapter 17, (B)) that if p is any prime, for every 
a = 1,2,...,p— 1 there exists w,, the unique (p — 1)th root of 1 in Z, 
(ring of p-adic integers), such that w, = a (mod p). 

We write wa = a+ pap with pa € Zp. 

It was proved in Chapter 17, (D), that 


-1 
ye 7 ty —1 When _ ve (18.43) 
For every k > 1, we define 
= when p — l{k, 
7 18.44 
“ pee b ee when p — 1|k. Usay) 


Lemma 2. Ifk > 1, and p is any prime then 


a 1 (k Bret P 
k-1 jl +1-j k-j, J 
+ a —\. -_ a 
me Som + ECG) pai tee 
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Proof: 

p—1 p—1 

So wk = S (a + pap) 

a=1 a=1 
p—1 

_ k k-1 J 

a + (Je Pap + +(5) p’ + + ope 
a=1 


By (18.23), we have 


1 kt+1 \ 1 k 
k+1\k+1-j/) k4+1-j\5/ 


Using (18.43) and (18.44) and dividing by pk we obtain the relation of the 
statement. a 


Before proving the next result, we compute some p-adic values. 
If p is a prime, k > 1, then 


p* 
(aaa) = 0. 


If j > 2, let J = jo + jip + jop? +--+ + jnp”, with h > 0, 0 < ji: S p-], 
and let s; = jo + ji t-::+ jn > 1. 
By Chapter 17, Section 2, Lemma 3, we have, for 7 > 2: 


po J — 83 
»(% j up(j!) = 3 Dod 
— 2 3 5 2 
P25, ys HB yg 2 
p-—1l p-—1 p- —] 


Thus if p > 2, 7 > 2, then 


1 
Up (" > I. 


On the other hand, if p > 2, 7 = 2, then vp(p/2!) = 
Now we prove: 


P. (1) [fp >3 andk > 1 then By € Zyz. Moreover, if p — 1 divides k, 
then pBy +1 € pZyz. 


(2) Ifk > 1 then 2By € Zoz and 2By + 1 € 2Zo7 when k = 1 ork 
ws even. 
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Proof: (1) Ifk =1then 6; = By = —% € Zyz.- 


We proceed by induction on k, and we need to show that vp(G,) > 0 for 
k > 2. For this purpose, we compute the p-adic values of the summands in 
(18.45). 

For each a = 1,...,p—1, we have vp(a*~!p,) > 0. As already indicated 


v(aten)2* om (Ee) 2 


when p > 2, 7 > 2. 
It remains to consider the summands 


_ i 1 Brsi-j 
a = 7 ()P> k+1—j’ 
where j = 2,...,k. 


If p —1 does not divide k + 1 — j then by induction 


Brai-j 
a _; € Zyz, 
k+] _ Pr+1 j ph 
so a; € Zpz. 

If p — 1 divides k + 1 — 7 then by induction 


Br+i-j p—l 
k+1—-j9 p(k+1-—- 3) Periz ph 


Since p{(k + 1 — 7), if 7 > 2, then 


LR) Gy p-—1 
a EGG)” (eT + Basi) © Boa 


while 
= Ope) 
=: “ie (5 + Bea) € Zpz. 
If p — 1 divides k, since 
By = pBy-~ ptt E Lyn, 


pk 
then pB, + 1 € pZyz. 
(2) Ifp = 2 the proof is similar. The result is true when k = 1 and we 
proceed by induction. 
In order to show that 2B, € Zoz it suffices to prove, as in part (1), that 


each summand 
1 (k\ _. 3 
a;= —|.}2? Prvimj 
k\j k+1- 7 


belongs to Zoz, for 7 = 2,...,k. 
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For 7 = 2 we have ag = 2By_ 1 © Zoz, by induction. 

Similarly, if 7 > 2 then a; is a multiple of (k — 1)---(k -— 7 + 1) 
2Br4i1—;/(k + 1 — 7) hence, by induction it belongs to Zz. 

Thus, by (18.45), 26, € Zoz, hence 2B, = 2k3, +1 € Zoz. 

Ifk = 1 ork is even then 2B, + 1 = 2kG, + 2 € 2Zoz. a 


It is now easy to obtain the theorem of von Staudt and Clausen (1840): 


Theorem 1. Letk > 1. Then: 


1 
(1) Bo, + ) —- €@. 
Pp prime p 
p—1|2k 


(2) The denominator of Bo, is the product of distinct primes p, 
namely those such that p — 1 divides 2k. In particular, 6|Dox. 


Proof: (1) Let q be an arbitrary prime. If g — 1|2k then, by (P), Bo, + 
1/q € Z,z. Since 1/p € Zz when p is a prime distinct from gq, then 
Bor + > 15-12% 1/P € Zz for every prime q such that gq — 1|2k. 

If gq — 1{2k then q # 2 and, by (P), Gox = Box/2k € Zyz so Box € Zqz 
and therefore 


1 
Bop + S- —- € Lo 
p—1\2k 


(because each prime p above is different from q). 


Thus 
1 
Bop + > — € ( )Zqz = Z. 
p—1|2k P q 
(2) The second assertion is now immediate. a 


We have the following congruences: 


Q. Letk > 1. 
(1) Ifp is a prime and p — 1 divides 2k then pBo, = —1 (mod p). 
(2) Ifm > 2 then 


MNor~ = Do~Sox(m — 1) (mod m?). 


In particular, if p— 1 does not divide 2k then pBo, = Sox(p— 1) 
(mod p’), hence S2x(p — 1) = 0 (mod p), while if p — 1 divides 
2k then pBo, = Sox(p — 1) (mod p). 


Proof: (1) If p— 1|2k then by Theorem 1: 


Bay =m ~ = S- =, 
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pi\m — (>> 1/q)|. The rational number in 


—1 (mod p). 


where m € Z. Hence pBo, + 1 


brackets is p-integral, so pBo, 
By (18.23) we have 
m2kt mek 


(2) 
S —1)=S —~ m?* = ——_ 
2k(m — 1) 2k(m) — m kal 
k-1 
2k 1 
___ «=#B - 2i+ B 
r — ) Mp1 RM | MaKe 
hence 
_ Dor 2k 
Dok S2~(m — 1) —mNor, = — 5 
k 
+d (3) Te-am 
i=1 
SO 
_ 2 ( Dok 2%-~2 
Do4S2.(m — 1) — mNoz = —m > 7m 
E /2k\ Dog 
2 2 2i-1 
Baki 
7m > (3) D1 ROM 


1=1 


We wish to prove that the right-hand side is an integer, multiple of m7 
Since 2 divides Do, and k > 1 then (Do,/2)m?*~? € Z. 


Let 
Bxk-i) 94-1 — 
di,’ 


Pk TY 
with c;,d; € Z, gced(c;, d;) = 1. We shall prove that gcd(d;,m) = 1. 


A’ = ¢,(2i + 1)DaK_iy, 


We write 
A= d;D2x~Nap—iym™*! and 

so A = A’. 
If p is a prime dividing both d; and m, then p{c;. Since p*{Do,_i), by 
Theorem 1, p divides 22 + 1, and we write 2: + 1 = p®*r, with pfr, a > 1. 


Taking the p-adic values of A, A’ we have, by Theorem 1: 
2i = 14 (2i-—1) < v,(A) = v,(A’) < v,(2i +1) 4-1, 


hence 
po -2<p*’r-2=22%-1<v,(2i+1) =a 
If p > Sorif p = 3, a > 2 we have a+ 3 < p*, which contradicts the 
above inequality. If p = 3, a = 1, noting that 3 divides Dox and DoK_,) 
v3(A’) = v3(22 +1) +1=2 


then 
3<22+1=14+14 (2-1) < v3(A) 
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so we again reach a contradiction. 
Thus, we have shown that 


DoxSox(m — 1) ~— MNox = m?z +m? 7 
where x,y,z € Zand gcd(m, y) = 1, ged(z, y) = 1. So m?(x/y) € Z and 
this implies that y = 1. So 
Dox So~(m — 1) = mNor (mod m’). 


The last assertion follows at once, using Theorem 1 and the above congru- 
ence. a 


18.2.2 The Numerator of the Bernoulli Numbers 


We shall now consider divisibility properties of the numerator of Bernoulli 
numbers. The results are much less conclusive than for the denominator. 
The first fact, which is classical, is a trivial consequence of (P): 


R. Ifp—1{2k, aft > 1, and p’ divides 2k then p‘|Nok. 
Proof: By (P), Box = Bor/2k € Zpz. Since p’|2k then p*| Nox. | 
The next result is due to Carlitz (1953): 


S. Ift>1, p—1|2k and p'|2k then p* divides the numerator of Bo, + 
1/p —1, except when p = 2, k = 1. 


Proof: It p = 2, k = = 1 then t = 1 and 2 does not divide the numerator 
of Bo +5 —]=-—s&. 

Now let p > 3 orp =2, k > 2. 

By Lemma 2: 


2k 
1 (2k B 
2k—-1 1) 2k+1—j 2k-j 
n+ Se m+ DG \P- %+1—- (+S Pa 


= 0, 
* (Ok + 12k ; oa 
where pa € Zypz fora = 1,...,p—1. 
As was indicated after Lemma 2, p?*/((2k + 1)2k) € Z,z and also 
1 pi} 


x (, "pi 1 — (2k — 1)... (2k —j +1) aE Eon 


because 
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Let 


If p > 3, 7 > 3 then v,(p’—"/j!) > 1, as was shown after Lemma 2, hence 


}—1 
a; = (2k -—1)---(2k -—j t+ 2) Bass; € Zpz, 


by (P). 

If p > 3, j = 2 then ag = (p/2)Box_-1 = 0 (when k > 2) or ag = 
—p/4 € Zyz (when k = 1). 

Ifp = 2andj > 4thena; € Zoz since 2 divides (2k —1)(2k—2) - - - (2k— 
j +2). If 7 = 3 then a3 = (2k — 1)(27/3!)Box_2 € Zoz and, finally, if 
7 = 2 then ag = Boxp_1 = 0 € Zoz, because k > 2. 

Thus, in all cases, a; € Z,z. 

We deduce that 


pBo, -—pt+1 
= oO“ € Z 7, 
2kp pl 


hence p’ divides Bo, — 1 + 1/p. a 


Bor 


The following result was given explicitly by Frobenius in 1910: 
We write 

Bor _ Nox 

2k Db, 


where N5,, D5, are relatively prime integers, Dj, > 0. Then: 
T. Ifk > 1 and p ts a prime then p|Dox if and only tf p|D5,- 
Proof: 
Box Now _ Nox 
2k 2k Dox Ds, 
SO Nox D5, = 2k Do~N5,- 
If p|D2, then pt No, so p|D5,. 
Conversely, if p|D5, then ptN>5,. If p{D2, then, by (P), p — 1{2k and 


by the above relation p|2k, say 2k = p'r, with t > 1, ptr. By (R), p’|Nox. 
Hence p't"|2kDo2,N5,, so p't"|2k, which is a contradiction. a 


The next result is due to von Staudt. 


U. Ifk > 1 consider the decomposition k = kykg with ky > 1, ko > 1 
and such that the prime factors of k dividing kg are precisely those which 
divide Do,. Then ky divides Nox. 


Proof: We have gcd(kj, k2) = ged(ky, Dox) = 1. 
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Let p be any prime dividing k, and let p’ (with t > 1) be the exact 
power of p dividing k;. Then p{Dox so p — 142k. Since p*|2k, by (R), p’ 
divides N2,. This shows that k,|Nox. | 


For example, taking k = 17 then kj = 17, kp = 1, and 17 divides 
N34 = 2577 687 858 367. Similarly, if k = 22 then kj = 11, ko = 2, and 
11 divides Nag = —27 833 269 579 301 024 235 023. 


18.2.3 The Congruence of Kummer 


The following congruence, first proved by Kummer in 1851, is quite useful 
from the practical point of view, since it allows us to reduce the index of 
the Bernoulli number by multiples of p — 1. 


V. If p is a prime and p — 142k then 


Bor+p-1 _ Box 
2k+p—1 2k 


Proof: The idea of the proof is to consider a formal power series whose 
coefficients, reduced modulo p, are known to have a period p— 1, and which, 
on the other hand, are related to Bo, /2k. 

For this purpose we consider the set S of all formal power series 


S(X) = >= 
k=0 


with the following properties: 


ES 


xk 


oo 


(1) each cy is a p-integral rational number; 


(2) Cok+p—1 = Cok (mod p) for every k > 1. 


We note the following easy facts: 

(a) If ay, ..., Gy (n > 1) are p-integral rational numbers and 
Si(X),..., Sn(X) € S then a,5,(X)+---+anSyn(X) €S. 

(b) If a,,a2... are p-integral rational numbers, if S,(X), So(X),... 
€ S and they have order o(S;,(X)) > h (for every h > 1), then 
yp 1 @nSn(X) is still a power series, which belongs to S. 

(c) If a is a p-integral rational number then a € S. 

(d) Ifn > 1 then 


exp(nX) = S> a+ 
k=0 


(I 


belongs to S, because n?*+P—! = n2* (mod p) for every k > 1. 
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(e) If m > 1 then 
(exp(X) — 1)" = exp(mX) — (7) exp((m — 1)X) 


+ (") exp((m — 2)X) —--- + (-1)™ 
belongs to S. 


This follows from (a), (c), and (d). 
Now, let g be a primitive root modulo p, 1 < g < p. Let 


gX 


_ By ( ve — 1) 
S(X) = exp(gX) — 1 exp(X) — exp(X)—1 = ae 


Let exp(X) — 1 = Y, so exp(gX) = (1+ Y)9 hence 


gX X 
SX) = —— — - = = XT(Y 
(X) (1+ Y)9 -1 Y (Y) 
where 
g l g l 
T(Y) = ———— ._ —- = = — __ - =. 
1+Y)9 -1 Y Y 
+) wy + (S)vt4- eye 
Since (1/g) (3). (1/g) (3). ..., l/g are pintegral, by long Euclidean 
division 
T(Y) = : 


1 
tL LS ye, 
v+(1/9)($)¥24--4(/ave Yi 


where each coefficient cx, is p-integral. Hence, by (b) above, 


©.) 
= Yea (exp(X => — x" 


belongs to S, because (exp(X) — 1)* has order k. 


Comparing the coefficients of X?* in the two expressions of S(X) = 
X -T(Y), we have 


Box(g?* — 1) A2k-1 
(2k)! (2k — 1)!" 
hence 
Bor 
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From @24—1 = @2k-14p—1 (mod p) it follows that 


Boprp-1 2k+p—1 Bor 2k 
$$ —l])= — — |] d p). 
sel (g ) = Beg? — 1) (mod p) 
But p — 142k hence g?* = g?*tP-! 41 (mod p), so 
Bok+p-1 Bor 


= — d p). 
Dk+poi = aR (mod?) 


We easily obtain the corollary: 
W. If p # 2,3, then 6No, = pD2, (mod p’). 
Proof: Indeed, since p — 1 4 1,2 then p — 1{2p. Hence, by (V): 


so 6N2p = pD2y (mod p*). 


EXERCISES 


1. Calculate B, for k < 20. 


2. Show that for every k > 1: 


2k + 2 2k + 2 2k + 2 
( 9 ) Bar + ( 4 ) Bana to ( )Ba =k 


3. Show, for each k > 1: 
2k+1 2k +1 2k+1 
B Bop_ _— Bo -— 1. 
( 9 ) an + ( 4 ) 2k-2 1 +( dk ) 2 5 


4. Show that if k > 1 then 2Bj, = 1 (mod 4). 

5. Give a new proof that (—1)*~!Bo, > 0. 
Hint: Apply (O). 

6. Calculate S,(X) for9 < k < 12. 


7. Show, for k > 1: 
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8. Show that, for every k > 1, Sox4i(X) may be written in a 


unique way as a linear combination with natural coefficients of [.9)(X yy, 
[So(X)]°, my [S.(X)]*. 


9. Let p,q,7r,m be positive integers. Show that if 
p q 


i i 
So) =] Soi" 1, 
j=l j=l 


for all n > 1, then (k, p) = (3,1) and (m, q) = (1, 2) or vice versa. 
10. Calculate ¢(2k) for 1 < k < 10. 
11. Show that 


12. Prove the recurrence relation 
k 


Qk 24 24 
> (|) 5(277 — 1) Bo; — 2k = 0. 


j=1 


Hint: Use the fact that sinz = tanx-cosz (for |z| < 7/2) and 
the Taylor series for these functions. 
13. Show that 


|Bo,,|}/2* 
k—oo k/me 
and that 
k . 
— << |Box|t/?*. 
Tre 


Hint: Use Stirling’s formula 


k k 
kl = /2nk (5) eP/ 12k 
e 


14. Show that for every k > 1 and every prime p: 


where 0 < @ < 1. 


PBox = Sox(p) (mod Zz,). 


15. Let p be an odd prime. Show that 


—] 2 
S(p—1)/2 (45) = 2 (=) — 2) x Bip-1)/2 (mod p). 


396 18. Bernoulli Numbers 


16. Show that if p is a prime number and p = 1 (mod 3) then Bo, has 
denominator equal to 6. 


17. Show that for every even integer k there exist infinitely many even 
integers h such that By, and Bp, have the same denominator. 


Hint: Use Dirichlet’s theorem on primes in arithmetic progressions. 
18. Show that if k is odd then 4 (2?* — 1) Bo, /2k is an integer. 


19. Let p be a prime such that 2p + 1 is composite. Show that the 
numerator No, of Bop has a prime factor p = 3 (mod 4). 


20. Let pj,...,p, be primes greater than 3, let k = (p, — 1)(pe — 1) 
-- (pr — 1) and let n be an integer such that n = 1 (mod k). Show that 
P1,---,pr do not divide the numerator of Bo, /2n. 


21. Let m > 3 be odd and let k > 1. Show that 


[m/2] 
2(1 — 290-28) No, = —2kD2x S_ j?*-! (mod m). 
j=l 


22. The Euler numbers E2, are defined by the ‘Taylor series of the secant 
function (for |x| < 7/2): 

n Ean 

(2n)! 


secxr = 1— —-2* 4+ —~-gx" —---4+(-1) gent... 


Prove the recurrence relation for Euler numbers 


2n 2n 2n 
E EB ree Fon 1 = 0. 
Bm + (7) + (7) 4+ + (5, 9) on-2 + 0 


23. Show that each Euler number £2, is an integer. 


24. Show that the Euler numbers are odd and satisfy the congruence 


Eon, = (3) + 7) feed Gn ,) +1 (mod 2). 


25. Compute £o, for 1 < k < 10. 
26. Show that 


k - - 
2k 273 (273 — 1) 
Ex, =1- S } oN. Bo,, 
. j=1 (,, ~ ) * 2) 3 


Hint: secx = sinx-tanx+cosz (for [2] < 1/2). 


27. Show that if p is an odd prime and k > 1 then Bo, = Bop (p-1) 
(mod p) and Ea, = —1 (mod p). 
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28. Show that for every k > 1, Eo, = —1 (mod 6) and Fo, = Eoxig 
(mod 10). Conclude that the Euler numbers have a last digit alternatively 
equal to 1 and 5. 


19 


Fermat’s Last Theorem for Regular 
Prime Exponents 


Around 1636 Fermat conjectured that ifn > 3 and if xz, y, z are integers 
such that xz” + y” = z”, then zx, y, or z is equal to 0. This conjecture, 
usually called Fermat’s last theorem, was proved true in 1995 by Wiles. 

The classical result of Kummer on Fermat’s last theorem is the main 
object of this chapter. 


19.1 Regular Primes and the Lemma of Units 


Definition 1. An odd prime p is said to be regular if p does not divide 
the class number h of K = Q(C); otherwise, p is called irregular. 


A. The following conditions are equivalent: 
(1) p ts a regular prime. 
(2) If I is any nonzero fractional ideal of K and if I? is a principal 
ideal, then I 1s a principal ideal. 


Proof: (1) — (2) If J is not a principal ideal, the class of J in the class 
group Cl(K) has order p; so p divides the order h of Cl(AK) and therefore 
p is an irregular prime. 

(2) — (1) If p divides h, since Cl(K’) is an Abelian group, there exists 
an ideal J whose class has order p; thus J? is a principal ideal, but J is not 
a principal ideal. a 


Kummer proved the following facts about the class number h of K = 
Q(¢): 

(a) The class number ht of the real cyclotomic field Kt = Q(¢ + 
(—1) divides h, so we write h = h~ht, where h~ is an integer called the 
relative class number; note that h~ is not a class number, but just the 
quotient of h by ht. 
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(b)  h7~ is given by the following expression: 


h~ = |y|/(2p)**, 


_ 27 
t=, 7 = G(n)G(n’)---G(n?-*), 7 = COS TF 


+72sin 
1 


p—2 
G(X) = S$ °gjX?, gj; = 9? (mod p), 1< 9; <p], 
j=0 


and finally g is a primitive root modulo p, 1 <g<p-—1. 


We note that since |y| = h~ (2p)! then || is independent of the choices 
of 7 and of g. We may choose a primitive root g modulo p such that g?~! = 
1 (mod p?). 

(c) For each k = 2,...,(p—1)/2 let 


_ sin(k7/p) 
sin(m/p) ” 
so 6x is a real positive unit of A, with 
62 = 1-¢ , 1-¢"* 
FF 1-€ 1-¢7 
The (p — 3)/2 units 62,...,6(p—-1)/2 are the circular units. They are multi- 


plicatively independent and generate an Abelian free multiplicative group 
V of rank (p — 3)/2. 


The index of V in the group U* of units of KT is finite and (Ut : V) = 
ht. 

We shall prove these results in Part Four, Chapter 27. 

Before proceeding, we need the following: 


Lemma 1. If g 1s a primitive root modulo p, there exists g’ such that 

g' =g (mod p) and g'?~' =1 (mod p’). 

Proof: If g?-! =1-+ bp, b € Z, let a € Z and consider the congruence 
(g + ap)P-* = g?* + (p—1)g?-*ap = 1 + bp — g?~*ap (mod p*). 


Choosing a such that g?~?a = b (mod p), then g + ap has the required 
property. Note also that g + ap = g. a 


Let 7 be a primitive (p — 1)th root of 1. Let B denote the ring of integers 
of Q(7n). We recall that (see Chapter 16, (A)): 


B = Zin, [Q(7) : Q) = v(p — 1), &,-1(X) = | [(X — n°), 


(product over k, 1 < k < p — 2, and gcd(k,p — 1) = 1), and ®,_\(X) 
divides X?~' — 1. Reducing modulo the ideal Bp, we have ®,_\(X) = 
[[(X — 7*), where 7) denotes the image of 7 modulo Bp. 
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We have 7?~' = 1, thus 7) belongs to Fy. 
B. 7) ts a generator of F, . 


Proof: We show that he # 1 for every d, 1 < d < p—1. Otherwise, 
n?—1 € Bp, i.e., p divides 7? — 1 for some d, 1 < d < p—1. Lete > 1 be 
the largest integer such that p* divides 7? —1, son? = 1+ p°@ (with B € B 
and p does not divide 3). Then 1 = n'?~ 14 = (14p°B)P-! = 14 (p—1)p°G 
(mod Bp‘t!) hence p*3 = 0 (mod Bp*t!) so p divides 3, which is a 
contradiction. Therefore, 7" 473 whenl <k,j <p—2,andk4j. @ 

If 7 is a primitive root of 1 of order p—1 and g is a primitive root modulo 


p, it follows from (B) that there exists kg, 1 < ko < p—1, gcd(ko,p—1) = 
1, such that 7 = g** (mod Bp). 
We shall now describe the prime ideals of B which divide Bp: 
C. Let g be a primitive root modulo p, and n any primitive (p — 1)th 
root of 1. 
(1) Bp is the product of p(p — 1) distinct prime ideals, each with 
norm equal to p, namely Bp + B(n — g*) with1 < k < p-— 
2, gcd(k,p —1) = 1. 


(2) The prime ideals of B dividing Bp may be labeled as follows: 
P,'9” = Bp + B(L — gn*) 


with 1 < k < p—2, gcd(k,p — 1) = 1. Moreover, this labeling 
depends only on the residue class g of g modulo p and on n, the 
primitive root of unity. 

(3) If P is any prime ideal of B dividing Bp, if g is any primitive 
root modulo p, it is possible to choose n, a primitive (p — 1)th 
root of 1, such that P = PLO?) 


Proof: (1) We apply Kummer’s theory of decomposition of ideals (see 
Chapter 11, Theorem 2). From 7 = g*® (mod Bp) with gcd(ko, p—1) = 1, 
it follows that 


6,i(X)= | (x-n*)= [J (x -g**) 


k€P(p-1) kEP(p—1) 
= I] (X — g') (mod Bp), 
lé P(p—1) 


hence Bp is the product of the y(p—1) distinct prime ideals Bp + B(n— 9g'), 
forl1 <1 <p-—2, gced(l,p—1) = 1. 

Moreover, since p = 1 (mod p — 1), each of these prime ideals has norm 
equal to p. 

(2) Given g,n, and k, 1<k < p-—2, gcd(k,p—1) = 1, let pio”) = 
Bp + B(1 — gn*). We note that pio”) depends on k, 7 and only on the 
residue class g of g modulo p. 
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We show that Py = Pia” is a prime ideal. Indeed, if 7 = g* (mod p), 
with 1 < kg < p— 2, gcd(ko, p — 1) = 1, then 


~gn*t!) =n h(n — gi th th) 


where! = 1+ko(k+1) (mod p—1), 1 <1 < p—2.S0o PR = Bp+B(n—-g') 
is a prime ideal of B. 

If1 < k,l < p—2, ged(k,p —1) = ged(l,p—1) =1, and P = Pi” = 
pio”) then (1 — gn*®) — (1 — gn!) = g(n' — n*) € P and since g is a unit, 
then 7! = 7* in F,. This implies that k = 1. 

So the mapping k + Pi ”) is one-to-one. But there are exactly y(p — 1) 
prime ideals dividing Bp, so the mapping is onto the set of these prime 
ideals, as was stated. 

(3) Given P and g, let 7 be a primitive (p — 1)th root of 1, and let 
P= Pi”, with 1 < k < p—2, ged(k,p— 1) = 1. Then1— gn’ ¢ P. 
Let 7, = 7~* then 1 — gn? =l—gn*®e P so P= PAY, a 


Our aim now is to characterize the regular primes. Here is a first result. 


D. p divides h~ if and only if there exists an integer k, 1 < k < 
(p — 3)/2, such that p* divides the sum 


p-1 
Sox(p — 1) = S07" 
j=l 
Proof: We choose a primitive root g modulo p, such that g?-! = 1 


(mod p”); this is possible by Lemma 1. 


Since h~ = |y|/(2p)*~! as indicated before, p divides h~ if and only if Bp 
divides the ideal generated by y/p*~!. Since Bp is the product of distinct 
prime ideals, then p divides h~ if and only if each prime ideal P which 
divides Bp also divides B(y/p*~!). 

Given any such prime ideal P, by (C), there is 7, a (p — 1)th root of 1, 
such that P = PI), that is, P divides B(1 — gn?~?). But, as indicated 
before, y = G(n)G(n?) ---G(n?~?), so 


B( 2) — a(S) x a(S | Kee x p(Sr)) 


Thus if P divides B(y/p'~!) then there exists k odd, 1 < k < p— 2, such 
that P? divides BG(n*). Conversely, if P? divides BG(n*) then P?/Bp 
divides B(G(n*)/p), so if J = Bp/P then P divides JB(y/p'~'), and 
since P does not divide J, then P divides B(y/p‘~?). 
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Actually k < p—A, because P does not divide BG(n?~*). Indeed, P = 
P; (9, 7) contains 1 — gn?~?, therefore 


_ p—-2 
~?) = gn = 5 (gn?-?)) = p-1 = -—1 (mod P) 
— 5a0 

since g; = g’ (mod p), gn?~? = 1 (mod P). This shows that P does not 
divide BG(n?~?). 

We shall express the above condition in a different way involving only 
rational integers. 

Since 1 — g?-! = IT o(1 — gn’) = 0 (mod p*) and since P = Pio" 7) 
does not contain the élements 1 — gn for 7 < p — 2, then P? divides 


1 — gn?~?; thus gn~! = gn?-? = 1 (mod P?) hence g = 7n (mod P?). 
Therefore 
p—2 p—2 
*) = S° gjn?* = S~ gjg?* (mod P*) 
7=0 j=0 


and P? divides BG(n*) exactly when P? divides B( 57? i= 4 939°"). 
Taking conjugates, if P’ is any prime ideal of B dividing Bp then P? 
divides B() 0-9 95 g)*) exactly when P’? divides B Osa -9 959°"). Since p 


is unramified in B, this means that p* divides ar 959°. 
Now we express this sum in a different way. 
Let 9; = 9g’ + a;p (mod p”) with a; € Z. So 
gp) = GET) + (k + 1)g?*pa; = g)**) + (k + 1)97*(g5 — 9?) 
= (k + 1)g;9?* — kg**) (mod p?). 
Adding these relations for 7 = 0,1,...,p — 2 we have 


p—2 p—2 
vats =(k+1)|> 09597 | —k1S— g**) | (mod p’). 
7=0 7=0 


But 


2 
(p—1)(kK+1) _ 
g 1 
So git) = Saray = 0 (mod p”) 


because g**+! # 1 (mod p) when k < p— 4 and g?-! = 1 (mod p’). 
Hence 


p—2 p—2 
S¢ oft? = (k +1) S> 939°" (mod p*) 
j=0 j=0 


and since k + 1 # O (mod p) then p divides ar 939)" if and only 
if p* divides j= og.t). But the sets of integers {go,91,---;9p—2} and 
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{1,2,...,p — l} coincide because g is a primitive root modulo p. So 
the condition becomes: p” divides an gk+1 — S,41(p — 1) where k € 
{1,3,...,p—4} or, still, p* divides Si (p —1) where k € {2,4,...,p—3}. 

a 


In Chapter 18, (L), we have expressed the sums S;(n) = i=l gk 
terms of Bernoulli numbers. 
We may now derive easily: 


E. pp divides h~ if and only if p divides the numerator of at least one of 
the Bernoullt numbers Bo, Ba, ..., Bp-3. 


Proof: By (D), p divides h~ if and only if there exists k, 2 < k < p— 3, 
such that p* divides So,(p—1). By Chapter 18, (Q), we have the congruence 


Dox S2x(p — 1) = pNox (mod p*), 
where Box = Nox/Dax, Nox, Dox are integers, Do, > 0, and gcd( Nox, Dox) 
= |. 


Hence p divides h~ if and only if p* divides pNox, that is, p divides Nox, 
for some k, 2 < 2k < p— 3. || 


Now we shall study the divisibility of ht by the prime p, as well as the 
units. 
We recall from Chapter 10, Section 3, that if k = 2,...,(p—1)/2 then 


1—¢k 1—¢-F 
1-¢€ 1-¢7'! 
are the circular units. Let S be the Z,-module of all real A-adic integers 


with trace zero (see Chapter 17, (0). We recall that log 627 ‘ € § for 
k = 2,...,(p—1)/2 (see Chapter 17, (P)). 


b, = 


F. If p does not divide h~ then 
~1 ~1 —1 
{log 65, log 63, ... , log bop 12h 
is a basis of the Zy-module S. 
Proof: By Chapter 17, (O), we may write 


(p—3)/2 


g(5P-*) = 2 anp  (k =2,...,(p—1)/2), 


where each ajz € Zp. It suffices to show that det((aix);,,) is invertible in 
Zp. 

From Chapter 17, (P), 6; 7 ' = 1 (mod Ad). Since AX = Ap it follows 
from Chapter 17, (O), that “pr ' = 1+ a where a € Ad”. By Chapter 17, 
(L), log(62~") = L,(62") (mod A?) 
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But 
2 1—¢* 1—¢7* 
bh = To 
1-¢ 1-¢1 
=(14¢4---4+0F "(1+ 071 4---+¢°*Y) = k? (mod Ad), 
sinceeA = 1—¢, C'A=C UN - 1. _ 
Hence 6;? = k*P (mod AX?) since p = 0 (mod AdP~'). But k? = k 
(mod AA\?~!) since p = 0 (mod AA?~!) and 
- - 1 — ¢)(1 — ¢7*)k? 
§2(P-1) — §-2,.2 — (1 — ¢)(1 — CD k* 
SS == 


[I 
SY 
D | | 
— 
x 
SY 
pfu 
DT | 
— 
aN 
SY 
Ped 
oo 
D | | 
bp 
NK 
a 
x 
aN 
y 
| | = 
oo 
D | | 
— 
NN 
L 


-1 
_¢-1. @t-1. (ck-1 
op (p — 1)p kp 
~1 
gpk] jy! 
x mod A,?P~*). 
(| | 
Since ¢ — 1 = —A = p (mod A?) then (¢ — 1)/p = 1 (mod Ad), hence 
for any integer 7 = 1,...,p — 1, we have also 
J _ Jn7Tan..., — A 
Gat GAMO OF) 2 Se) Ly (nod Ad). 
jp jp p 


It follows from Chapter 17, (L), and Chapter 17, Lemma 4, that 


ora Se 


| jp jp 
Therefore 
Lp(82°-) = Lp ( =e = | 
v(t) (Bi 


_ E,((p 7 k)p) —1 mo A\p-1 
Le ( (p — k)p mod AN): 
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Since (E,(X) — 1)/X = (exp(X) ~ 1)/X (ord p— 1) then 


1, (HH00=) =L, (90) -1) 


It follows from Chapter 18, (C), that 


exp(X) — 1 
xX 


Hl 


log (ord p — 1). 


1, (Eo X a1) XO _ Boi 
P x ~ 2 —~ (2)! 2 


Hence 


; . (p—3)/2 

E et | jp Boi |. x95 a 
L,\ ~+— =“ + ~"__ (j)?* (mod Ad?~'). 
»( ip 3 (jp) ( ) 


Therefore 


1,(62-D) = P+ (p~1)p + kp + (p—k)p 


2 
(p—3)/2 . . 
° 2 Bil Ty {p* + [(p — 1pl** — (kp) — [(p — k)p}""} 
(p—3)/2 


_ — B 1 4 4 AND 
log(62"") = L,(62"") = S> opin — k?*)p** (mod A?~'). 
i=l 


From the unique expression of log(6,?~*) it follows that 


— Baj(1 — k?*) 

Qik = ~ (dle (mod p), 

fori =1,...,(p—3)/2 and k = 2,3,...,(p — 1)/2. 
Hence 
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where 
2 
1-22 1-32 ... 7-(2e! 
9 
4 
1-24 4-3! py (Pot 
D = det 
p—3 
1—2P-3 1 — 3p-3 1- (2S ") 
9 


But D may be easily computed: from 


(1 _ k?*) — (1 _ K2-1)) _ k20-D (q _ k?) 


then 
—1\? 
D= (1 — 27)(1 — 32)... (:- (=) 
1 | 1 
2 
—] 
92 a2. p7* 
eo () 
_1\4 
x det 94 34, ?) 
2 
— \P79 
9Pp—-5 p—9 p 
vee 
= I] (I? — m2) = I] (1+ m)(l — m) #0 (mod p). 
1<l<m<(p-1)/2 1<l<m<(p—1)/2 


Since p does not divide h~, by (E), p does not divide the numerators of 
the Bernoulli numbers Bz, By, ..., Bp—3. Hence det(aj,) 4 0 (mod p). 
Therefore it is invertible in Z,. It follows that 


{log 62-" | k = 2,...,(p — 1)/2} 
also constitutes a basis of the Z,-module S. a 
Kummer proved the following important and rather surprising result: 
G. = If p divides ht, then p divides h-. 


Proof: Let U+ be the group of real positive units of K, let V be the 
subgroup generated by the circular units 6,, for k = 2,...,(p — 1)/2. 
Then ht = (Ut : V), as was already mentioned. 
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If p divides h* there exists « € U* such that « ¢ V but e? € V. So 


(p—1)/2 
eP = I] 6," 
k=2 
with integers e, not all multiples of p, because « ¢ V. 
Then 
(p—1)/2 
e(p—1)p — I] (SP "yee, 
k=2 
We have plog(e?~') = ye? ex log(6,?') in K. Let S be the 


Zp-module of all real A-adic integers with trace zero. 
We have seen that log(e?~!) € S and log(6?~*) € S fork = 2,..., 


(p — 1)/2. 
If p does not divide h~, by (F): 


~1 -1 ~1 
{log 65, log 68, .... , log bop—1/23 


is a basis of S. Hence 


(p—1)/2 
log(e?~") = S > ag log(6R~"), 
k=2 
with ax € Zp. 
Comparing the above expressions, pa, = ex for k = 2,...,(p — 1)/2. 
This is a contradiction. a 


The statements (E) and (G) together give Kummer’s regularity crite- 
rion: 
Theorem 1. Foraprimep > 2 the following statements are equivalent: 
(1) p is a regular prime; 
(2) p does not divide h,; and 


(3) p does not divide the numerators of the Bernoulli numbers 
Bo, B4,..., Bp-3. 


Proof: As stated above, this is a combination of (E) and (G). a 
Now we prove Kummer’s lemma on units: 


H. Jf p is a regular prime, if € is a unit of K such that e = m 
mo ~~), wWherem € Z, then € = €,, where €; 18 a unit o . 
d Ad?—!), wh Z, th 1, wh tof K 


Proof: By Chapter 7, (F), we have e = ¢Je’ where e’ is areal positive unit, 
0 <j < p-1. By Chapter 17, (O), e’ = ap (mod AA*) with ap € Zp, so 
ao =m’ (mod Z,p) with m’ € Z. Hence ce’ = m’ (mod AX?) and neces- 
sarily m' # 0 since e’ is a unit. Since p = —A = ¢ — 1 (mod Ai?) then 
¢) = 1+ jp (mod AX?) and therefore m = ¢ = m'(1+ jp) (mod Ad’). 
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By Chapter 17, (P), we must have 7 = 0, showing that ¢ is a real positive 
unit. 

From e?-! = mP-! = 1 (mod AdP?-1) we deduce that log(e?~') = 0 
(mod A\?~1). Thus there exists a € A such that pa = log(e?~!). Taking 
the traces, p Trx\Q, (a) = Tr xq, (log(e?~*)) = 0 by Chapter 17, (P). So 


~+ 
Trx\Q,(a@) = 0. But ¢ is a real unit, so log(e?~') € S C A_ by Chapter 


17, (P). Hence a is real. Thus a € A, soa e S. 

Since pth, by (F), a = yee? Ck log(6?-*), with c, € Zp. 

Let n be the order of eV in the quotient group Ut /V (where UT is the 
group of real units and V the subgroup generated by the circular units). 
Since (Ut : V) = ht as was mentioned before, then n divides ht. Since p 
is regular then p does not divide h*, hence it does not divide n. 

From e” € V we may write 


(p—1)/2 
e"= |] of with d, €Z. 
k=2 


So 
(p—1)/2 
cr") = TT 6p 
k=2 
hence 
(p—1)/2 


npa = nlog(e?-!) = S> dy, log(6P~*). 
k=2 


By (F), npc, = dx for every k. 

Hence cy € ZpNQ = Zyz, 80 ce = c,/c,, with c,, cy € Z, p not dividing 
c,. Thus p divides d, for every k. 

So e” = ef where £9 € V C UT. 

Finally, since p does not divide n, there exist integers s, t such that 
1 = sp+tn; then € = e%?e™ = (€%e5)?, proving the statement. a 


19.2 Kummer’s ‘Theorem 

Before the statement and proof of Kummer’s theorem, we need to consider 
certain special elements of the cyclotomic field. 

Definition 2. An integer a € A\ Ad is said to be semi-primary if 
there exists m € Z such that a = m (mod Ad’). 


I. With this definition we have: 
(1) Ifm € Z then m is semi-primary if and only if p{m. 
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(2) Ifa € A\AA anda = m+nd (mod Ad”) withm,n € Z, mF 
0 (mod p), iff € Z is such that £m = n (mod p), then Cfa = m 
(mod AA2), so Cfa is semi-primary. 

(3) Ifa, B € A\AX are semi-primary, then aB is semi-primary and 
there exists € € Z such thatO < £< p—1, €8 =a (mod A)?). 

(4) Ifa, 8 are semi-primary, if y € A is such that ay = GB, then y 
1s semi-primary. 

(5) If C& (with k > 1) is semi-primary, then C* = 1. 


Proof: (1) Ifmissemi-primary, then m ¢ AA; since AANZ = Zp, then 
p{m,; and conversely. 

(2) Now ¢f = (1— A)’ = 1-2) (mod Ad?); from 2m = n (mod p) 
then 


Ca = (1—2\)(m+ nd) = m+ (n— mé£)r = m (mod Ad’), 


so ¢£a is semi-primary. 

(3) Ifa=m (mod AA?), B =n (mod Ad?) with a, 8 ¢ AA, then 
a3 ¢ Ad (since AX is a prime ideal) and aB = mn (mod AA?), so af is 
semi-primary. If € € Zis such that £2n = m (mod p), then £0 = én =m= 
a (mod A\?), because Ap = (AA)?7!. 

(4) Clearly y ¢ Ad. If a = m (mod Ad?), B = n (mod AA?), then 
ptm; let m’ € Z be such that m’m = 1 (mod p). Then m’n = m’'B = 
m'iay = m'my = y (mod AA?), hence y is semi-primary. 

(5) Let ¢* =m (mod AA?), with m € Z. Then m = (1—A)k = 1-—kA 
(mod AA?),som = 1 (mod AX), hence m = 1 (mod p). Therefore m = 1 
(mod A\?~') and kX = 0 (mod AA’), sok = 0 (mod AX) hence k = 0 
(mod p) and ¢* = 1. a 


The following preliminary result will play a key role in the proof of 
Kummer’s theorem: 


J. Let a, B,y € A, aBy # 0 and assume that a? + BP + 7? = 0. 
(1) If Atfy, then for allk = 0,1,...,p—1 there exists an ideal J, of 
A such that 


A(a + ¢*8) = JRL, 
where I = gcd(A(a + 678) | 7 = 0,1,...,p—1). 
(2) IfaP + 6? = c6PA\™?, wheree CU, m> 1, 6 € A, Ata, then 
m > 2. 
(3) Ify = 6A", m>1, 6€ A, AfaBd, if I’ = ged(Aa, AB), then 


there exists an index 79, 0 < jo < p—1, and there exist ideals 
Jo, Ji, .-., Jp-1 of A such that 


A(a + (JB) = (Ar)POm—D41 TP 


Jo? 


A(a+ (7B) =(AA)I'JP for 5 # Jo, 
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and the ideals Jo, Ji, ..., Jp—1 are pairwise relatively prime 
and not multiples of AX. 


Proof: (1) Write 


p-1 
—yP =aP + BP = [[(e + ¢*8). 


k=0 
First we show: 
If j < k then gcd(A(a + (38), A(a + C*B)) = I. 
Indeed, if P is any prime ideal, e > 1, and 
P*|A(a+¢/8), — P®|A(a + ¢* 8), 
then 
at@peP®, a+cCBe P*, 
SO 
(C7 —C*)B = (1 — C84) 8 € PF. 
But 1 — ¢*-3 ~1—¢€ =1, so P*\|Ar- AB. 
But Pf Ad athesae AN dines Tota sea) 
But P # AX, otherwise AX divides ~ 5 (a + ¢°B) = Ay?, contrary to 
the hypothesis. 


So P*|Aa, P®|AG hence P*|A(a + ¢*8) for every i = 0,1,...,p —1. 
Hence 


gcd(A(a + ¢7), A(a + C*B)) = 1 


(2 r= Ts Aes) 


From 


| A : 
with pairwise relatively prime ideals Mey) , it follows that 
A a 
Aare’) =JP for 1=0,1,...,p—1, 
with Jo, Ji, ..., Jp-1 pairwise relatively prime ideals and AA{J;, because 


A{Y. 

(2) Multiplying a, 6 with roots of unity, the new elements still satisfy 
the same relation. So by (I) there is no loss of generality to assume that 
a, (3 are semi-primary. 

Suppose m = l. 

By hypothesis there exist a,b € Z such that a = a (mod AA?) and B = 
b (mod AA”). Then a? = a? (mod A\?+!) and B? = b? (mod A)Pt?!). 
Then a? + bP = a? + BP + prAPt! = dP(c6P + pA), with wp € A, AO. 
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Since Ap = A)\?~! then p divides a? + bP, p?4a? + bP, so a? + bP = ps, 
with p{s. Hence A(a? + b?) = Ap- As = AA?! . As, with AA} As; but 
A ?P|A(a? + bP), and this is a contradiction. 

(3) Write 


p-l 
— sx"? = a? + BP = |] (a + 678), 


j=0 


hence there exists 7 such that AA|A(a + (18). If 7 #4 k, then a+ CB = 
(a+ C98) + BC7(C*-9 —1) with 1—¢k-J ~ 1—C¢ = A; then AAA(a+C* 8). 
Thus 


a+B8 a+¢B a+ ¢P~'B 


Lee A. 
> 9 DY ? 9 >’ € 


But these p elements are pairwise incongruent modulo AX, otherwise there 
exist 7 < k such that 


a+CUB=a+c*s (mod Ad’), 


so €7(1 — ¢*-4)B = 0 (mod AX?) and Ad?|A(1 — C*-7)AQG, and finally 
AX|AB, which contradicts the hypothesis. 

Since A/AA = F, then #(A/AA) = p. So there exists jg such that 
a+ (8 = 0 (mod AA?), and if 7 # jo then a + 096 4 0 (mod AX?). 
Hence (A\)™?-'?—}) divides A(a +2 8) with mp—(p—1) = (m—1)p+1 > 
p—1> 1, by part (2) of this lemma. 

Next, a, 8 € I’soa+(¢*8 € I’ for all k = 0,1,...,p — 1 and AA{I' 
because Afa, At/. 

Hence 


A(a + 6998) = (Ad)POP DHT TE 
A(a + ¢78) = Ad- I'S} for j # jo, 


where AAfJ; for all k = 0,1,...,p — 1. Now, we show: 

The ideals J; are pairwise relatively prime. Indeed, if P is a prime ideal 
and P|J;, PlJ,, with 7 < k, then P # Ad, so AX - I'P divides A(a + 
(38) and A(a + ¢€*8). Hence a + C98, a+ C88 € AX-I'P, so C(1 - 
C®-I)B € AX-I'P, hence Ad - I’P|AX - AB, so I'P| AG. Similarly I’ P|Aa, 
then I’P| gcd(Aa, AZ) = I’, which is impossible. 

Since 


then for every j there exists an ideal J; such that Jj = J}, with Adt{J;, 
and the ideals J; are pairwise relatively prime. a 


19.2. Kummer’s Theorem A13 


We are ready to prove the famous theorem of Kummer which may be 
called “Kummer’s Monumental Theorem.” 


Theorem 2. If p is a regular odd prime, tf a, G,y € K, and a? + 6B? + 
yP = 0, then aBy = 0. 


Proof: Assume that there exist a, 3,7 € K, a@Gy 4 0, such that a? + 
BP +7? = 0. It may be also assumed, without loss of generality, that 
a, 3,y € ZC), after multiplying with a common denominator. 


Case l: Atay. 

Let p = 3: A/AA & F3 so a, 3,7 = +1 (mod AA); then a®, 6°, 7? = 
+1 (mod AX\°) and 0 = a? + 62 4+ 72 = +1,+3 (mod AA?3), hence 
necessarily AA? divides A3 = AX*, which is impossible. 

Let p = 5: A/AA = Fs, so a,8,y = +1,+2 (mod AA) and 
a, 3°,y? = +1 + 32 (mod Ad’). Then 0 = a? + BP 4+ 7° = 
+1, +3, +30, +34, +63, +65,+96 (mod AA°*). Since \° ~ 5A the above 
congruences are obviously impossible. 

Now let p > 7. It may be assumed without loss of generality that a, 6 
are semi-primary, after multiplication with roots of unity. 

Write 

p—-1 
—yP = oP + BP = [[(c + (58). 


j=0 


Since A}y then Ata + (1 for all 7 = 0,1,...,p — 1. Hence there exists a 
root of unity ¢” such that ¢?(a@ + ¢?—!) is semi-primary. 


By (J), A(a + (78) = J} for all j7 = O,1,...,p — 1, where 
Jo, Ji, ..., Jp-1 are pairwise relatively prime ideals not multiples of 
Ax. Then 


. Dp 
a+ C6 J; . 
(26 | (| for a J 0, ’ »P 1 


Since p is regular, by (A), 


Jp 


is a principal ideal 


J 
a a(t) with pwj,yv;E A, v; #0. 


Jp-1 V; 
So 
J,- Av; = p—-1° Apt; for all 7=0,1,...,p—1. 


Since AA{J;, Jp-1, ife > 0, then AA®| Ay; if and only if AA®|Av;. Dividing 
by A®, it may also be assumed that A{p;, ;. 
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From the above, 


a + CIB G 


V5 


p 
ae) with w; a unit. 
a+¢Pp ip , 


By Kummer’s result on units (see Chapter 10, (F)), there exists a real unit 
€; and an integer c;, 0 < c; < p — 1, such that 


Cw, = E;C%. 


Thus 
UP (a + 78) = ECO CM(a + CP'B) MS. 
Let 
a! = — 3’ = ee 
Chat PIB) Cha + CPo 1B) 


hence ¢"(a’ + ¢?-18’) = 1 and 
ve (a! +B’) = £560 pr. 

But A/AX = F, so there exist m;,n; € Z such that p; = m™; 
(mod AX), v; = nj (mod Ad), hence p¥ = m% (mod A?), vy = ni 
(mod AA?). So 

n (a! + C78") = €5¢%m*® (mod AA?). 
Taking the complex conjugate 

nF a’ + ¢-98") = e5¢-%m*® (mod AA?) 
(note that \ = 1—¢7! ~ J). 

So 


neC~ (a! + 678") = em? = nbc a’ + ¢-78") (mod AA?). 


Since Ajn,; then 
a’ + 0p’ = Ca’ + ¢7456") (mod AA?). (19.1) 
Evaluation of c;: 


Since a, 3, ¢"(a + C?~!) are semi-primary, by (I), there exist integers 
a, b, O< a,b < p-—1z, such that 


a = ac"(a + ¢?-18) (mod AA?), 
B = bC"(a + C18) (mod AX?), 
sO 


a’ =a (mod AX’), 
B' = b (mod AA?), 


Il 


and from (19.1): 
a+b = Ci (a+C-%b) (mod AX’). 
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But ¢ = (1 — A)’ = 1— tA (mod A?) for every t € Z, so 
a+b—jbd = (1 — 2c;A)(a +b + jbA) (mod AA?*). 
It follows that 
2c;(a + b)A = 2jb\ (mod A*) 
c;(a+ 6) = jb (mod AX). 
Since c;,a,6,7 € Z then 


hence 


c;(a + b) = jb (mod p) for j =0,1,...,p—2. 


Note that a + b = 1 (mod p), because a + €?-!8 = (a + CP71b)C*(a + 
¢P-18) (mod AX*), so 1 = Cra + ¢P-1b) (mod AA?). But cho = |] 
(mod AX), C?~! = 1 (mod AA) hence 1 = a+b (mod AA) and therefore 
1=a+b (mod p). 

Thus c; = jb (mod p) for every j = 0,1,...,p — 2. Since p > 5, then 


co = 0 (mod p), 
c,; = b (mod p), 
C2 = 2b (mod p), 
c3 = 3b (mod p), 


and from (19.1): 
a’ + Bf! — al — Bl = pore, 
a + CBl = Cal — CIB! = pidr?, 
al + C23" — CMa — ¢H-257 = ppd”, 
al + C36" — Ct? — (96-397 = pad?. 
with PO, P1; P2, P3 © A. 


Let 
1 1 —] —] 
1 _72b  __ -2b-1 
M= 1 “ “bat —¢ 40-2 
1 C3 — (6 — (60-3 
then 


det(M) = (1 ~ ¢)(1 — ¢?°)(L = °-7)(G = CP) (G — CPE)(G — CP"). 
If det(M) = 0 then det(M) = 0 (mod AA?). If det(M) # 0 then by 
Cramer’s rule 
, det (M,) , det( M2) a = det (M3) Te det(M,) 
—— det(M) ’ ~ det(M) ’ ~—— det(M) ’ ~— det(M) ’ 
where M; is the matrix obtained from M by replacing the zth column by 
the column 


(por”, pir’, por”, p3r?)". 
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Thus det(M;) € AX: since Ata’, 8’, a’, B’ then A?|det(M). Thus, in all 
cases 
(L = ¢)(L = CYL = CPPEY(G = CY — C1) (G7 — C79") 
= 0 (mod AX?). 
Consider the following cases: 
(a) b =0 (mod p); then 6 = b¢”(a + C?-!8) = 0 (mod AX), which 
is impossible. 
(b) b = 1 (mod p); then 6 = b¢"(a + CP 18) = a+ 8 (mod AA), 
so a = 0 (mod AA), again absurd. 
(c) b £ 0,1 (mod p), 2b # 1 (mod p). Then all factors in det(M) 
are associated with » (note that 1 < b < p—1, so 2b # 2 


(mod p). Thus A? divides A® hence p < 6, which is absurd, 
because it was assumed that p > 7. 


(d) Since cases (a), (b), (c) cannot happen, then b # 0,1 (mod p) 
and 2b = 1 (mod p); buta+b=1 (mod p), soa = b (mod p) 
hence a = @ (mod Ad). 


By the symmetry relative to a, 8, y, then also a = y (mod AX). In 
conclusion, 0 = a? + 6? +7? =a+68+7 = 3a (mod AX). Since p ¥ 3, 
then Ala, absurd. 


Case 2: AlaGy. 
Assume, for example, A|y and write y = 6\™, with m > 1, Ad, so 


aP + GP = —hPA™P. 
Thus there exists a relation of the form 
a? + BP = c6P\™?. (19.2) 
with € a unit, A{6, m minimal, m > 1. By (J), m > 2. 
Also Afa, otherwise, Aja hence A|G@; writing a = AQa,, 3 = AG, then 
at + BP = c6PNM— VP, 
which is contrary to the choice of m minimal. By (J), there exists 79 with 


the properties indicated. Replacing 3 by ¢/° 3, and changing notations, from 
(J) it may be written 


on + B) = (Ad)P(M=DFANT GB, 


A(a + ¢*8) = (AA) IP for 1<k<p-l, 
where I’ = gcd(Aa, AZ), Jo, Ji, ..., Jp—i are pairwise relatively prime 
ideals, and AAT Jo: - +: Jp-1. 
Then 


k Pp 
(Ar)POm™—1) . a(S? = (3) for 1 < k: < p— 1. 
a 0 
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p 

Jr 

So (¢ is a principal ideal. Since p is regular, then — is a principal 
0 0 

ideal. Hence there exist up, v4, € A, Ve # 0, such that 


Jk Lk 
— = Ai —}. 
Jo (i) 


It may be assumed that A{u,v,, because Af JoJ,. So there exists a unit €; 
such that 


p 
(a + C7 B)\P("™—D = ex(a + B) (“*) for 1<k<p-1. 
k 


For k = 1, 2: 


(co + CB)N!™-Y = ex(a + B) (#). 


] 

al 

Pp 

(a + C78) = en(a + B) (2) , 


Multiplying the first relation by 1 + ¢ and subtracting the second: 


C(a t+ BAM") = (a + 8) at +) (H) — €2 (:2)' 


V2 
hence 


(warn )Pex Gy pm =1) 
(H1v2)" — e(1+0) (14+) r (vive)! 


Since 1 + ¢ is a unit, the above relation is of the form 
(a’)? 4 <'(3’)P _ e!"(8/)P \P(m—1) 


with a! = pi, B' = po, 6’ = YjV2. 

Since m > 2 then A? divides (a’)? + €'(B’)?. But ATB’ = p21, so 
AG’ + AX = A and there exists k € A such that kG’ = 1 (mod AA), so 
KP(B")P = 1 (mod AX?). Hence (Ka’)? + e’ = 0 (mod AAP); thus, there 
exists p € A such that e’ = p? (mod A)?). 

But A/AX & F,, so there exists r € Z such that p = r (mod AA) and 
e’ = pP = rP (mod AAP). 

By Kummer’s lemma on units (H), there exists ¢), a unit of A, such 
that «’ = (€})?, hence 


(a’)P + (e4 3"? = 2(8"yPanem—. 


This is a relation of the form (19.2) with m — 1 instead of m—which is 
contrary to the minimality of m. a 


As a special case, we mention explicitly: 


K. Ifpisa regular odd prime, if x, y, z are integers, and x? + y? = 2?, 
then xyz = 0. 
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19.3 Irregular Primes 


It is not yet established and appears to be difficult to prove, that there are 
infinitely many regular primes. 

On the other hand, 37 is an irregular prime, since 37 divides the 
numerator of B39 (see Chapter 18, examples before (C)). 

The other irregular primes less than 100 are 59, 67. 

Numerical evidence indicates that the proportion of regular primes 
among all primes is clearly to be 1//3 = 0.61..., indicating that not 
only are there infinitely many regular primes, but also that they are much 
more numerous than the irregular primes. Yet, it is fairly easy to show 
(Jensen, 1915) that there are infinitely many irregular primes. First we 
prove a preliminary result. In Chapter 18, (U), we considered the decom- 
position k = kiko, where kj > 1, ko > 1, and the prime factors of ko are 
exactly the primes dividing the denominator Do, of Box. In this case, ky 
divides the numerator Nox. 


L. Let p be a prime. The following conditions are equivalent: 
(1) p is an irregular prime; 
(2) there exists an integer k > 1 such that p divides No, /2k; and 


(3) there exists an integer k > 1 such that p divides Nox/k, (where 
k, was defined above). 


Proof: (1) — (2) If p is irregular, by (E) there exists k, 1 < k < 
(p — 3)/2, such that p| Nox. Since 2|Do, then Nox is odd, so p F 2. 

Also p does not divide k, hence p divides No, /2k. 

(2) — (3) This is trivial, because Nox,/ky = 2ko x Nox /2k. 

(3) — (1) Since p divides No, /ki then p divides N2;, so p does not di- 
vide Dox, therefore p — 142k. Let 2k = m(p—1)+ n, with] <n <p-—1. 
Since n is even, then n = 2h, with 2 < 2h < p— 3. By Kummer’s congru- 
ence, Chapter 18, (V), Bo, /2k = Bo,/2h (mod p). So h(Noz/k1)Dan = 
k2NonDoz~ (mod p). | 

By hypothesis, p divides No,/k,. Since p{ Do, then ptko, hence p| Non. 
By (B), p is an irregular prime. | 


Now, we give Carlitz’ short proof (1954) of the existence of infinitely 
many irregular primes: 


M. There exist infinitely many irregular primes. 


Proof: Let py = 37,...,pm be irregular primes. Due to the growth of 
|Box| with k, see Chapter 18, (J), there is an index k such that 2k is a 
multiple of (p1 — 1)(p2 — 1)--+ (pm — 1) and |Box| > 2k. 

Let |Bo,|/2k = a/b with a > 6 > 1, gcd(a,b) = 1. Since a > 1, it has 
a prime factor p. So p{b, and therefore No, /2k = +Doza/b is a p-integral 
multiple of p. By (L), p is an irregular prime. 
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But pjb so p| Nox hence pf Do,. By the theorem of von Staudt and Clausen 
(Chapter 18, Theorem 1), p — 142k. Therefore p # pj,..-., Pm, and this 
concludes the proof. a 


In his paper, Jensen proved more: 


N. There exists an infinite number of irregular primes p such that p = 3 
(mod 4). 


Proof: 59 is the smallest irregular prime congruent to 3 modulo 4. Assume 
that py = 59, po,..., Pm are irregular primes, congruent to 3 modulo 4. 

By Dirichlet’s theorem on primes in arithmetic progressions (see Chapter 
24) there exists a prime q such that 


q= (mod 12 TT pale. — 1)). 


i=1 


In particular, g A p; (t = 1,...,m). Then Dg, = 6, as follows from 
von Staudt and Clausen’s theorem (Chapter 18, Theorem 1): a prime ¢ 
divides Do, exactly if 2 — 12g, so @ = 2, 3, and @ cannot be any other 
factor (2-14 q, €—1 #£ 2q; otherwise, since gq = 1 (mod 6) then 
= 2q4+1 = 2(6t + 1) +1 = 12t + 3, which is composite). 

Now we use Kummer’s congruence (Chapter 18, (V)). Since q = 1 
(mod p; — 1) then 2g = 2 (mod p,; — 1) and therefore Bo,/2qg = Bo/2 
(mod p;). Since By = % and Dog = 6 then Nog = g (mod p;) hence 
Dit Nog. 

From Chapter 18, (Q), we have 


AN2q = DagS2q(3) = 6S2q(3) (mod 16) 
SO 
2Noq = 3(1°7 + 277 + 3°27) = 3(1+0+4+ 1) = 6 (mod 8), 
hence 
Nog = 3 (mod 4). 


Thus there exists a prime factor p of Na, such that p = 3 (mod 4). Since 
pit Nog then p # p; (i = 1,...,m). We shall prove that p is irregular, using 
(L). 

Since q = 1 (mod 4), then gq # p. We have p|Na,, p{2q, hence p divides 
No,/2q, so p is an irregular prime. This concludes the proof. | 


The above result was successfully extended by various authors; we shall 
present here Metsankyla’s result. 

We begin with two lemmas. 

Let m > 2 be an integer, let m = 2p?) --- p* be the decomposition 
of m into prime factors (s > 0, ho > 0, hy > 1,...,hs > 1, pi F 2); 


3 
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let h = max(ho, hy,...,hs) > 1. Recall also the notation So;,(m — 1) = 
m—1 ok 
Lemma 2. There exists an integer a > 1, such that gcd(a,m) = 1 and 


ifk >h andk =1 (mod y(m?)), then 6Sox(m — 1) = am (mod m?). 


Proof: Let q = p; (or 2), € = h; (or ho). We shall prove that if k > h, 
k = 1 (mod y(m?)) then 


6S24(m — 1) = (1 — q)m (mod q”*). (19.3) 


By hypothesis k > £, k = 1 (mod y(q**)) since y(q*) divides y(m?). 

If 7 is an integer and q divides j then j2* = 0 (mod q?*). If q does not 
divide j then 7#(7 ) = 1 (mod q?*) hence from k = 1 (mod y(q7“)) we 
deduce that 7* = 7 (mod q?*). So 


m—1 m—1 
6Sen(m — 1) = 6 j* = 6 S- j° (mod q**). 
j=l j=l 
ati 
But 
m—-1 m/q-1 
6 i = 0 sm—1)- Ss w'?) = 6 (Satm 1) - #8, (“ : ») 
j=l j=l 


By Chapter 18, (18.23), So(m — 1) = 4m? — 5m? + Em. So the above 
sum is equal to 


2m? — 3m? +m -#(2(@) — 3(™) + 7) 
= 2m?(m — — | +m(1 — q). 


So 6So,(m — 1) = (1 — g)m (mod q**). 

By the Chinese remainder theorem there exists an integer a (depending 
only on m) such that a = 1 — p; (mod p?”) (where pp = 2) for i = 
0,1,...,s. Hence 6S5o,4(m — 1) = am (mod p-”’) fori = 0,1,...,8, and 
therefore 6.S2,(m — 1) = am (mod m7). a 


Lemma 3. Let m > 2, let G = (Z/m) be the group of invertible residue 
classes modulo m, and let H be a proper subgroup of G. Then: 
(1) If m is odd, there exists an integer f such that f (mod m) = 
f € G\FA and f £1 (mod p;) for each prime factor p; of m. 
(2) If 4 divides m and 3 does not divide m, there exists an f 
satisfying the additional congruence f #1 (mod 4). 
(3) If 12 divides m and H # Ho = {% | x = +1 (mod 12)} then 
there exists an f satisfying the same conditions as in (2). 
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Proof: (1) Let m be odd, and let T = {% € G| a € Zissuchthat z £ 1 
(mod p;) for every prime factor p; of m}. 

T # ©, since by the Chinese remainder theorem, there exists x € Z 
such that x = 2 (mod p;) for every p; dividing m. | 

We shall prove that the subgroup generated by JT’ is G, hence T is not 
contained in H. 

If 34m let g € G; if 3)m let FT € G where x = 1 (mod 3). So 
x £0 (mod p;) for every p; dividing m. 

Let y € Z be defined as follows: if pj]m and x = —1 (mod p,), let y; = 
x — 1 (mod p;); however, if x # —1 (mod p,), let y, = x +1 (mod p,). 
Then let y € Z be such that y = y; (mod p;) for every p; dividing m. 

Then gcd(y,m) = 1, hence there exists z € Z such that yz = zx 
(mod m). Therefore z # 1 (mod p;) for every p; dividing m, and soZ € T. 

If 3m then y # 1 (mod p;) when p;\m; so y € T and = YZ belongs 
to the subgroup generated by T,, showing that this subgroup is equal to G. 

If 3|m then y = ++ 1 = 2 (mod 3), so again y # 1 (mod p,) for every 
prime p; dividing m. Hence y € T and Z belongs to the subgroup generated 
by T. Moreover, —1 € T and —1 ¥ Z for every Z € G, chosen as indicated. 
So the subgroup generated by T contains at least y(m)/2 + 1 elements. It 
must therefore be equal to G. 

(2) If 4 divides m, but 3 does not divide m, we proceed in the same 
way, with the set 


To = {% € G| ax € Zis such that x £ 1 (mod 4) and x #1 (mod p;) 


for every odd prime factor of p; of m}. 


Again, the subgroup generated by To is G, hence To is not contained in H. 

(3) If 12 divides m, we consider again the set To of (2). Then To C 
Ho = {= € G| x = +1 (mod 12)}, because if x € Tp then z € G, sox 
must be odd, and since x # 1 (mod 4) then x = —1 (mod 4); similarly, 
from x # 1 (mod 3), and x # 0 (mod 3), then x = —1 (mod 3); hence 
x = —1 (mod 12), showing that To C Hp. 


The subgroup Ho has order y(m)/2. Indeed, by the surjective homomor- 
phism 


6:G— (Z/12) = {+1, +5} 


the image of Ho has index 2 in (Z/12)', so Ho has index 2 in G = (Z/m), 
thus Ho has order y(m)/2. 

Now we show that the subgroup generated by Jo is equal to Ho. In fact, 
—1 € Ho and if @ € G with a = 1 (mod 4) and a = 1 (mod p;) for 
every odd prime factor of m, then —@ € Tp and @ = (—1)(—@) belongs to 
the subgroup generated by Jo. So this subgroup has at least y(m)/4 + 1 
elements hence it must be equal to Ho. 

We show now that Jo is not contained in H. Indeed, if Tp C H then 
Ho C H,so H = 67'(0(H)), with {41} C 0(H) C (Z/12)’. 
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If 0(H) = (Z/12) then H = G, contrary to the hypothesis. If 6(H) = 
{+1} then H = Hp again, contrary to the hypothesis. 
This proves that To is not contained in H, concluding the demonstration. 


| 
We now prove Metsankyla’s theorem: 


O. Let m > 2, let G be the group of invertible residue classes modulo 
m, and let H be a proper subgroup of G. Then there exist infinitely many 
wrregular primes p such that p modulo m is not in H. 


Proof: It is sufficient to consider the case where m is odd or 4 divides m. If 
the theorem has already been proved in this case and if m’ is even but not a 
multiple of 4, then m" = 2m, where m is odd. Then Z/m’ >Z/2 x Z/m by 
the map x (mod m’) + (a (mod 2),x (mod m)). Then ged(z,m’‘) = 1 
if and only if x is odd and gcd(x,m) = 1. Hence G’ = (Z/m') > (Z/m) = 
G (by the above isomorphism), so the subgroups of G’ and G correspond 
to each other by the above isomorphism, and may be identified. 

Let m = Qho pi . pis with p; odd primes, s > 0, ho = 0 or ho > 2, 
and hy > 1,...,h, > 1. Let h = max(ho, hi,...,hs). We note that 2 and 
m divide y(m*). Suppose that S = {q1,...,gr} (with r > 0) is a finite 
set of primes, with q; > 3. It is enough to show the existence of a prime 
Qr+1 such that q,-41 is irregular, q-41 ¢ S, Gr+1 € G\H. Repeating this 
procedure, the theorem will be established. 

Let M = 3y(m?)(qi — 1)--- (qr — 1), hence 6|M, m|M. 

By Lemma 2 there exists an integer a such that gcd(a,m) = 1 and if 
k > h, k = 1 (mod ¢y(m?)) then 6S24(m — 1) = am (mod m?). We 
distinguish two cases. 


Case l: @ ¢ H. 

By Dirichlet’s theorem on primes in arithmetic progression (see Chapter 
24), there exists a prime q, such that gq > h, q = 1 (mod M). By von 
Staudt and Clausen’s theorem (Chapter 18, Theorem 1), the only primes 
dividing Dog are those such that £— 1 divides 2q, that is, 2, 3, and 2q¢ + 1 
(if it is prime); however, 2g + 1 = 3 (mod M) and 3|M so 3 would divide 
2q + 1. This shows that Do, = 6. 

It follows from Chapter 18, (Q), that mNo, = 6S24(m — 1) (mod m7). 

By Lemma 2, 6S2,(m — 1) = am (mod m?) hence Nog = a (mod m), 
in particular, gcd(No,,m) = 1. 

Since g is odd, then Nog > 0 by Chapter 18, (I). From the hypothesis 
that a ¢ H it follows that Nog # 1, so Nog has a prime factor p such that 
pe G\H. 

Now we prove that p is an irregular prime. Since g = 1 (mod m) then 
q¢€ Hsop #q. So p divides No,/2q and, by (L), p is irregular. 

We have also p ¢ S. Indeed, from gq; > 3 and gq = 1 (mod M), it follows 
that 2g = 2 £ 0 (mod q; — 1) for every i = 1,...,r. By Kummer’s 
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congruence (Chapter 18, (V)): 
Bay _ 32 _ 1 


(since p divides No, then p does not divide Do,) so p ¢ S. Thus, in this 
case, we take q,-41 = Pp. 


Case 2: @€ H. 

We begin by noting that if 12 divides m then H # Hp = {ZF | 2 
+1 (mod 12)}. Indeed, it follows from the relation (19.3) that 6So,(m — 
1) = (1 — 2)m = —m (mod 27"), so from Lemma 2 we have am = 
—m (mod 27") and therefore a = —1 (mod 2?”") so a = —1 (mod 4). 
Similarly, since 3}m and 3™ (with h, > 1) is the exact power of 3 dividing 
m, then 


(Il 


am = 6So~(m — 1) = (1 — 3)m =— —2m (mod 3271) 


hence a = —2 (mod 3). Therefore a = 7 (mod 12), soa ¢ Ho and 
therefore H # Ho. 

It follows from Lemma 3 that in all cases (even when 12 divides m), there 
exists an integer f such that f € G\H, f #1 (mod p;), i = 1,...,8, 
and if 4|m also f #1 (mod 4). 

Let £,, ..., & (t > 0) be the odd prime factors of M distinct from those 
dividing m. 

By the Chinese remainder theorem there exists an integer g} satisfying 
the following congruences: 


g, = —1 (mod 4), 


f (mod m) (if 4|m the first congruence follows from this one), 
—1 (mod @;) fori = 1,...,. 


Sen) 
—_ 
HT TT 


So gcd(g,, @) = 1. By Dirichlet’s theorem on primes in arithmetic pro- 
gression, there exists a prime g’, g’ > 3, g’ = gj (mod M). Since g’ = 3 
(mod 4) then g’ = 2n’ +1 where n’ is odd. Alsog’ = f € G\H. By 
Chapter 18, Theorem 1, 2, 3, and g’ divide Do,. Let g be the smallest 
prime, 3 < g, such that g € G\H and g divides D2, (hence g < g’). We 
write g = 2n+ 150 2, 3, g divide Don, thus Do, = 6cg, where 2, 3, g do 
not divide c. Since g divides Don then 2n = g — 1 divides 2n’ so n divides 
n', hence n is odd. 

We now show: if c; is a prime factor of c then ¢; € H. Indeed, if ¢; ¢ H 
since c;|c, then c; # 2,3, g and c;|Dan so c; — 1 divides 2n, hence also 2n’, 
so C;|Dan’. Therefore c; > g (by the choice of g), and 2n = g—1<c;-—1, 
a contradiction. 
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We also have gcd(n’, M) = 1. Indeed, n’ is odd. Moreover, 2n’ = g'—1 = 
f —1 (mod p,;) and 2n' = g’ — 1 = —2 (mod &%) so €% does not divide 
n’. Hence gcd(n, M) = 1 and therefore gcd(n, gM) = 1. 

Let d; = 1,do,...,d, be the factors of n, so each dy, is odd. Let 
€1,...,€, be distinct primes, each such that e, > gM. 

By the Chinese remainder theorem there exists an integer q’ satisfying 
the following congruences: 


nq’ = 1 (mod gM), 
2d.q' = —1 (mod e27) (k=1,...,u). 


/ 


By Dirichlet’s theorem there exists a prime gq, gq > h, gq = gq 
(mod gMe?---e7), hence q satisfies also the above congruences. 

Let @ = ng. We show that Deg and D2, have the same prime factors, 
hence by Chapter 18, Theorem 1, Dag = Dan = 6cg. Indeed, if a prime @ 
divides Do,, then £ — 1|2n hence € — 1|2Q, so £|Dog. Conversely, if £| Doo 
then £—1]|2ngq. But the factors of 2nq are either dy, 2d,, dyg, 2dxq (where 
d,,d2,...,d, are the factors of n). So £— 1 must be of type dz or 2d, 
hence @ = 2 or £ = 3 or & — 1 divides 2n, because all the other cases are 
impossible: £— 1 = dq implies & = dyqg +1 is even, so = 2; £—1 = 2dzq 
implies 2 = 2d,q + 1 = 0 (mod e?), which is impossible. 

From Dog = 6cg, it follows from Chapter 18, (Q), and from Lemma 
2 that mNog = 6cgSeg(m — 1) = cgam (mod m7), so Nog = cga 
(mod m). 

We have gcd(c,m) = 1, because if c; is a prime factor of c and c,; divides 
m then c; divides Nag; but c; divides Dog, which is a contradiction. 

From a previous observation, ¢; € H (for every prime factor of c), hence 
ce AH. 

Let Q = Q1Q2 be the unique decomposition of Q indicated before (Chap- 
ter 18, (U)). The prime factors of Q@2 divide Dag, hence they are among 
2, 3, g, cj. But @ = 1 (mod 6g) since 6|M; so 2,3,g do not divide Q. 
Hence these numbers do not divide Q2, so the prime factors of Qo are 
among the c;, hence Qo € H. From Q = 1 (mod m) we haveQ = 1 € H, 
hence Q, € H. 

We have 


oe = 59 = c’ga (mod m). 
Sincec’ € H, a@ € H, G ¢ H, then the residue class of Nog/@1 is not in 
H. Noting that Nog > 0 (since Q is odd), it follows that Nog/Qi # 1, 
so Nog/Q, contains a prime factor p such that p € G \ H. We also have 
p # Q becauseQ = 1 € H. From (L), p is an irregular prime. 
We also have p ¢ S, the verification being the same as in Case 1. We 
take q,-4, = p and the proof is complete. | 


It is interesting to note that much less is known about the irregular 
primes in the residue class 1 modulo m (m > 2), even though there is 
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numerical evidence in support of the existence of infinitely many irregular 
primes p such that p = 1 (mod m). 


EXERCISES 


1. Let p = 7. Verify with explicit calculations the facts proved in (C). 
2. Let p = 11. Verify by explicit calculations the facts proved in (C). 


3. Let p = 7. With the notation of (F) verify by explicit calculation 
that {log 68, log 68} is a basis of the Z7-module S. 


A. Let p= 5 and 6 = ((1— ¢?)/(1 —¢)) x ((1 —¢€77)/(1 — ¢"3)). Show 
with explicit calculations that 6° = m (mod A x 5), where m € Z. 


5. Let p = 7 and 


1 — ¢2 1—¢-2 _ £3 _ r-3 
by = Cy bes 6, = 2 G 1—¢ 


1-¢ ~1-¢%? 1 1-8) 


Calculate m2,m3 € Z such that 68 = mz (mod A x 7) and 6$ = m3 
(mod A x 7). 


6. Write up in detail, as simple as possible, a proof that the equation 
xX? 4+ Y% + Z% = 0 has only trivial solution in the field Q(/—3). 


7. Write up in detail a proof that the equation X° + Y° + Z° = 0 has 
only trivial solution in the field Q(¢), where ¢ = cos(27/5) + isin(27/5). 


8. Let m be a square-free integer, m #4 0,1. Show that there exist 
nonzero integers a,b,c such that (a + b./m)? + (a — b,/m)* = c? if and 
only if m has no prime factor p such that p = 3 or 5 (mod 8). 


9. Let m > 1, m square-free. Show that X? + Y* + Z? = 0 has a 
nontrivial solution in Q(./—m) if and only if m # 7 (mod 8). 


Hint: Use the theorem of Gauss: a natural number n is the sum of 
three squares if and only if n is not of the form 4°(8k+ 7), with e > 0, k > 
0. Use also the fact that the product of two sums of two squares is the sum 
of two squares. 


10. Let m be asquare-free integer, m # 0,1. The equation X4+Y* = 7? 
has a nontrivial solution in Q(,/m) if and only if m = —7. In this case, 
every nontrivial solution is proportional to 


x = +(1+ V—7), y = +(1 — V—7), z= +2. 
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(with arbitrary sign combinations). 


Hint: First note that a solution is proportional to © = a, + 
by./m, y = ao t+ bom, z = c; next remark that a,b,;a9bo # 0. Let 
e = azb? + a3bs. Obtain a quadratic relation for m, consider its discri- 
minant A, which must be a square. Obtain new relations leading to an 
equation X* + Y* = 2Z?, and invoke that its rational solutions (x.y, z) 
have x* = y*; continue the analysis in the same vein, to reach the required 
conclusion. 


11. Show: 
(a) For every rational number k € Q, k 4 0,1, let 


tp = 3+ ./—3(1 + 4k), 
Ye = 3 — \/—3(1 + 4k3), 


7 6k. 


Show that 2} + yZ + 22 = 0. 

(b) Assume that x,y,z are nonzero elements of the field Q(,/m), 
where m is a square-free integer, m # 0,1, and that x?+y? = 2°. 
Then there exists c € Q(,/m) and k € Q, k # 0, —1, such that 
Y= CLE, Y = CYUk, 2% = Cehk. 

(c) Let kk € Q, k 4 0,-1, let a € Q, a # O with ak ¥ -1. If 
there exists a square-free integer m, m # 0,1, and there exists 


c € Q(/m), c # 0, such that rex = CLE, Yak = CYUk, Zak = CZky 
then a = 1. 


12. Let M be a square-free integer, m # 0, and let p be an odd prime 
such that (m/p) #4 —1. Assume also that 1+ k? 4 (1+ k)? (mod p?) for 
allk = 1,2,...,p— 2. Show that if a, 3, y #4 0 and a? + G?y? = 0 then p 
divides ay. 


13. Let p be any odd prime. Show that the equation X? + Y? + Z? = 0 


has only trivial solutions in Q(,/(—1)(®-))/2p ). 


Hint: Apply the result in Chapter 4, (N). 


14. Let m be a square-free integer, m # 0,1. Show that if (2, y, z) is a 
solution of X37 + Y? + Z? = 0 in Q(,/m), there exists a solution (2’, y’, 2’) 
and a € Q(.,/m), a 4 0, such that 7’ = az, y’ = ay, 2’ = az, and 


vc’ =a+t bm, 
y’ =a — b,/m, 
z=, 
where a, b,c € Z. 

A solution like (x’, y’, z’) is called a conjugate solution. 
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15. Let m be a square-free integer, m #4 0,1. Show that the equation 
X° + Y¥2+4 Z? = 0 has a conjugate solution in Q(,/m) if and only if it has 
one conjugate solution in Q(.//—3m). 


16. Let m be a square-free integer, m # 0,1. Show that the following 
statements are equivalent: 
(i) The equation X° + Y? + Z* = 0 has a nontrivial solution in 
Q(/m). 


(ii) There exist nonzero integers x, y, z such that 
3x(x° + 4y?) + mz? = 0 
and gcd(z, y) = 1. 
(iii) There exist nonzero integers x, y, z such that 
a(x> + 4y?) — mz? = 0 
and gcd(z, y) = 1. 


17. Show that the equation X° + Y° + Z? = 0 has infinitely many 
nontrivial pairwise nonproportional solutions in Q(./—2). 


18. Let m be asquare-free integer, m # 0, 1. Show that if X°+Y%4 73 = 
0 has a nontrivial solution in Q(,/m) then it has infinitely many nontrivial 
solutions in Q(,/m) (which are pairwise nonproportional). 


19. Show that 37 is an irregular prime. 


Hint: Compute by recursion No, modulo 37 and apply Theorem 1. 
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More on Cyclotomic Extensions 


In this chapter we shall describe the work of Gauss and Lagrange on the 
resolution by radicals of cyclotomic polynomials. Then we will describe 
some of the work of Jacobi and Kummer on the ideal theory of rings of 
cyclotomic integers. 

These theories are classical and we shall give a presentation close to the 
original, even when there are more modern and sophisticated treatments 
available. 


20.1 Resolution by Radicals of the 
Cyclotomic Equation 


Our aim is to give Gauss’ method to express the roots of unity by radicals. 
Let n > 2 and let ®,(X) be the nth cyclotomic polynomial. 
We recall the formulas 


and 
Pm (X ) 
Oi (XT ") 


where e > 1, q is a prime, and q does not divide m. Thus the determina- 
tion of the roots of an arbitrary cyclotomic polynomial is reduced to the 
determination of the roots of ®,(X) for every prime gq. 

From an expression of the gth roots of unity by radicals (for every prime 
q), one obtains the expression of nth roots of unity by radicals. 

Henceforth, let gq be an odd prime. 

It is illuminating to present the ideas of the method before we develop 
the details. 

(i) The method of resolution of ®,(X) is by induction on gq; Gauss 
assumed known how to solve by radicals the equations ®,(X) = 0 for 
every prime p < gq. 


Dgim(X) = 


429 
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(ii) Let p be a primitive gth root of 1, L = Q(p). Gauss constructed 
a sequence of fields 


L = Q(p) D Lr D Lrg D+? D1, DLn = Q 


such that p is expressible by radicals in terms of the elements of L,_, and 
a pth root of 1 (where p divides q — 1); similarly, each element of L,_, is 
expressible by radicals in terms of the elements of L,_2 and a (p’)th root 
of 1 (where p’ divides q — 1), and so on. 

By superposition of these formulas, and taking into account the induction 
hypothesis, then p is expressible by means of radicals of rational numbers. 

(iii) The fields Ly, Lo,... are successively obtained as follows. Since 
[L : Q| = q—1, let p; be a prime dividing g-— 1, g—1 = fip,. Ly is an 
appropriate subfield of L of degree |Z, : Q| = p;; moreover, L, has to be 
defined so that it has a generator, which is expressible by radicals in terms 
of elements of Q and of ¢,, (a primitive (p,)th root of 1); thus every element 
of L, is expressible by radicals by virtue of the induction assumption. 

Next, let po be a prime dividing f), f; = fope. Le is an appropriate field 
such that L; C Le C L, [Le : Li] = pe; moreover, Lo has to be defined so 
that it has a generator, which is expressible by radicals in terms of elements 
of L, and of ¢,, (a primitive (p2)th root of 1); thus every element of Lz is 
expressible by radicals in terms of elements of Q, in view of the inductive 
assumption. This construction is repeated until L, = L for some r > 1. 
Eventually, p and its conjugates are expressible by superposed radicals of 
rational numbers. 

(iv) The typical step in the construction is of the following type: 


P= E(§) E(¢) 


Let ¢ = Gp be a primitive pth root of 1, where p is a prime (dividing 
q — 1) and F|E is a cyclic extension of degree p, @ a primitive element of 
the extension F'|E, and 7 a generator of the Galois group of F|E. 

Gauss expressed ( and its conjugates as linear combinations, with coeffi- 
cients powers of ¢, of the Lagrange resolvents (¢/, 3), (7 = 0,1,...,p—1), 
which are elements (to be defined below) of the field F(¢). The Lagrange 
resolvents have the important property that (¢/,G)P € E(¢), so @ and 


its conjugates are expressible in terms of elements of E'(¢), using rational 
operations and pth roots. 
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(v) The choice of the appropriate extension E(3)|E such that 
(CJ, B)P € E(C) is possible by taking @ to be one of the Gaussian periods 
with p terms, to be defined below. 

Thus we need to introduce the Lagrange resolvents and the Gaussian 
periods. 

The Lagrange resolvents (Lagrange, 1767) may be defined in the 
following general situation. 

Let E be a number field, let F'|E be a cyclic extension of degree n, and 
let + be a generator of the Galois group G of this extension. 

Let E|E be a given field extension. Ifa € E, a # 0, and @ € F, the 
Lagrange resolvent (defined by a, G@, T) is the element 


(a, 8); = B+ ar(B) +.a°77(B)+---+a™ *7r™-1(8). (20.1) 


If there is no ambiguity, we simply write (a, §). _ 

The Lagrange resolvent is an element of the field FE, compositum of F’ 
and E. _ 

FE|E is a cyclic extension of degree dividing [F : E] = n; the Galois 
group of FE|E is isomorphic to the Galois group of F|\(F'N E). r admits 
a natural extension 7 to an E-automorphism of FE, thus 7 ((a, B)r) = 
(a,7(@)),, and 7 is a generator of Gal(F E|E). 

We have: 


A. With above hypotheses and notations: 
(1) a- Ta, B) = (a, 8) + (a® — 18. 


(2) Ifa" = 1 then aT((a, B)) = (a, B) and (a, B)" € E 
(3) Ifn = p is a prime, C = Gp is a primitive pth root of 1, and 


F = E() then @ and its conjugates are linear combinations, 
with coefficients in E(C) of the Lagrange resolvents (C/, 8) (7 = 
0O,1,...,p—1): 


74) = = [(1, 8) + GB) + CPCB) Ho + C-O“MCCPL, BD) 


aF((a, 8)) = ar(B) + a*7*(8) +++» +a" '7"~"(B) + a B 


(2) Ifa” = 1 then ar((a, B)) = (a, 8). 
Raising to the nth power (T((a, 3)))” = (a, 8)” so (a, 3)” is invariant 
by T. Therefore (a, 3)" © E. 
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(3) Now letn =p, F = E(), then using a = C): 


B+ 7(@) te-+  7P-1(B) = (1,8), 
B+ Cr(B) +--+ CP TPB) = (C8), 
B+ Cr(B) +--+ C2P-VzP-1(3) = (C2, B), 


B+ CP MT(B) +o2-+ CPD TPB) = (CPT, 8). 


Multiplying the ith equation with ¢~” (for i = 0,1,...,p— 1) and adding 
up these equations we obtain 


74(B) = =[(1, 8) +6-4(C, 8) +6-77(C2, B) +09 CP I(C1, 8). 


In view of this proposition, @ and its conjugates are expressible in terms 
of elements of E(¢) and their pth roots. 

Later, we shall study the resolvents in more detail. 

Now, we turn to the Gaussian periods. 

Let & be a number field and let FE be a cyclic extension of degree 
n, F = E((). Let 7 be a generator of the Galois group of F|FE. If f,r > 1 
are any integers such that fr = n, we define the r periods of f terms 
(relative to 7 and £): 


Ho= 8 + TB) + 7°(B) +---4+79-Y(B), 


bray = 7" 1(B) 4777-18) + 797718) +--+ 7771 (8). 


We note that no Lj = Trrjp(8). 

For convenience, if 7 is any integer, if 7 = jo (mod r) with O < jo < 
r — 1, we define pj; = Lj). 

The periods are conjugate to each other, since T’(;) = wi4; for every 
1 = 0,1,...,n — 1 and every index 7. Thus F(uo) = F(p1) = --: = 
F(ur-1) = F(uo,...,Ur—1)- In particular, r’(u;) = pw, for every index 
7 =0,1,...,r—1. 

Let F’ be the subfield of FE of all elements which are invariant by 7”. So 
F(uo,---,Ur—-1) © F’. The Galois group of F|F’ is generated by 7” and 
[F: F’) =f, (F’:Q=r. 

We shall see later more properties of the Gaussian periods. 

Putting together all the steps developed so far, we have the method of 
Gauss to solve the cyclotomic equation @,(X) = 0 by radicals. 

Let p be a primitive gth root of 1, L = Q(p), so L|Q is a cyclic extension 
of degree q—1. Let h be a primitive root modulo g and let rT be the generator 
of the Galois group of L|Q defined by t(p) = p”. 

Let p; be a prime dividing gq —1: q—1= fipi. Let ¢,, be a primitive 
(p1)th root of 1 and let jio,...,Up,-1 be the p; periods with f; terms 
(relative to T, p). Let Ly be the subfield of all elements fixed by 7, = 7?', 
so Ly D Q(Mo,.--, Up,-1) 2 @ since [L, : Q] = p; is a prime number and 
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Ho ¢ Q then Ly = Q(uo,.--,Mp:-1) = Q(uo) = --- = Q(up,-1). Using 
the Lagrange resolvents (¢;, 4;)~ (7 denotes the restriction of r to Lj), 
then each jy; is expressible in terms of ¢,,, elements of Q, and their (p;)th 
roots. 

In the second step, we consider the extension LjZ,, with LD = 
[i(p), |[L: Ly] = fi. Let po be a prime dividing fi: f,; = fopeo. Let 
Cp, be a primitive (p2)th root of 1 and let o,..., 4,1 be the p2 periods 
with fo terms (relative to 71, /). 

We need to observe now that yo ¢ Li. Indeed, otherwise, uf = 71(M9), 
that is 


9 2 2—1)p2 
p+ 7P?(p) + 77?2(p) +--+ +7477 )??(p) 


+1 —1)p2+1 
—11(p) ~ TP?**(p) — 2 = PPT) = 0, 
that is 
0 4 pr”? 4 phen” dee pha Drie 
hP1 APi(p2+)) Apil(f2—-lVp2t+h) 
—_— Pp —_— Pp a p = O 


All the exponents are congruent modulo q to numbers between 1 and q — 1, 
moreover, all the exponents are pairwise incongruent modulo gq. 


Thus, we have a nontrivial linear combination of p, p”, ..., p%~! which is 
equal to 0—but this is impossible (noting that p?~! = —(l1+p+.---+p%?) 
this would lead to a nontrivial combination of 1, p, ..., p?~*). So we have 
indeed Li (uo) = Li(uy) = --- = Li(uy,—1) = Li(uos- ++, @p-1) # L1. 

Let L2 be the subfield of all elements fixed by ro = TP? = TPIP2. so Ly D 
Li (Mo,-+++Hp,—1) and since [L2 : L1] = p2 is a prime number then L2 = 
11(19,--->Hp,—-1). Using the Lagrange resolvents ( po H5)z, (T1 denotes 


the restriction of 7; to Lz) then each yu; is expressible in terms of C,,, 
elements of L,, and their (p2)th roots. 

This process may now be continued, until some field L, = L = Q(p). 

For small values of q, say gq < 17, the calculations are quite manageable 
in size. 

Concerning segments constructible by ruler and compass we note that 
they are obtainable as intersections of straight lines and/or circles. So they 
are measured by numbers, which are solutions of systems of equations of 
degree at most equal to 2. As Gauss noted, the side of a regular polygon 
with g sides may be constructed by ruler and compass, exactly when 2 is 
the only prime factor of g —1, that is, g is a prime of the form 2” +1. In this 
event, it follows easily that m itself must be a power of 2, so g = 2?) +1. 

The numbers F,, = 27) + 1 (for n > 0) are called Fermat numbers. 

So, for example, the sides of the regular polygons with q = 3,5, 17, 257 
sides may be constructed with ruler and compass. 
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Gauss gave the expression by radicals of the primitive seventeenth root 
of 1, by 1832, Richelot computed explicitly the root of 1 of order 257 by 
means of radicals. 


20.2 The Gaussian Periods 


We shall now indicate some properties of the Gaussian periods in a special 
situation. 

Let q be an odd prime, p a primitive gth root of 1, h a primitive root 
modulo q, L = Q(p), B = Zp], and let 7 be the generator of the Galois 
group of L|Q defined by r(p) = p”. 

Every element a € L may be indifferently written in a unique way as 
a = 379% asp’ or as a = ear al p™ with a;,a; € Q; moreover, a € B if 
and only if each a;, a) € Z. 


. . . (q—1)/2 
Comparing these two representations, and noting that p”” = 


pi-) = —(14+ p+---+ 7-7), it follows that ap = —Qg-1)/2 and a; = 
@; — Q,_4)/g, Where i = hJ (mod q) fori =1,...,q — 2. 
In the present situation, if¢g—1 = fr, ther periods with f terms (relative 


to p and T, or h) are 


r r (f—1)r 
po = pt ph + ph pe. tp, 
oh Arti A2rti - Alf-Drt+l 
r—l1 2r-1 3r-—1 q-2 
Hr-1 =p” +" " +p" 
We have 
r—-1 
i = 1 
j=0 


As before, for every j, we write u; = pw, if O < jo < r—1l andj = jo 
(mod r). 

The periods yz; are conjugate to each other: r'(uw;) = wiz; for i = 
0,1,...,q—2, and any j. In particular, r"(y;) = p; forj = 0,1,...,r—1. 

Let L’ denote the subfield of LZ which is fixed by 7", so [L: L’) = 
f, |L': Q| = 1, the Galois group of L|L’ is generated by 7”, and the 
Galois group of D’|Q is generated by the restriction rT’ of r to L’. Let B’ 
denote the ring of integers of L’. 


B. (1) {to H1,---,Hr—1} ts a basis of the Z-module B’. 


(2) L! = Q(jtor---sttr-1), B! = Zlpo,-- bra]. 
(3) {1,p, p?,..., pf—*} is a basis of the B'-module B. 
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(4) The polynomial of periods 
r—1 
i=0 


has coefficients in Z and is irreducible. 


Proof: (1) The elements pio, 441, .-.., Mr—1 are linearly independent 
over Z: if S9 ajp; = 0 (with a; € Z) replacing each p; by its expression 
from (20.3), we have a linear combination of p, p?, ..., p%~! which is 
equal to 0, and with coefficients ag, a),...,@r—1 € Z. So each a; = O. 

On the other hand, if a € B’ C B, we may write a = ar a;p” with 
a; € Z. Since T"(a) = @ then 


q-2 q-2 

hitr h' 
y aip = s aip 
i=0 i=0 


and from the uniqueness of the expression, we deduce that 


ag = Gr = +++ = AF-1)rs 
QA, = Ar41 = * = A f-1)r41) 
Qr—-1 = G@2r-1 = *°* = Qq-2- 
Hence 
r—l 
a= > am; 
j=90 


(2) Clearly L'’ D Q(po,...,U-—-1) and B’ D Zluo,..., uri]. The 
converse follows from (1). 


(3) Let 
f-1 


G(X) = [| (Xx - p*”). 
i=0 
be the polynomial whose roots are the summands of the period fp. Then 
each coefficient of G(X) is invariant by 7”, hence it belongs to BNL’ = B’. 
Thus 


G(X) = xf +aXfol4.--+ayz 


and since p is a root of G(X), then pf = —(a,p/~!+---+ay). So p! 
is a linear combination of 1, p, ..., p/~! with coefficients in B’. Mul- 
tiplying the above relation successively by p, p?, ..., we deduce that 
pit! pf+2. |... 7%! are also linear combinations of 1, p, p?, ..., p/—} 
with coefficients in B’. Thus every element of B = ZJ|p| is a linear 
combination of 1, p, p?, ..., p/—! with coefficients in B’. 
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So {1, p, p?,..., p!—+} is a system of generators of the L’-vector space L. 
Since [L : L’] = f then {1, p, p?, ..., p4—1} are linearly independent over 
L’, hence over B’. 

(4) The coefficients of F,,,,(X) belong to Q, since they are invariant by 
T; hence they are in B’N Q=Z. 

Since F,,,(40) = 0, the minimal polynomial of po divides F,,,(X); its 
roots are all the conjugates of jo, so it must coincide with F),,,(X), which 
is therefore irreducible. a 


It is not true in general that 


Z\uo,-».,br—1] = Zluo] = +++ = Z[py—1]. 
For example, let gq = 13, f = 3, r = 4, and h = 2. Then the periods are 
Mo =ptpr+p%, 
Hi =p’ +p? +p’, 
wo=p tp +p %, 
3 =p ?t+p*t+p°. 


We shall show that the unique expressions of 41, [2, 3, aS polynomials in 
Lio With rational coefficients, require some nonintegral coefficients. Indeed 


Me = 11 + 2po, 
Holi = Ho + 1 + Bs, 
HoH2 = 3+ wi + ps, 


and 


Hs = Moly + 2uou2 = 6 + po + 341 + 33 
= 6 + Ho + 3(—-1 — po — pHa), 


hence 
2 = 3 (—Ho — 2uo + 3). 
And from this we obtain 


Ha = Wo — 2u2 = 3 (2u6 + 3u§ + 4u0 — 6), 
3 = —1 — wo — p — Wo = 4(—ps - 32 — Spo). 


It follows from (B) that given i, 7, O < i,j <r-—1, there exist integers 
Nik € Z (O< k <r —1), which are unique, such that 


r—1 
Mipty = S° NigkLk- 
k=0 
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More precisely: 


C. We have the relations 
r—1 
So uilite = Meg — f for O<k<r-l, 
i=0 


where 


1, when f is even and k = 0, 
ne = < 1, when f is odd andk = 0 orr/2, 
0, otherurse. 


Proof: First we evaluate the product 


f-1 —1 
Holk = S- ph S> nm 
£=0 3=0 


Writing 7 = i+ (mod q — 1), then the above product is equal to 
f-1f-1 


Mole = > > ph thet) 


é=0 i=0 
Let 


f-1 
her 1 Akter 
p= do ph OF. 
£=0 


If 1 + A*+*r 4 0 (mod gq) there exists a unique t, 0 < t < q — 2, such 
that 1 + h***" = h* (mod q); hence py; is equal to the period pz. 

If 1 + AK**? = 0 (mod q) then pi = f. 

Therefore, we may write 


Hole = Nef + Mk,oo + Mg HA +++ + Meri br 1 (20.5) 


with integers nz > 0, Meo = 0,..-, Me r-1 = O. 

Now, we determine nz. 

(I) Iffisevenandk = 0, let f = 2f’, then 1+hf" =0 (mod q) since 
fr =q-—1.So Mp9 = f. On the other hand, if 0 < i < f and yw; = f 
then we have 1 + h’” = 0 (mod q), hence 2ir = 0 (mod gq — 1), that is, 
2ir = mrf; but mf = 27 < 2f,som =Oor1. Ifm = 0 thenz = 0, an 
absurdity, because g is odd. Thus m = 1, 1 = f/2. Therefore, in this case, 
b= 1. 

(II) If f is odd (hence r is even) and k = r/2, let i = (f — 1)/2. 
Then 1 + h?/?+U—-Nr/? = 0 (mod q), $0 Mi ¢_1)/2 = f. On the other hand, 
if0 <i < f and pi = f, we have 1 + hr/2+ir = 0 (mod q), hence 
r+2ir = mrf; thus mf = 14 27 < 14 2f; it follows that m is odd, so 
m =1 andi = (f —1)/2. 
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(III) We consider the remaining cases. If 1+ h**+*” = 0 (mod q) then 
2k + 2ir = mrf and 0 < r(mf — 27) = 2k < 2r, thus mf — 2i = 0 or 1, 
and k = 0. If m = O theni = 0, k = 0, an absurdity, since g is odd. Thus 
m = 1 and f is even, which is a case already studied. 

Ifmf = 21+1 < 2f +1 then m is odd, m < 2, so m = 1, f is odd, 
1 = (f — 1)/2, and also k = r/2, which was the case (II) above. 

Therefore, in case (IIT), nz, = 0. 

Since popiz, is the sum of f? terms of the form p* and since each period 
contains f such terms, all appearing with different exponents 1, 0 <i < 
q — 1, it follows that 


Nk + Mko + MEI +++ + Me g-1 = f. 
Applying the automorphisms Tt’, we obtain from (20.3): 


Mibtk+e = Uef + Me os + Me Mig1 +++ + M1 br—14i- 
Hence, from ar ft; = —1 we conclude that 


r—1 


So Mikti+k = ne(q— 1) — (meno + Me + e+- + ME r-1) = req-—f. oF 
i=0 


20.3 Lagrange Resolvents and the Jacobi 
Cyclotomic Function 


We shall use the following notations: g, p are prime numbers such that 
gq —1 = 2kp. 


¢ = primitive pth root of 1, 
= primitive root modulo p, 


h = primitive root modulo gq, 


K=Q(0, A=), 

o = generator of the Galois group of K|Q, defined by o(¢) = C9, 
p = primitive gth root of 1, 

L=Q(p), B= Z|p), 

T = generator of Galois group of L|Q, defined by T(p) = po”, 
Lo,+++,[p—1: the p periods with 2k terms (relative to p,7), 

L' = Q(H0, os - Up—1) — Q(Ho) — Q(up-1); 
B! = Zuo... tp), 

Tr’ = restriction of 7 to L’. 
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We note that LM K = Q. Indeed, the prime g is totally ramified in LZ and 
unramified in K, hence it is both totally ramified and unramified in LN K, 
solLnk =Q. 

Thus Q(p, ¢) is a Galois extension of kK with the Galois group isomorphic 
to the one of L|Q and generated by the automorphism 7, defined by 

7(p) = p”, 
(6) = 6. 

Similarly, Q(p, ¢) is a Galois extension of DL with the Galois group isomor- 


phic to the one of K|Q and generated by the automorphism a, defined 
by 


{3(0) = 8 


It is convenient to work with indices, as we now define. 


Q(p, ¢) 
Q(p) = L 
LG) 
1 
Qc) = K 
Q 


If t is any integer, not a multiple of g, then there exists a unique integer 
s, 0<s < q-— 2, such that t = h* (mod q). s is called the index of t 
(with respect to h, q), and we write s = ind,(t), or simply s = ind(t) if 
there is no ambiguity concerning the choice of the primitive root h. 

For example, ind(1) = 0, ind(—1) = (q — 1)/2. If t = t’ (mod q) then 
ind(t) = ind(t’) and if t, t’ are not multiples of g then ind(tt’) = ind(t) + 
ind(t’) (mod q — 1). It is also clear that every integer s, 0 < s < q — 2, is 
an index, namely s = ind(h°). 

With this notation, if pjn and q{m then the Lagrange resolvents may be 
written 


q—2 q—1 
(Cr p™)r = Decree” = YT cminds pnt, (20.6) 
u=0 t=1 


The complex-conjugate of (¢”, p™), is 


(C",p™), =(C ",p ™)s- 
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A first result to record is the following: 


D. With the above notations, for everyn = 1,2,...,p—1: 
(1) (C%, p)e = (C", Ho) #0 and it belongs to L'(C). 


(2) (C", p)? € Q(C). 


Proof: (1) 
(C",p)r = p + (pr 4 (2n ph° fore (9-2) ph 
= p o+ ak foes f C(PHU)r ph? 
+ ph gem pAPTE Lg E(B Vm ph? 
a ¢" ner ders _— ((p—1)n phi” 
= Mo + Cn ea free f CPU 
= (C",Mo)r € L'(¢) 
Moreover, (¢”, 110)7 # O. Indeed, the periods wo, fi, ---, fp—1, which 


are a basis of L’|Q, are still a basis of L’(¢)|Q(¢), since this extension has 
still degree p. 

(2) Since [Z’ : Q| = pand ¢ is a pth root of 1, it follows from (A) that 
(C", Ho)r © Q(C), so by (1), (C", p)? € Q(C). = 

We shall indicate more properties of the Lagrange resolvents. In particu- 
lar, we shall express the pth power of (¢”, p), in terms of Jacobi cyclotomic 
functions, which, in principle, should be easier to calculate, since they only 
involve ¢ (and not p). 


E. If ptn, qtm, then 


(o™, p™) = (CP, pgm ince), 
Proof: 
q-1 
(c”, p™) _ cr ind(t) gmt 
1 
But ind(tm) = ind(t) + ind(m) (mod q — 1), hence 


~ 
| 


q-1 
(cP, p”™) _ cm ind(m) S- c” ind(tm) tm 


t=1 


q-1 
_ c—7 ind(m) S- cn ind(s) 5s _ cn ind(m) (c”, 0). | 


s=1 


F. If pin, afm, then (¢",p™)? anda((c”, p™))/(C", p™)9 belong to 
Q(¢). 
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Proof: By (E) and (D) we have 

(6, pmyP = (6, p)Pg-Prindi=r) — (6, p)P © QC). 
Similarly 

FE((C", p™))) _ (C"9, pm) _ (C"9, p\C-”9 ind(mh) 

=G((C", p))g-nainaen), 

and 

F(". p™)9) = (6%, p™)9 = (C%, pyagrnainatnh, 
Hence the quotient 


Ho", p™))/(6", p™)9 


is invariant under 7 and therefore belongs to Q(¢). a 
G. If ptn, then (C”, p)(C-”, p) = 4g. 
Proot: 


q-1 


q-1 
(cr, p) (C-?, p) _ S> cn ind(t) ot S- ¢~nrind(s) ps 
s=1 


t=1 


q-—lq-1 


_ 3 S- cnfind(t)—ind(s)] jt+s. 


t=1 s=1 


For each s let r be defined by the congruence t = rs (mod gq). Since 
p\q — 1 then ¢%~! = 1, so the above sum is equal to 


q-lq-1 


S- S- cn ind(r) A(r+1)s_ 


s=1 r=1 


But gq — 1 = 2kp so 


q-l qa1 P 
So crind(r) _ S- cm — 9k S- cm _ 0, 
r=1 m=1 m=1 
hence we may add 72—) C7 ind(") = 0 and write 
q—l1q-1 
(6", p)(-™, p) = S> Scr ind) prt s 
s=0 r=1 


=1 


g-1 q-1 

= S- cn ind(r) S- pir tis. 
r s=0 

But 


q—1, 


q-l 

St pts _J4@, when r 
‘ 0, whenl <r<q-— 2, 

s= 


IA Il 
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hence 


(C”, p)(C~™, p) _ gor ind(a~1) _ gor ind(— 1) _ gor(a-)/2 _ gorkP = q. a 


H. = If ptn then (¢", p)(¢~", p-') = q, hence |(¢", p)| = VG. 
Proof: By (E) we have 


(6, pC, p) = (6, PC“, pt) = (CP, ph(G-™, pC Pins) 
_ gcon(a-V/2 _— gor’ = q. a 


I. If p{nm(n +m), then 


n m q-2 
. ) pS . e _ S- “ ind(r)—(n+m) ind(r+1)_ 
Germ p 


r=1 
Proof: 


q—1 q-1 


(c”, p) =|\— “ ind(t) cm ind(s) 58 
t=1 s=1 


—~lq-l 


“ ind(t)+m ind(s 8) bts 


. 


s=1 t=1 


For every s, t let r be defined by the congruence t = rs (mod q). The 
above sum is equal to 

q-—1q- 
s=1 


1 
cn ind(r)+(n+m) ind(s) ,(r+1)s 
=lr=l1 


q-1 q-l 
_ nind(r) (n+m) ind(s) ,(r+1)s 
2 las 
q-2 q—1 
_ S- ‘“ ind(r) ¢ (n+m) ind(s pitts 
= s=1 
q-1 


4 cn ind(q—1) S- c(ntm) ind(s) 


Since p does not divide n + m, then ¢"t™ is still a primitive pth root of 1, 
hence, since p divides q — 1 then ar ¢(n+m) ind(s) — ( and we conclude 
that 


q—2 q—1 


(c”, p) (cm, p) _ S- cn ind(r) S- c(ntm) ind(s) A(r+1)s 


r=l s=l 
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Since q does not divide r + 1, letting u = (r+1)s (mod gq), then the above 
sum is equal to 


q-2 q—-1 
S- cn ind(r) ‘> c(n+m)lind(u)—ind(r+1)] yu 


r=1 u=1 
q-1 q-2 
— S- c(n+m) ind(u) pu S- cn ind(r)—(n+m) ind(r+1) 
u=1 r=1 
q-2 
= (¢7t™ 9) S- cn ind(r)—(n-+m) ind(r+1) | - 
r=1 


If pf(nm(n+™m), we define the Jacobi cyclotomic function (where g = 1 
(mod p)): 


q—2 


Drm() = J. crindir—mtm) indlr+1) € QC), (20.7) 
fai 
Thus by (I) we have 
Ynym(¢) = Set | (20.8) 
We define also, for ptné(é + 1): 
WelG") = Unen(C) = > cr ind) —m(EFT) ind rt 3) (20.9) 
a 
In particular, if 2 = 1,2,...,p —2: 
welG) = eee = 5 cine) (ee nar) (20.10) 
= 
In view of (G), this is equal to 
vel) = (GPC PE 9. (20.11) 


One of the advantages of introducing the functions W,.m(C) is the compara- 
tive ease of their computation; it is only necessary to have a table of indices 
relative to the primitive root h modulo q. To simplify the computations in 
Gauss’ method of solution of the cyclotomic equation ®,(X) = 0, Jacobi 
has also shown: 
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y- (C, p)? = qu (C)b2(C)-- bp-a(0). 
Proof: 
7 Pe (G, piiCS, p) 
Ul wWe(C) — At (cé+1 p) 
_ p-2 (¢, p) 
Peet) 
But by (G): 
1 1 _ Ge) 
(CP! p) (C71, p) q 


p—2 
a] [ ve(¢) = (. 1)”. = 
l=1 


It follows that: 
K. If ptnm(n+m), then 
Unm(S)Pnm(G-') = 4. 
If€=1,2,...,p — 2, then 
we(G)we(G~*) = 4. 
Proof: By (20.8) and (G): ° 


bn m(C)Wn (C74) = (o PG™ P) 


(cr t™, p) 
(Co™, pO ™,P) ad 
(mrp) gq 
The particular case We(C)we(C~!) = q follows at once, taking n = 1, m = @. 
a 
By (20.8) and (20.7) we note also that 
q-2 

Unm(6) = Vmin(6) = SCA) inde) (20.12) 


r=1 
Also ifm =m‘ (mod p) or n= n' (mod p) then 
Un,m(C) = n,m’ (C), Wn,m(G) — Wn’! m(C). 
It follows: 


L. (1) Ifnm=1 (mod p) then pn(C™) = Um(C). 
(2) If p{nm(n +m) then v_(ntm).m(S) = Ynm(4)- 
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(3) If ptn(n + 1) then on(S) = Y-(n41)(¢)- 
(4) If ptnmé(n + m)(n + m + £) then 


(C7, p)(C™, p)(C®, p) 
((ntmt+l p\ 


and the above product is invariant under any permutation of the 
numbers n, m, &. In particular 


Wn,m(C)Yn+m,e(C) — Wm,e(C)Vm+en(C). 
(5) If pt{2n(2n + 1)(2n + 2) then 
ben(C)Won4i(C) = V1(C)vn(C7). 


Vn,m(C)Yn+m,e(C) — 


Proof: (1) Un(C™) = Ymnm(C) = Ym1(9) = Vism(S) = Ym(9), 
by the properties already established. 


(2) 


P-(nt+m),m(¢) _ (C~F™) | o)(C™, p) x (¢r"*™, p) _ q —] 
Vn,m(6) (C~", p) (C", p)(C™,p) = q 
by (G). 
(3) Vn(C) = W1n(¢) — Wn,1(C) — P_(n41),1(4) 
= W1,~(n41) (4) — P_(n41)(¢), 

using (2). 

(4) This follows at once from (20.8). 

(5) By (4), we have, when p{2né€(2né + £)(2né 4+ 22): 


Wonee(G)Waneree(C) = We.e(¢) W2¢0,2ne(C)- 


The left-hand side is equal to 


be,one(C)Weangrye(S) = Von(6)Won41(6%), 


while the right-hand side is equal to ~,(C°)Wn(C"). Taking 2 = 1, we have 
Pon (C)W2n41 (6) = ¥i(S)vn (C7). a 


Jacobi also considered the following integers Jem, where 0 < £m < 
q—l,and@+mq-1: 


Jem = > pm ind), (t)+[2(q—1)—€—m] ind), (t+1) (20.13) 
t=1 
Clearly, we have 
q—-2 


Jem = Sim (t 4+ 1)29-)—+m) (mod q). (20.14) 


t=1 


446 20. More on Cyclotomic Extensions 


M. With the above notations 


J¢.m = 9 (mod q) when £+m<q-1, 
2(q—1) — (2 
Jum = ~( (g— 1 ( =) #0 (mod q) when€+m>q-1. 
q—l—m 
Proof: Let 


_fq-l—(€4+m) when £+m<q-l, 
ns 2¢q—1)—-(€+m) whené+m>q-1l, 


so0Q<n<q-—landn= —(€+™m) (mod q — 1). 
From (t + 1)97' = 1 (mod q), where 1 < t < q — 2, we deduce 


Jam = (t{+1 p= Semeen )” (mod q). 
So 
q-1 n n n n q—1 
Jem = Soi S- ("es = (") Scams (mod q). 
s=0 


If gq — 1 divides m + s then an t™+s = —] (mod q). 
If g — 1 does not divide m + s then 


q-l q—i 
S- pmt+s — S- pimts) ind», (t) 
t=1 t=1 


(hmts)q-] —] 


= So pits sabe ay = 0 (mod q). 
Now we assume that + m<q-l. 
If s = 0,1,...,7 we have 


O<m<mt+s<min=q-1l—-fl<gq-l 
hence 
J¢m = 90 (mod q). 


If€+m>q—1thenm <q-1< 2(q—1)—-€=m+n < 2(q—1), so 
there exists exactly one value of s, namely s = gq — 1 — mm, such that m+ s 
is divisible by g — 1. Thus 


(tn) 


_  nn— a m + 2) # 0 (mod q), 


since n < q. | 


Jem 


il 
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20.4 On the Decomposition into Prime Ideals 
of the Cyclotomic Field 


In this section we follow Kummer and examine in more detail the decompo- 
sition into prime ideals of the cyclotomic field. In the main result, we shall 
show how to obtain principal ideals by multiplying certain sets of prime 
ideals. 

We keep the preceding notations. 

If q is a prime different from p, let f denote the order of g modulo p. Let 
gf —1 = 2kp and let p—1 = fr. 

We recall that Ag = Qo Q1---Q,—1, where the prime ideals Q; are 
pairwise distinct and Q; = Aq + AF;(C), where 


6,(X) = |] A(X) (mod q) 
1=0 


with F; € Z[X] pairwise distinct irreducible polynomials, each of degree f. 
In particular, ifg = 1 (mod p), that is, f = 1, we have F;(X) = X —h?*? 
fori = O,...,p — 2, where fh is a primitive root modulo q. Thus Q; = 

Aq + A(¢ — h?**) fori = 0,...,p— 2. 
Indeed, (h?**)? = (h*)?-! = 1 (mod gq) and fori # j, 0 < i,j < 
p — 2, necessarily h?** # h?*J (mod q); otherwise, h?*¥- = 1 (mod q), 
so gq —1 = 2kp divides 2k(j — 7), hence p divides j — 1, which is absurd. So 

p—2 

©,(X) = ][ (x — h*) 
i=0 


in F,[X] and therefore Q; = Aq + A(¢ — h?**), as stated. 
Thus we also have 


p—2 
Aq = | [ o'(Q), (20.15) 
i=0 
where Q = Qo and o(¢) = C9, g a primitive root modulo p. 


Since p — 1 = fr, we may consider the r periods of f terms of the 
cyclotomic field K = Q(C), associated to the primitive root g modulo p: 


m = C+ C8 FCP Fee GCE, 
m= C8 + CO HCH pe GH 
M1 = 68 + P+ CH pee te CH 
Hence o7(m;) = 7; for 2 = 0,1,...,r — 1. By (B) 
r-1 
F,,(X) = [[(X - m) € Z[X]. (20.16) 
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We now study the congruence 


F(X) = 0 (mod q). 


N. Let Q be any prime ideal of A dividing Aq. With the above notations: 
(1) ns =n, (mod Q) forj =0,1,...,r—1. 
(2) The congruence F,,,(X) = 0 (mod q) has at least one root u € 
Z,0<u<q-l. 


Proof: (1) Since Q divides Aq then for every 7 = 0,1,...,r — 1, we 
have | 
j+(f-1)r 


\4 


n= (C7 +69 +---+09 
gt (f-I)r 


= 99 4 C99" 4. 499 (mod Q). 


We have q = g’ (mod p) for some t, 0 < t < p—2. From qf = 


1 (mod p) it follows that g‘’ = 1 (mod p) so p— 1 = rf divides tf, 
that is, t = ir withO <i < f —1. 


Hence 
nf = cat" gery n Lg cg tte =n; (mod Q). 
(2) We have 
X(X —1)---(X —q+1) = X%~—X (mod q). (20.17) 


For any integer m, replacing X by m — nj; we obtain 
(m — nj )(m — nj — 1)---(m— ny —@ +1) = (m — 0; )% — (m — nj) 
=m? —n,7 —-m+n; (mod Q). 
By (1), for 7 = 0,1,...,r —1: 
(m — n;)(m — nj — 1)---(m— nj —-q+1) =0 (mod Q). 
Multiplying all these congruences, we obtain 
Fy (M) Fring (mM _ 1) TS Fy (m — qt 1) = 0 (mod Q) 


and since the left-hand side is in Z then 


Fry (™) Fn, (m i 1) i Fry) (m —qt 1) = 0 (mod q). 
So, for some integer m’, 0 < m’ < q, F,,(m— m’) = 0 (mod q). If 
m—m' =u (mod gq), 0<u<q-1, then F,,(u) = 0 (mod gq). a 


O. Let Q be any prime ideal of A dividing Aq. For every period n;, 0 < 
j <r-—1, there exists a unique integer u; € Z, 0 <u; <q—1, such that 
Nj) =u; (mod Q). In particular 

r—1 


F,,(X) = [[(X« —u,) (mod 4g). 


j=0 
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Proof: Let {ao, a1, ..., Q@n—1} be the set of all integers such that 0 < 
a; <q-—1, and F,,(a:) = 0 (mod q). By (N) this set is not empty, that 
is, n => 1. 

Let {bo,b1,...,0g-1-n} = {0,1,...,q — 1}\ {@o0,a1,..-,@n-1} so 
F(b6;) #0 (mod q) fori = 0,1,...,q—1l—n. 

By (N), 7; =n; (mod Q) for j = 0,1,...,n—1. It follows from (20.17) 
that 


ni(nj — 1)--- (nj —-¢ +1) =n} —n; =0 (mod Q). 
This is rewritten as 


(nj — ao)(nj3 — a1) +++ (Ny — Gn—1) (nj — bo)(ny — bi) +> 


But 7; — 6; 4 0 (mod Q), hence 


(nj — @0)(nj — a1) --- (nj — @n-1) = 0 (mod Q). (20.18) 


For every j let J; = {2 |0<i<n-1, n; = a; (mod Q)}. By (20.18) 
there exists 7 such that 7; — a; = 0 (mod Q). Thus J; 4 SO. 

I; has at most one element. Indeed, if 7; = a; (mod Q) and n; = a; 
(mod Q) then a; = a; (mod Q) so a; = a; (mod q), therefore a; = aj, 
and i = 1’. 

Let 1; be the unique element of J; and, for simplicity, we write u; = a;,. 
Then 


r—-1 r—1 
Fy, (X) = ]](X — 15) = [](X — u)) (mod Q) 
7=0 7=0 
Finally, since the coefficients of F,,,(X) are in Z, then the above is a 
congruence modulo gq. | | 
We cannot expect that the integers ug, ui, ..., Ur—1 are pairwise in- 


congruent modulo g—just consider the situation where gq < r (which is 
possible when f > 1). 

Now let kK’ be the subfield of K fixed by a”, let A’ denote the ring of 
integers of K’. By (B), we have 


K’ = Q(no,m,;--+sNr—1) = Q(m0) = +--+ = Q(Mp-1) 


and A’ = Z|no,7,.--,r—1]. As we have already indicated, in general 

A’ # Z\n;], 0 < i < r— 1. Therefore, the decomposition of A’g into 

the prime ideals of A’ cannot be obtained by the method indicated by 

Kummer (Chapter 11, Theorem 2) which involved the decomposition of 

F(X) modulo q as a product of irreducible factors over the field F,. 
However, we may still prove: 


P. A'gq is the product of r distinct prime ideals: 
Ag = QQ) °° Q7-1- 
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Each ideal Qi has inertial degree 1 in the extension K'|Q, that is, A'/Q; = 
F,. With appropriate numbering, if Aq = QoQ1---Qr-1, then Q; = AQ; 
and Qi = A'NQ, fori =0,1,...,r—1. 


Proof: We have Aq = QoQ --:Q,r_1, the product of distinct prime ideals 

of inertial degree f. Each prime ideal Q’ of A’ is the restriction to A’ of a 

prime ideal of A dividing Ag. Thus Q’ = Q;N A’ for somei, 0 <1 < r-1. 
The inertial degree of Q’ is 1 (in the extension K’|Q), because 


A’/Q! — Z\no, Mls -+- Nr—1|/Q" — Fg, 


since by (O) every period 7; is congruent modulo Q’ = Q; 1 A’ to an 
integer. 

Since each ideal Q; is unramified (in the extension K|Q), the same is 
true for each ideal Q’ = Q; N A (in K’|Q). Noting that [K’ : Q] = 71, by 
the fundamental relation, there are precisely r prime ideals in A’ dividing 
A’q. By the preceding considerations they must be the ideals Q; = Q;N A’, 
which are therefore distinct. Finally, Q; divides AQ; and since there are 
exactly r prime ideals in A dividing Ag then each one of the ideals AQ’ 
must be prime, since they cannot be further decomposed. Hence Q; = AQ} 
forz = 0,1,...,r—1. | 


We shall also require the following proposition: 


Q. With the same notations as before, let Q be a prime ideal of A 
dividing Aq, leta=ag+ajé,... ae CPt € A, witha, € A’. Ift > 1 
then Q' divides Aa if and only if Q'|Aa’, for j = 0,1,...,f —1. 


Proof: It is clear that if Q’|Aa’ for 7 = 0,1,...,r —1, then Q*| Aa. Now 
we prove the converse. 

Let Q = Qo, Qi, .--, Qr—1 be the distinct prime ideals of A dividing 
Aq where fr = p—1; let I = Q1---Q,-1, sol ¢ Q and there exists 
Bel, B ¢ Q. Let B' = Nx\x (ZB) € A’, so 8’ € INA’. Since Q is the only 
prime ideal of A containing QM A’ (as proved in (P)) and o” is a generator 
of the Galois group of K|K’, then o7(Q) is a prime ideal of A dividing 
Qn. A’; therefore o*”(Q) = Q for every i = 0,1,..., f — 1. It follows that 
a (B) € o*(Q) = Q fori =0,1,...,f —1,50 8’ = Nxyx (8) EQNA’. 

Since Q* divides Aa then Ag’ = Q‘I* divides Aa - I‘, hence also Aq’ 
divides Aa" because I divides Af’. But 


af! = (ap 8") + (a8) + +--+ (ap 8B) 
with a8" € A’. Then 
ag" au. gt a cid a! _,8" 
—- = 0 ; + — C+ weet a 
q q q q 
The above expression is unique as a linear combination with coefficients in 


Kk’, and since, by (B), {1, ¢, ..., (J—1} is a basis of the free A’-module A, 
then the coefficients a/3"/q' must be in A’, that is, Aq’ divides Aa‘ 3". 


Gl eA. 
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But Q*Q*I’ = Ag’ and Q does not divide 8’, so Q' divides Aaj, for 
j=0,1,...,f—1. ny 


The next result of Kummer has the special feature that it establishes that 
the product of an appropriate set of conjugates of Q is a principal ideal, 
even better, the principal ideal generated by the pth power of the Lagrange 
resolvent (¢, 9),. Moreover, products of appropriate sets of conjugates of 
Q are principal ideals generated by wa(C¢) (as defined in Section 20.3). 

Stickelberger generalized Kummer’s result by considering resolvents 
associated to natural numbers m, not assumed to be prime. 

For each natural number 7 > 0, let g; be the unique integer such that 
1 < g; < p—1and g; = g (mod p). If j < 0, let g; be the unique 
integer such that 1 < g; < p—1landg;g-J =1 (mod p). Since p does not 
divide g, the last condition may be written as g; = g? (mod p). Clearly, if 
1,j € Zthen gi4; = gig; (mod p). 

Henceforth we assume that f = 1, that is, q = 1 (mod p); let g—1 = 
2kp, with k > 1. For simplicity, we write 7 = (p — 1)/2 (this should not 
cause any confusion with the number 7 = 3.14...). 


R. Let Q be the ideal of A generated by q and ¢ — h?*. Then: 
p—2 
(1) ACC, p)? = [](o*(Q)) 9. 
i=0 
(2) If1<d<p-—2 and 
Ig = {t |0 <1 < p—2 such that gp—; + Gx—itind,(d) > P} 
then 


Ava(¢) = |] o°(Q) 


wEly 


Proof: We have seen in (J) that (¢, p)? = qwi(C) --- Wp—2(C). By (20.15) 
Aq = [[?2g o*(Q), so each o*(Q) divides Aq. 

Conversely, if a prime ideal of A divides (¢, p)? € A then it divides the 
ideal generated by (¢, p)? - (C~!, p)? = gq? (see (G)) hence it divides Aq, so 
it must be one of the ideals a*(Q). 

Thus 


p—2 
P= |] lo) 
i=0 
where the exponents r; > 1 have to be determined. 


We shall prove that r; = g,_;. Since Aq = itn 9 7'(Q) and (¢,p)P = 
qwi(C) --- Wp—2(C¢), it is equivalent to proving that 


p—2 
A 1 Wal) = ut [o"(Q)|9r-*. 
7=0 
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Let i be such that 0 < i < p— 2. Since h?* = € (mod Q), then 
p2k(P—9n—i) = CP-9n-i — C9 — c7" 9" _ co (mod Q). 
Applying the automorphism o* we have 
pekp—ar-) = a(C9') = ¢ (mod o°(Q)). 
For any integer d, 1 < d < p — 2, we have defined in (20.10): 


q—2 q—2 
wa(C) _ Cindn (t)—(d+1) ind, (t+1) _ S> Cindn (t)+(q~1~(d+1)) ind; (t+1) 


t=1 | t=1 
since p divides g — 1. So if 0 <7 < p—2 then 


q-—2 
wa(C) — ‘> p2k(p—gx—1){inds (t)+[g—1-(d+1)] ind; (t+1)} (mod o°(Q)), 


t=1 


Let € = fyi = 2kgina,(a)—i and m = m; = 2k(p— gx-i), 800 < & < 2kp = 
q—1, 0<m < 2kp = q—1. Moreover, 2+ m 4 q —1, otherwise q — 1 = 
2kp + 2k(Gind,(d)-i — Gr—i), hence Gind,(d)-i = 9nx—i, thus indg(d) = 7 
and d = g™ = —1 (mod p), contrary to the hypothesis. We may therefore 
consider the integer Jgm, which was defined in (20.13): 

q—2 

Jom _ S- p,m ind;, (t)+{2(q—1)—@—m] ind, (t+1) 
t=1 
q-2 
= S- p2k(p—gx—i) {indn (t)+[(q—1)—(d+1)] inds (¢+1)} (mod q), 
t=1 


because 


2(q—1)—-£—m 


—£—m = —2kGina,(a)—i — 2kp + 2kga-i 
Qk(g™FNals) + gt") = 2kgr—i(d + 1) 

2k(p — gr—i)[(q — 1) — (d+ 1)] (mod gq — 1). 
Therefore, Ha(¢) = Jex,,m, (mod o*(Q)) for d = 1,...,p— 2. By (M), 


ot m, = 0 (mod gq) if and only if €4; + mi < q-— 1. So wa(¢) = 
0 (mod o*(Q)) if and only if 4; +m; < q — 1. From (K), the exact 


power of o*(Q) dividing Wg(C)Wa(¢7-!) = g is o*(Q). So (o*(Q)]° does not 
divide Awa(¢) and therefore 


Awa(C Tee ) | lag my <q — 1}. 
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For each index 1, 0 <2 < p — 2, we show that there are exactly g,_; — 1 
values of d such that 0g; +m; < q — 1; this implies that 


p—2 


A{ [J ald) } = [ [lo @Q)*- 
d=1 


i=0 
In fact, 


laa + Ms = 2kGind,(ay—i + 2kp — 2kgn—i = (Q— 1) — 2k[Qn—i — Gina, (a)—i)- 


For each i the mapping d +> Qjina,(a)—-i 18 @ permutation of the set 
{1, 2, ..., p—1}, and p—1 has image g,_;. So there exist exactly g,_;—1 
values of d such that ging, (a)—i < 9x—i, Or equivalently fa; +m; <q-—1. 
This proves the first assertion. 

To conclude the proof of the second assertion, we note that €g, +m; < 
q — 1, or equivalently gina, (a)—i < 9x—i holds if and only if gr4ina,(ay—1 + 
Gn—i > p. Indeed, 


m+ind, (d)—2 ind, (d)—2 


9x+ind,(d)-i = 9 = —9J = —Gind,(d)—i (mod p), 


SO Qxtind,(d)-i = P — Gind,(a)-i- Therefore gr+ina,(a)-i + Gr-i = P - 
Jind, (d)-i + 9x-i > p if and only if ging,(a)—i < 9n-i- So 


Ava(¢) = |] o*(Q). a 
1E ly 
By applying 0%, 7 = 0,1,...,p — 2, we deduce from (R) that 


p—-1 


Alc", p)? = TI (2 9(Q)) (20.19) 


i=0 
We also remark: 
S. Let i, 2’ be such that 0 < 1,1’ < p—2, andi’ =1+7 (mod p-— 1). 
For each d, 1 < d < p— 2, we have i € Ig if and only if i’ ¢ Ig. In 
particular, Ig has (p — 1)/2 elements. 
Proof: Let us note that 


a 


P-Gri=-g = 9 '=g9 


Gx—i' (mod P) 
and similarly 
P — Gn—it+tind,(d) = Gx—-i'+ind, (d) (mod p). 
Therefore, if 7 € Ig, that is, if 
D< Qnr-i + Gn —i+ind, (d) < 2p 
then 


O< (p _ Gr-i) + (p _ 9n—i+ind, (d)) <p 


454 20. More on Cyclotomic Extensions 


SO 


0 < Gri! + Gn-i' tind, (d) < P 
hence 2’ ¢ Ig. And conversely. a 
The result (R.) may be rephrased as follows: 
T. Ifl<d<p-—2 then 


Ava(6-') = [] I] oo meul)(Q), 


r=1 rp/(d+1)<s<rp/d 
Proof: By (K) and (R) we have 
Ava(6)va(6*) = Ag = [] o*(Q) [] *(@) 
i€la ig la 


hence it suffices to show that 


d 
He@- To ore. 


idly r=1 rp/(d+1)<s<rp/d 
For every 1, 0 < 2 < p-— 2, let s be such that 1 < s < p-—1 and 
indg(s) = p—1—i, so a7 "4s(8) = g*. Hence it suffices to show that i ¢ Ig 
if and only if there exists r, 1 < r < d, such that rp/(d +1) < s < rp/d. 


We have gr_; = g™' = —g™* = —ginds(s) = —s (mod p) so gz_i = 
p— s. 
Similarly, g,—-:+ind,(d4) = —ds (mod p) and if r is such that (r — 1)p < 


ds < rp then gr_i+ind,(d) = TP — ds. , 

Thus 9,—; + Gx—itind,(d) = (r +1)p—(d+1)s. Therefore i ¢ Ig exactly 
when 0 < (r+ 1)p — (d+ 1)s < p that is, rp/(d +1) < s. We also note 
that s < rp/d because Jn—itind,(d) > 9 and 1 <r <d. Thus 


d 
I] I] on indy(s)(Q) _ I] o(Q). a 


r=1 rp/(d+1)<s<rp/d tE1a 


20.5 Generation of the Class Group of 
the Cyclotomic Field 


In this section we shall prove a theorem of Kummer on the class group of 
the cyclotomic field. Even though a much stronger theorem will be proved, 
we include this result as an illustration of the achievements of Kummer, at 
a much earlier date. In this connection, see Chapter 24, Theorem 2. 


U. The group of ideal classes of the cyclotomic field K = Q(C) 1s 
generated by the classes of the prime ideals of inertial degree 1. 
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Proof: Let J be a nonzero ideal of A, so it is a product of prime ideals. 
If we show that each prime ideal @ of inertial degree f > 1 is in the same 
class as a product of prime ideals each having inertial degree less than f, 
then by induction on the inertial degree, we conclude that J is in the same 
class a product of prime ideals of inertial degree 1. 

So let Q = Qo be a prime ideal with norm N(Q) = qf, and let r be 
defined by fr = p—1. 

Let 70, 71, ---, Nr—1 be the r periods of f terms (with respect to the 
primitive root g). Let K’ = Q(no,m,.--,Mr—1), A’ = Zlno,m,---, Mr—1- 
We consider a polynomial similar to G(X), defined in the proof of (B). 

For every k = 0,1,...,7r — 1, let 

f-1 . 
G,(X) = T[x-¢"™) (20.20) 
i=0 
be the polynomial whose roots are the f summands of the period 7x. Its 
coefficients are invariant under o”, hence they belong to A’ = K’N A. 

Since A’ is a free Abelian group with the basis {79,m,...,7r—1} (by 

(B)), each coefficient of G,(X) may be written, in a unique way, as a 


linear combination of the periods, with coefficients in Z. 
Let 


G(X) = Go(X) = Xf +a, XI7 + agXt 7 +--+ ay, 


SO we may write a; = 0 bi3n;, with b;; € Z. Since 


f-) ir+kh fa} ir 
Gi(X) = [][ (x - 69") = [] (x - o*(¢9")) 
1=0 1=0 


the coefficients of G,(X) are obtained from those of G(X) by applying o*, 
that is, they are 


r—l r—l 
o* (ax) = S> bigo*(nj) = >— bignise- 
j=0 j=0 
Let us note also that af = (—1)/. Indeed, 


fol 
ay = (1) [Pr = (-17¢, 
1=0 


where 
s=) gi" = jg.  " =9 (mod p). 
i=0 gr i 
As was shown in (QO), for every 7 = 0,1,...,r — 1 there exists u; € Z 
such that 7; = u,; (mod Q). Applying the automorphism o*, k = 


1,...,7 — 1, and letting Q, = o*(Q), we have Nitk = uj; (mod Q,), 


456 20. More on Cyclotomic Extensions 


that is, 7; = uj-x (mod Q,) with the convention that uj;,, = u,; for any 
integer 7. 
For k = 0,1,...,7r — 1 let 


f-1 [r-1 
Ay,(X) = xf + S° So bijty—k Xft + (—1)f + q, 
j=0 


so H,(X) has coefficients in Z. For simplicity, we write H(X) = Ho(X). 
Then 


- r—1 
Hx(6) = CF + 9) | do biguy—-e | CP + (- DF +4, (20.21) 
A | 


is an element of A. 
Since G(¢) = 0 then 


fol 
Ay(¢) = Hg(¢) - > bi; ( Uj-k — 15) ci +q. (20.22) 


1=1 


Let us note that (20.22) is an expression of H;,(¢) € A as a linear 
combination of 1, ¢, ..., ¢/~! with coefficients in the ring A’. 
We shall prove successively: 


(1) Q divides A - H(C). 

(2) Q? does not divide A - H(C). 

(3) Qi, ..., Q,r-1 (the prime ideals conjugate to Q) do not divide 
A+ H(¢). 

(4) If a prime ideal Q’ of A divides A- H(C¢), and Q’ # Q, then Q’ 


has inertial degree smaller than f. 


Proof: (1) Since @ divides Aq and n; = u; (mod Q) then Q divides 
each coefficient in the expression (20.22) with k = 0. It follows that Q 
divides the ideal A - H(¢). 

(2) Since Q divides A- H(C) but Q? does not divide Aq, it follows from 
(Q) and the expression (20.22) that Q? does not divide A - H(C). 

(3) Let us assume, for example, that Q,_, divides A - H(¢). Then 
Q-Q,-1 divides A - H(¢). But for every k = 1,2,...,r — 2, Qs divides 
Aq and uj_, = 7; (mod @,;). Hence Q, divides A - H(¢). Altogether, 
Aq = Q-Q,---Q,-_ 1 divides 


A+ H(C)---H,—2(¢) 
(we have excluded the factor H,_1(¢)). The latter product is of the form 


CHD gy CFO-“D-1 4 beg ay 
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with coefficients c; € Z, this follows from (20.21). Since f(r — 1) < p-1 
and {1, ¢, ..., ¢?~*} is a basis of the Abelian group A, it follows that q 
divides each coefficient. In particular, g divides 1, an absurdity. 

(4) Let Q’ be a prime ideal of A, Q’ # Q, of inertial degree f’, and 
dividing A - H(¢). Then Q’ does not divide Ag and f’ divides p. 

If f’ > f, we note that (20.21) with k = 0, is an expression of H(¢) € A 
as a linear combination of 1, ¢,...,C/,..., Cf -1 with coefficients in Z 
(hence, a fortiori, in the ring of integers of the field generated by the periods 
of f’ terms). We may apply (Q), so Q’ divides each coefficient in (20.21), 
in particular, Q’ divides 1, an absurdity. 

If f’ = f it follows from (Q) and the expression (20.22) for H(¢) that Q’ 
divides each coefficient, hence Q’ divides Aq, contrary to the hypothesis. 

Therefore f’ < f, as we had to prove. 

We conclude the proof as follows. We have A- H(¢) = Q- J, where J is 
a product of prime ideals different from Q, and therefore of inertial degree 
less than f. After multiplication with the conjugates of the ideal J, we have 


Q:-N(J) = A- H(¢) | o'(J). 
: iX0 
So Q and [] 549 o*(J) are in the same ideal class, and the latter ideal is a 
product of prime ideals with inertial degree less than f. | 


A much stronger theorem will be indicated in Chapter 24, Theorem 2, 
and the following comments. The proof requires analytical methods or class 
field theory, which were nonexistent in Kummer’s time. 

We deduce the following corollary: 


V. For every ideal J of A and integer d, 1 <d< p-— 2, the product 


ow 


tElg 


1s a principal ideal. 


Proof: We have seen that J is in the same ideal class as a product of 
prime ideals Q,;, each of inertial degree 1: J = Aa x []5_, Q;. 

Let N(Q;) = qj; so qj; = 1 (mod p) and we may write q; = 2k;p + 1. 
Let @; be the ideal generated by qj and how — ¢, where fh; is a primitive 
root modulo q;. 

So @; is a conjugate of Q5, say QF = oI) (Q;), for some integer (7), 0 < 
&j) < p- 2. 

In (R) we have shown that 


LT o°(Q5) =o | [J @,) 


ow i 1EL 
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is a principal ideal of A. Hence 
Ilo) =41 TP *@ | « TL tT tes) 
1E€14 1E1 4 j=1 1E1 4 


is also a principal ideal of A. a 


This result was generalized by Stickelberger. 


EXERCISES 


1. Use the method indicated in the text to obtain a formula involving 
radicals for the roots of the equation X° + aX? + bX +c=0. 


Hint: 
(a) Put X = Y —a/3 and obtain an equation of the form Y? + uY + 
v = 0. 


(b) Show that the roots y1, y2, y3 are given by 


y =a Z, yo = wea + wf, y3 = wa + wf, 


where 
_ 3 UV 4 u? 4 v2 3 _ 3 UV ue 4 v2 
o* 9 ye ~ 9 9 4° 
~1 4/73 , lev 
ws , ws 5 


2. Use the method indicated in the text to obtain a formula involving 
radicals for the roots of the equation X* + aX? + bX? +cX +d=0. 


Hint: 
(a) Put X = Y —a/4 and obtain an equation of the form Y*+ sY? + 
uY +v=0. 


(b) Show that the roots y1, y2, y3, ya are given by 


yi = 5 [V—-a1 + V—a2 + V—a3], 
yo = 5 |V—-a1 — V—a2 — Vas], 
ys = 9|V—-a1 + V—an — Vas], 
ya = 5 [|V—a1 — V—a2 + — a3}, 


where Q1, Q2, a3 are the roots of the equation X? — 25.X? + (s? — 
4v)X + u? = 0. 
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3. Find the expression involving radicals for the primitive fifth root of 
1. 


Hint: Use Gaussian periods to solve the equation X* + X? + X? + 
X +1 = 0. Obtain 


a -lt+v5 5+ V5 
a) 2 2 


4. Find the expression involving radicals for the primitive seventh root 
of 1. 


Hint: Use Gaussian periods to solve the equation X® + X° + X4 + 
X34 X*4 X41 =0 and obtain ¢ = ; [a+ 3+ 4| where 


-1+/-7 
) 9 


B= ‘ BBV TS _ aq - 3V=3), 


,/ 13 — 3/—3 
y= |) = - a + 3v-3), 


5. Let g = 5, h = 2. Compute the polynomial whose roots are the two 
periods with two terms defined by h and a primitive fifth root of 1. Obtain 
an expression of 5 in terms of sines. 


6. Let gq = 7, h = 3. Compute the polynomial whose roots are the three 
periods with two terms, respectively, the two periods with three terms, 
defined by h and a primitive seventh root of 1. Obtain an expression of 7 
in terms of sines. 


7. Let q = 7, h = 3, and let po, p41, 2 be the three periods with two 
terms associated to the primitive seventh root of 1. 

Compute 41, W2 as polynomials in fo with rational coefficients. Verify 
the statement (C) by explicit calculation. 


8. Let g = 11, h = 2, p = 5. With the notations of the text, compute 
(¢, p) and then (¢, p)°. 


9. Let gq = 13, h = 2, p = 3. With the notations of the text, compute 
(C, p) and then (¢, p)°. Verify by explicit calculation that (C7, p)(C~?, p) = 
13 (in agreement with (G)). | 


10. Letg = 11, h = 2, p = 5. With the notations of the text, verify by 
explicit calculation that |(¢", p)| = V11 for n = 1, 2,3, 4. 
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11. Let g = 13, h = 2, p = 3. Compute the Jacobi cyclotomic function 
Wn m(C) for nm(n + m) not a multiple of 3. 


12. Letg = 7, h = 3. Compute Jem for 0 < £m < 6, +m # 6, and 
verify explicitly the congruences indicated in (M). 


13. Let p= 11, g = 2, q = 3, so gq has order 5 modulo 11. Let no, 1 
be two periods with five terms defined by ¢ (a eleventh root of 1) and by 
g (see the text). 

Compute the period polynomial F;,,(X) and find uo, ui € Z such that 
Fi) (X) = (X — uo)(X — ui) (mod 3). 


14. Repeat the preceding exercise with p = 11, g = 2, gq = 23. 


15. Let p = 11, g = 2, q = 5, o defined by o(¢) = C?, ¢ a primitive 
11th root of 1. For each d = 1,2,...,q compute the set Ig and verify by 
numerical calculation that 


Ava(¢) = ]] o°(Q), 
tel | 
where ®);(X) = Fo(X) F(X) (mod 5) and Q = A x 5 + AFo(C). 


Part Four 


21 


Characters and Gaussian Sums 


The Jacobi symbol is of great importance in the study of quadratic fields. 
For cyclotomic extensions or more general Abelian extensions, the role of 
the Jacobi symbol is played by characters. 

We begin by studying the characters of finite Abelian extensions, then 
we consider the modular characters. In the last section, we introduce the 
Gaussian sums associated to modular characters. 


21.1 Characters of Finite Abelian Groups 


Let G be an Abelian group (with operations written multiplicatively) hav- 
ing n elements. Let C’ be the multiplicative group of nonzero complex 
numbers. 


Definition 1. Every homomorphism xy: G — C is called a character 
of G (with complex values). 

Thus x(a) # 0 for every a € G and y(ab) = y(a) - x(b) for a,b € G. In 
particular, if e is the unit element of G then x(e) = 1. 

If y is any character of G, we also have the complex conjugate character 
y. defined by x(a) = y(a). Clearly, ¥ is also a character and X¥ = y. 


If y is a character, since a” = e for every a € G, we deduce that 
(x(a))” = x(a") = x(e) = 1; hence x(G) is a subgroup of the multiplica- 
tive cyclic group of nth roots of unity, so x(G) is a multiplicative cyclic 
group. 

The set G of characters has a multiplication defined as follows: 
(x -x')(a) = x(a) - x/(a) for every a € G. 

Gisa multiplicative group with unit element xo, defined by yo(a) = 1 
for every a € G, and the inverse of x is given by x~!(a) = y(a)7! = 
x(a) = X(a) for every a € G. 

We want to compare character groups of different groups. If y is a group- 
homomorphism, y: G’ — G, where G’, G are finite Abelian groups, then 
we define a group-homomorphism ¢: G — G' as follows: O(xv) = xoy. It is 
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immediate that (xy) is a character of G’ and @ is a group-homomorphism. 
In particular, if G’ is a subgroup of G and y is the inclusion mapping, then 
(x) is just the restriction of the character x to the subgroup G’. 

The kernel of the homomorphism ¢ consists of all characters x € G such 
that y(y(a’)) = 1 for every a’ € G"’. If G’ is a subgroup of G and y is the 
inclusion map, then the kernel of @ consists of all characters y € G such 
that if aG’ = bG’ then y(a) = x(0). 

We may also describe the kernel of ¢ in the following way. Let w: G = 
see be the canonical homomorphism onto the quotient group. Then 


wo: G/G' + G is the lifting homomorphism, namely if y € G/G' then 
AX) =x = xo, x(a) = xX(aG") for every a € G. The mapping w is 
one-to-one, because if W(x) = Xo (unit character of G) then 1 = xo(a) 
= x(aG’) for every coset. The characters of G/G’ correspond by w to the 
characters of G, whose restriction to G’ is the unit character ter of G’, that is, 


W(G/G) = = ker(~). Hence we have an isomorphism G/v( (G/G’ \& B(G) C 


G’. We shall see soon that this isomorphism is onto G'. 
We shall describe explicitly how to obtain the characters of a finite 
Abelian group. First we consider the following particular case: 


A. Let G be a cyclic group of order n, with generator a, and let ¢ be a 


primitive nth root of unity. Then the characters of G are xo, .---, Xn—1; 
where y,(a*) = (7° for every s = 1,...,n, r=0,1,...,n—1. Moreover, 
GG. 


Proof: Each of the above mappings y, is a character of G. For r # r’ we 
have yx, # xr since € is a primitive nth root of unity. 

On the other hand, if y is any character of G then [x(a)]” = x(a") = 
xy(e) = 1, so x(a) = ¢" where 0 < r < n—1. Then y(a’) = [y(a)]” = 
¢™* = xr(a*) for s = 1,...,n, showing that x = Xr. 

The mapping 6,:G > we defined by 4 (a°) = ys for s = 1,...,n is 
clearly an isomorphism between G and G. a 


It is worthwhile noting that for each generator a of G there is one such 
isomorphism 6, between G and G. | 

If G is any finite Abelian group, then G is isomorphic to the Cartesian 
product of finitely many cyclic groups. In this situation we have: 


B. If@:G-—- IE, G; is a group-isomorphism then it induces a 
group-isomorphism 


1:6 —][e. 
wz=l1 


Proof: Let 4, : G; — G be defined by ;(2;) = g-4(1, ...,Xj,..-,1), so 
vy; is an isomorphism from G; to a subgroup of G. 
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Ify €G let x; = x ov; fori =1,...,7, 80 x; € Gj. We define 
i=l 


by letting 6(x) = (X1,---,Xr)- It is obvious that 6 is a group- 
homomorphism. It is one-to-one, for if x; = x oY; is the unit character of 
G; fori = 1,...,r then 


x(x) = x | []% prs(0(2)) } = [] 0c 0 )(prs(0(@))) = 1 


for every x E G. _ 

Finally, given any characters y € G; fori =1,...,rlety:G—- Cc 
be defined by x(x) = [[j_, x (pr;(@(x))) for every x € G. Then x € G 
and 


x0 4(es) = [ [x pr, (6(%4(a:))) 


j=l 
; 

= ][ x prj(,---. 2s... 1) = x(a) 
j=l 


for every x; € G;. So 6(x) = (x,..., xy) proving that disa group- 
isomorphism. | 


As a corollary we have: 
C. G & G, hence #:(G) = #(G). 
Proof: Writing G = [];_, Gi where each group G; is cyclic, we deduce 
from (A) and (B) that 
G=|[a=|][az=e a 


As an application of these results we may explicitly determine the group 
of characters of the multiplicative group (Z/m)° of prime residue classes 
modulo m > 1. 

Ifm = m,---m, is decomposition into pairwise relatively prime integers 
(for example, m = [];_, p;' the prime decomposition of the integer m) let 


@: (Z/m)y — |] (Z/miy 
i=1 
be the natural group-isomorphism given by 


6(x (mod m)) = (x (mod m;),...,x (mod m,)). 
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Then 6 = (X1,---,Xr), where x;(x (mod m;)) = x(x; (mod m)), 2; 
being defined by the congruences 


Uj 

(2 

We need only to describe explicitly the character groups of (Z/p*)’, where 
p is any prime number. 

If p # 2, it was shown in Chapter 3, (J), that (Z/p*) is a cyclic group. 

(Z/p°) = Bx C, where B is the multiplicative cyclic group of order p — 1 

with a generator b (mod p*), and C is the multiplicative cyclic group of 


order p*—' with generator (1 + p) (mod p*). Thus for every integer a we 
have 


x (mod ™,), 
1 (mod m;) for 7 #2. 


Ih Ill 


a = b*(1+p)* (mod p*) with 0<a’<p—1, 0<a"<p*!. 


For every (p — 1)th root of unity ¢,-; and for every (p®~')th root 
of unity ¢,--1 we have a character yx of (Z/p*), which is defined by 


x(a (mod p*)) = Gi Goa. 

Similarly, if p = 2 and e > 2, then by Chapter 3, (K), (Z/2°) = 
{1,-1} x C, where C is the multiplicative cyclic group of order 2°~? 
generated by 5 (mod 2°). Then for every integer a we have 


a = (-1)°5* (mod 2°) with a’ =0, orl and 0< a" < 2°”. 


For every (2°~7)th root of unity Cy--2 we have the characters x, x’ of 
(Z/2°) which are defined by 


x(a (mod 2°)) = (-1)° G32, 
x’(a (mod 2°)) = CX" 9. 
In the determination of the characters of a group, sometimes we proceed 


inductively by extending to the whole group characters of a subgroup. In 
this respect let us note: 


D. If G’ is a subgroup of order m of the group G of order n then every 
character x’ of G’ admits n/m extensions to characters of G. 


Proof: Let y : G’ — G be the inclusion mapping and let y: G_— G/G" 
be the canonical homomorphism. We have seen that ¢: G — G’ induces 


an isomorphism from G/b(G/G’) into G’. But #:(G) #:(G), #(G’) = 
#(G’), #W(G/G)) < #G/G) = #G/GC’) = #(G)/#(C’), hence 
G/b(G/G) ~ G’ so w(G) = G’. This means that every character of G’ 
is the restriction of a character of G. Since the kernel of w is w(G /G') 


which has order n/m then every character of G’ admits n/m extensions to 
characters of G. | a 


21.1. Characters of Finite Abelian Groups A467 


We summarize the above results as follows: 
If 


i— @ * cS cjg — 1 


is an exact sequence of finite Abelian groups, then the sequence 


is also exact. 

One of the most important facts about characters is the separating pro- 
perty, which states that there are enough characters to distinguish the 
elements of the group: 


E. Ifa,a’ € G, a #’, then there exists a character x € G such that 
x(a) # x(a’). 


Proof: It is clearly equivalent to show that if a ¢ G, a # e then there 
exists ¥ € G such that x(a) £ 1. 
Thus, we need to prove that 


G’ = {a' € G| x(a’) = 1 for all characters y € G} 


is equal to {e}. At any rate, G’ is a subgroup of G. 

For every x € G let x: G/G’ — C’ be defined by y¥(aG’) = x(a). We 
note that x is well defined, because if aG’ = a’G’ then a’~'a € G’ hence 
y(a’~'a) = 1s0 x(a’) = x(a). Also, it is clear that ¥ is a character of the 
group G/G’. This defines a mapping 0: Ga G/G', (x) = x. Clearly, 6 
is a group-homomorphism. Finally @ is one-to-one, because if y(aG’) = 1 
for every coset aG’ then y(a) = 1 for every element a € G, so x is the unit 
character. . _ 

Therefore #(G) = #(G) < #(G/G’) = #(G/G’) < #(G), so 
#:(G/G’) = #(G) and therefore G’ is the trivial subgroup. a 


With the separating property we may show: 


F. There exists a natural isomorphism t: G G. 


Proof: For every a € G let 1¢:G — C’ be defined by ta(x) = x(a) for 
every character y of G. Then tg is a group-homomorphism, so tg € G. 


Let u:G — G be the mapping defined by u(a) = ta. Clearly, u is a 
homomorphism. If ¢(@) is the unit character of G, then 4,(x) = 1 for every 
x € G, that is, y(a) = 1 for every y € G. By (E), we must have a = e. 


Thus u is one-to-one. Since #(G) = #:(G) then v is onto G, so u is an 
isomorphism. a 
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A useful result is the characterization of the kth powers of elements of 
G by means of characters: 


G. The element a is a kth power in G (where k > 1) if and only if 
x(a) = 1 for every character of order dividing k. 


Proof: If a= b* with b € G, if x* = xo (unit character) then 
x(a) = x (BF) = [x(b)]" = x8(b) = xo(0) = 1. 


Conversely, let G* denote the group consisting of kth powers of elements 
of G. By (B), it is enough to show that if \ is any character of G/G* then 
\(aG*) = 1, soa € G*. _ 

If »: G + G/G* is the canonical homomorphism then 0 y € G and 
this character has order dividing k, because 


(Ao g)(2) = [Ao g)(2)|" = [@G")* = X@*G") = 1 
for every x € G. By hypothesis, (A 0 y)(a) = 1 hence A(aG*) = 1. a 


If the order of a character x is equal to 2, we call it a quadratic character. 
The values of x are equal to 1 or —1. An element of G is a square if and only 
if x(a) = 1 for every quadratic character of G. The quadratic characters of 
G may be identified with the characters of G/G?. 

For example, if G = (Z/p)’, the multiplicative group of nonzero residue 
classes modulo the prime number p # 2, let x(@) = (a/p) where a € Z, 
and (a/p) denotes the Legendre symbol. Then xy is a quadratic character. 
Moreover, it is the only nontrivial quadratic character of (Z/p)’. Indeed, if 
w € (Z/p) is a generator of this cyclic group, if@ = w* withO < a < p—1, 
then x(@) = x(w)®. Since y is not the unit character yo then y(w) # 1. 
From x? = yo it follows that [y(w)|? = 1, so x(@) = —1. Thus x(@) = 1 
when a is even, x(@) = —1 when a is odd, and therefore y(@) = (a/p) 
(Legendre symbol). 

The following is worthwhile noting: 


H. The set {x1,.--,Xs} ts a system of generators of G of and only if 
xi(a) = 1, for alli = 1,...,8, implies a = e. 


Proof: If {x1,...,Xs} generates G and xi(a) = 1, for alli = 1,...,8, if 
y € G we may write 


s s 
x= |] xi hence x(a) = |] x(a)" = 1. 
t=1 t=1 


Since this holds for every x € G, by (E) we have a = e. 
Conversely, let H be the subgroup of G generated by the set {yi,..., x5} 


and consider the quotient group G/H. Let a € G/H and let ¢: Go G/H 
be the canonical group-homomorphism. Thus a o y: G > C and actually 


Qope G. By (F), there exists an element a € G such that ao y = tg. 
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Since y(xi) = xi = H, unit element of G/H, then y;(a) = talXa) = = 
a(y(xi)) = 1 for every i = 1,...,8. By the hypothesis we have a = e, 
hence a o y(v) = 1 for every character y € G. Since : ye maps G G onto G /H 


then a is the unit character of G /H. We have shown that G /H has only 
one element, so #(G /H)=1landH = G. a 


The characters of G are elements of the set V of a complex-valued func- 
tion defined on G. V is clearly a vector space of dimension n over C. We 
consider on V an inner product defined as follows: 


(f.9) = — S~ Fla)gta) for f,g eV. 
ae€G 
Clearly, 

(f.gt+g9') =(f.g9) + (f.9'), 

(f + f'.9) = (f.9) + (Ff, 9), 
(af.g) = a(f,g), 
(f,ag) = a(f, 9), 

(9, f) = (f,9), 


for f, f’,9,9’' € V, a € C. Hence (f, f) is a positive real number, for any 


fev, f #0. 

We say that f,g € V are orthogonal functions when (f,g) = 0. The 
length of the function f is defined to be ||f|| = /(f.f).  _ 

Let G = {xo,---,;Xn-1} where xo is the unit element of G. 


I. We have: 


n—-1 
(2) ( S- axis) =a; 
i=0 
for every 7 = 0,1,...,n—1, anda; € C. 
(3) {xo.---;Xn-1} ts a basis of V. 


Proof: (1) Let a = (xi,x0) = (1/n) Meee xi(a). If xi = x0 then 
a = (1/n) Voeqg X0(a) = 1. If x: ¥ xo let b € G be such that x;(b) # 1 


then 
1 
i(o) = — 1 1 — i(ab) = 
axi(b) = = D | xi(a)xi(b) ~ Sx (ab) =a 


a€G MEG 


and therefore a = 0. “pms the relation to x;X; € G we have 


(xis Xj) = — > xi a)X; = (XiX; "+ Xo): 
M 4eG 
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If XX; = yo then (x;, xi) = 1 so ||x;|| = 1, however, if XIX; # yo then 


Xi F Xz and (Xi. Xz) = 0. 
(2) By linearity, it follows at once that 


m—-1 n—l 
( axes) — S- ai(Xis Xz) —= 5 
i=0 1=0 


forj = 0,1,...,n—1. 

(3) If an aixXi = Othena; = O>uan QiXi;X;) = 0 for every j = 
O,1,...,n—1. 50 xo,.--,Xn—1 are linearly independent over C. Since V 
has dimension n over C then xo,..., ¥n—1 is a basis of V. a 


As a corollary we write down explicitly the orthogonality relations 
between characters: 


J. We have: 

n, wheni = 0, 
(1) 2 x(a) 7 10 when i # 0. 
— _ Jn, whent= z, 
(2) 2, xo(a)X(a) ~~ 10 when i 4 4. 
a n when a=e 
(3) d Xi(@) = 10 whena # e. 

n—Il 
_ n, whena = 6b, 
(a Slo) = 10) when 2B 


Proof: Parts (1) and (2) have already been established, (3) and (4) are the 
same as (1), (2), respectively, if we replace G by G and note that G ~ G. 
a 


The orthogonality relations are a tool for solving systems of linear 
equations. 


K. Let G = {ao, @1,.--,@n-1} andG = {X0,--++Xn-1}, where ap = e 
1s the unit element of G and xo is the unit character of G. The system of 
n linear equations 


n—1 
S- xilas)X;j = Gi, 7=0,1,...,n-1 
j=0 
(where 3; € C for every index i = 0,1,...,n — 1) has unique solution 
1 n—-1 


Lj= Xi(a;) 3; for j3 =0,1,...,n—1. 
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Proof: Let A = (yi(a;))i,; denote the matrix of coefficients, and let A’ 
denote the transpose of the conjugate of A. Then the orthogonality formulas 
may be translated by stating that 4-A’ = nI where I is the identity n x n 
matrix. Hence |det(A)|? = n” so det(A) 4 0. Thus the above system has 
unique solution. 

The inverse of the matrix (1/,/n)A is equal to (1/,/n)A’ (by the above 


relation), hence the solution (11, cy Ln) of the system of equations satisfies 
y (a;)x _~ for i=0,1 n—1 
; ; ; ; r 2 prise eey . 


n—l 1 l 1 n—-l1 
Li = an ai Xba) ee = n 2, Xl) 
for 7 — 0,1,...,n —1. a 


The last result is used in the proof of Dirichlet’s theorem to separate the 
primes in the various prime residue classes. 

On the space V of complex-valued functions defined on the group G, we 
shall consider the shifting operators S,, defined for every element a € G 
as follows: S,(f) is the function of G such that S,(f)(b) = f(ab) for every 
b6€G. S, is a linear transformation of V into itself. 

With every element f € V and the shifting operators S, we may build 
a new operator S+ of V, in the following way: 


Sp = S- f(a)Sa. 
a€G 


For every character x of G we have S,y(x)(b) = y(ab) = y(a)yx(b) so 
Sa(x) = x(a) - x and this shows that each character y is an eigenvector of 
the operator Sq, having eigenvalue y(a). Hence 


[S(x)](6) = > f(a)[Sa(x)(b)] = |S > f(a)x(a) - x] (0) 


ae€G a€G 


so each character y is again an eigenvector of Sy having eigenvalue 


daec f(a)x(@). 


Now we show the following relation: 


L. If f € V then 


IL | do f@ x(a) | = det(f(ba-1)). 


xEG a€G 


Proof: Let S =) eg f(a)Sa. By (H), {xo, X1,---;Xn—-1} is a basis of V 
which consists of eigenvectors of S and the sums )°o¢q f(a)xi(a) are the 
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corresponding eigenvalues. So 


n—-1l 
IL | So f@x@ 
1=0 \a€G 


is equal to the determinant of the operator S. Now we compute this 
determinant by considering the standard basis (ha)acqg of V, where 


1, when b= a, 
ha (0) = 10 when b # a. 


Since 


[Sp(he)l(c) = |S f(a)Sa(he) | (c) = S— fla)hs(ac) 


a€G aeG 


| 


f(be~*) = | S> f(ba7")ha | (c) 


ae€G 


for a,b,c € G, we have Ss(hy) = Youceg f(ba7!)ha. Thus the matrix of S 
with respect to the standard basis (ha)aeqg has entry f(ba~+) at row a and 
column b. 


Hence 
n—-1 
det(f(ba-*)) = TT | > Fa)xx(a) 7 
i=0 \ae€G 
21.2 Modular Characters 
Definition 2. Let m > 1 be an integer. A mapping xy: Z — C is 


called modular character (with modulus m) when it satisfies the following 
conditions: 


(1) x(a) = 0 if and only if gcd(a,m) > 1; 
(2) ifa = b (mod m) then x(a) = x(b); and 
(3) x(ab) = x(a)x(6). 
The support of x is {a € Z| gcd(a,m) = 1}. Clearly, x(a) = 1 for every 
a € Zsuch that a = 1 (mod ™). 


Among characters modulo m we distinguish the trivial character yo 
modulo m, which is defined as follows: 


xo(a) = 1, when gcd(a,m) = 1, 
xo(a) = 0, when gcd(a,m) > 1. 
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M. For every m > 1 there is a natural one-to-one correspondence 
between the characters of the multiplicative group P(m) = (Z/m)° and the 
modular characters with modulus m. 


Proof: Let x be acharacter modulo m. We define x: P(m) — C by letting 

x(@) = x(a) for any a € P(m); note that ¥ is well defined and it is obvious 

that y is a character of P(m). Clearly, the mapping x + ¥ is injective. 
Given any character p of P(m), let y: Z — C be defined as follows: 


xe = 0, when gcd(a, m) # 1, 
x(a) = p(@), when gcd(a,m) = 1. 


It is again immediate to check that x is a character modulo m and that 
X = p, concluding the proof. a 


If x is a character modulo m we consider the set M, of integers 
m' > 1 with the following property: if gcd(a,m) = gcd(b,m) = 1 and 
a = 6b (mod m’) then x(a) = x(b). Each element of M, is called a 
de fining modulus of x. 

For example, m € M,. If m, € M, and m, divides m2 then m2 € M,. 

The smallest positive integer belonging to M,, is called the conductor of 
x and denoted by fy. 

If yo(a) = 1 when gcd(a,m) = 1, yo(a) = 0 when gcd(a,m) ¥ 1, then 
Fo = 1. 


N. M,, consists of the positive multiples of the conductor of x. 


Proof: It is enough to show that if mi,mz2 € M, then d = gced(mj, m2) 
also belongs to M,. This implies indeed that every integer m’ € M, must 
be a multiple of the conductor f,, because gcd(m’, fy) € My. 

Let gcd(a,m) = gcd(b,m) = 1 and a = b (mod d). Let m’ be the 
product of all prime numbers p which divide m but do not divide m2; then 
d = gcd(m’m,, m2). Hence there exists an integer x such that 


{; 


Moreover, gcd(z,m) = 1 because if a prime number p divides x and m it 
cannot divide m2 (since gcd(b, m) = 1); then p divides m’ hence also m'm, 
and a, impossible because gcd(a, m) = 1. 

From m'm, € M, it follows that (xz) = x(a). From m2 € M, it follows 
that x(x) = x(b) hence y(a) = x(b), showing that d is also a defining 
modulus for y. a 


a (mod m’m,), 
b (mod mz). 


O. The conductor of a modular character cannot be equal to 2. 


Proof: Assume that the character y, with modulus m, has conductor 2. 
By (N), m is even, hence x(a) = 0 if a is even, while y(a) = 1 if a is odd. 
Thus, if a, 6 are any odd integers (so a = b (mod 1)) then x(a) = x(b). 
Thus 1 € M,, which is a contradiction. a 
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P. If x is a character modulo m with conductor f, there exists a unique 
character ~ modulo f such that if gcd(a,m) = 1 then (a) = x(a). 


Proof: Since f divides m, then if gcd(a,m) = 1 then gcd(a, f) = 1. In 
order to define 7 we show that if gcd(a, f) = 1 there exists a’ relatively 
prime to m such that a’ = a (mod f). Indeed, let mo be the product of 
all primes p dividing m but not dividing f. Then there exists an integer a’ 
such that 


a (mod f), 
1 (mod mo). 


oN 
a. Q. 
HT ll 


It follows that a’ is relatively prime to m. 

If gcd(a”,m) = 1 and a” = a (mod f) then x(a’) = x(a”) since 
fe M,. 

We define y(a) = x(a’) when gcd(a, f) = 1 and where a’ is defined 
above; w(a) = 0 when gcd(a, f) # 1. Thus ~ is well defined. 

It is easy to verify that (ab) = y¥(a)y(b) and if a = b (mod f) then 
w(a) = w(b). So w is a character modulo f and if gcd(a,m) = 1 then 
w(a) = x(a). 

The conductor of w is equal to f. Indeed, if d is a defining modulus for w 
dividing f, we show that it is also a defining modulus for x, hence d = f. 
Let gcd(a,m) = gcd(b,m) = 1, a = b (mod d), so a, 0b are relatively 
prime to f, so x(a) = p(a) = W(b) = x(0). 

It remains to show that if w’ is a character modulo f such that 
gcd(a’,m) = 1 implies w’'(a) = x(a’) then ~’ = w. This is immediate, 
because if gcd(a, f) = 1 and gcd(a’,m) = 1, a’ = a (mod f) then 
w'(a) = y'(a’) = x(a’) = (a). a 


A character ~ modulo f, with conductor fy = f is called a 
primitive character. 

With this definition we may rephrase (P) as follows: 

Given any character x modulo m, there exists a unique primitive cha- 
racter with the same conductor and which coincides with x on the support 
of x. 

We characterize primitive characters: 


Q. x is a primitive character with conductor m if and only if for every 
divisor d of m, 1 < d < m, there exists an integer a such that gcd(a,m) = 
1, a=1 (mod @), and y(a) £1. 


Proof: We suppose first there exists a character y modulo d, such that 
1<d<™m, d divides m if gcd(a,m) = 1 then w(a) = x(a). In particular, 
ifa = 1 (mod d) then x(a) = ~(a) = YQ) = 1. 

Conversely, let us assume that there exists a divisor d of m, 1 < d < m, 
such that if gcd(a,m) = 1, a = 1 (mod d) then x(a) = 1. We shall define 
a character ~ modulo d, such that if ged(b, m) = 1 then y(b) = (6). 
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In the proof of (P) we have seen that if b is an integer relatively 
prime to d then there exists an integer b’, relatively prime to m and 
such that b’ = b (mod d). In particular, if gcd(b,m) = 1 we just take 
b’ = b. We define ~(b) = x(b’). The mapping w is well defined, be- 
cause if b’, b” are relatively prime to m and b’ = 6b (mod d), 6” = 
b (mod d) there exists a € Z, such that ab’ = 6” (mod m). Thus 
a = 1 (mod d), gcd(a,m) = 1. By hypothesis, y(a) = 1 hence y(b”) = 
x(a)x(b’) = x(0!). 

From this, it is immediate to check that w is a character modulo d and 
if gcd(b,m) = 1 then y(b) = w(b). Since d 4 m, then x is not a primitive 
character modulo m. a 


In order to describe the characters modulo m we prove the following 
result: 


R. Letm = m,---m,, wherem,,...,M, are pairwise relatively prime 
antegers. If x is a character modulo m, then it may be written uniquely in 
the form xX = X1°°* Xr, where x; is a character modulo m;. Moreover, for 
the conductors, we have the relation fy = fy, --- fy,. If x ts a primitive 
character then each character x; is also primitive. 


Proof: Ifa is such that gcd(a,m,) = 1, there exists an a;, gcd(a;,m) = 1 
such that 

aj 

a; 


We define x;(a) = x(a;) when ged(a,m,;) = 1 and yx;(a) = 0 otherwise. 
The mapping x; is well defined, because if a; satisfies 


b] 


a (mod ™,), 
1 (mod m;), for 7 F i. 


a (mod ™,), 
1 (mod m,;), for j 4 i, 


aN 
SA 
UN 


then a; = a; (mod m) so y(a;) = x(a}). 

It is easy to verify that x; is a character modulo m;. Moreover, 
X = X1°::X,r. Indeed, given a, gcd(a,m) = 1 we have a = a,:--a, 
(mod m) where each a; has been determined by the above congruences. 
Thus x(a) = x(@1)--+x(@r) = x1(a)--- x(a), proving that x = y1--+ Xr. 

This multiplicative representation of y is unique. In fact, let us assume 
that x = x, --- x; where each x; is a character modulo m;. Then for every 
a, gcd(a,m;) = 1, and a, defined as above, we have y/(a) = xj(ai) = 
X1(@i) + XG(@i) +++ X-(@i) = x(ai) = xi(@). 

Finally we prove the assertion about the conductors. First we note that 
if d; is any defining modulus for y; (¢ = 1,...,r) then d = d,---d, isa 
defining modulus for x: if a, b are such that gcd(a, m) = ged(b, m) = 1 and 
a = b (mod d) then also ged(a,m) = 1, gcd(b,m) = 1, a = b (mod d,), 
so x:(a) = x:(b) for 7 = 1,...,7r; hence x(a) = y(b). 

Conversely, let d be a defining modulus for x dividing m, let dj; = 
gcd(d,m,). Then d = d,---d, and each d; is a defining modulus for ;. 
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Indeed, let gcd(a,m) = gcd(b,m) = 1 and a = b (mod 4d;); let a;, 6; with 
gcd(a;,m) = gcd(b;,m) = 1 be defined as already indicated. Then a; = 6; 
(mod d;), a; = b; (mod m,), so a; = 6; (mod d;) for 7 # 1 and therefore 
a; = b; (mod d). Hence x(a;) = y(b;) and by definition x;(a) = x; (6). 
Altogether we have shown that every defining modulus of x is the product 
of defining moduli of the characters x;, and conversely. In view of (N) the 
conductor of x is the product of the conductors of x; (@ = 1,...,7r). 


The last assertion is now immediate. |_| 


To describe the characters with conductor f = p}' --- pf" we need only 
describe those characters whose conductor is a power of a prime. By means 
of (M) they correspond to the characters of the multiplicative group P(p*) 
(for some prime p and integer e > 1), and these have already been explicitly 
indicated in Section 21.1. 

If the character x modulo m corresponds to a quadratic character of the 
group P(m), we say that x is a quadratic modular character. 


S. The conductor of a quadratic modular character is either m, 4m, or 
8m, where m is an odd number without square factor. 


Proof: First we consider the case when the conductor of x is a power p* 
of a prime number p, e > 1. 

Let p # 2. If gcd(a,p*) = 1 then we may write a = be (1 + py 
(mod p*) and if ¢p-1, Cpe} are roots of unity of orders p — 1, p*}, 
respectively, then x(a) = Gp—1Gpr—1* x is a quadratic modular character 
when for every a’, a” we have 


2 2a’ -2a” 
l= X (a) = p_1Spr— 1s 


that is, 2a’ = 0 (mod p— 1) and 2a” = 0 (mod p*~'). This is possible 
if and only if e = 1, so the conductor of x is equal to p. 

If p = 2, e # 1, since by (O) we have no modular character with 
conductor 2. Since e > 2, if gcd(a, 2°) = 1, if a = (—1)*5* (mod 2°) 
and ¢5.-2 is a root of unity of order 2°~7, then 


x(a) = (-1)" CS -2 or x(a) = Ge. 


We have 1 = y?(a) for every a exactly when 2a” = 0 (mod 2°~*) for 
every a”. This is possible exactly when e = 2 or 3, so the conductor of x 
is equal to 4 or to 8. 

Now we investigate the general case. By (R), if fy = []j_, p;' then 
X = X1°':Xr where x; has conductor p;‘. From the definition of x; we 
see that y?(a) = ixi(a)} = Ix (a;)]° = x*(a;) = 1. So either x; is the 
principal character modulo f,, or it is a quadratic modular character. By 
the preceding discussion, it follows that the conductor of x is either equal to 
a product of distinct odd primes, or it is 4 or 8 times a product of distinct 
odd primes. | 
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We note explicitly: 


T. Let p be an odd prime. The only quadratic character modulo p is x 
given by the Legendre symbol: x(a) = (a/p) for every a € Z; this character 
is primitive with conductor p. 


Proof: It is clear that the Legendre symbol defines a primitive character 
with conductor p. Conversely, let g be a primitive root modulo p, n = 
cos(27/(p—1))+72 sin(27/(p—1)). The character y is completely determined 
by its value x(g) = n° (0 < e < p—1). If x is quadratic then 1 = x?(g) = 
n°°, soe = (p— 1)/2. 

On the other hand, (g/p) = —1 = n'~)/* = x(qg), therefore if p does 
not divide a then a = g°® (mod p), for some c, 0 < ¢ < p— 2, and 


(<) _ (“) = (-1)¢ = nf ®-D/)Xe = y(g°) = x(a), 


proving the statement. a 


A character x modulo m is said to be even if y(—a) = x(a) for every 
a € Zwith gcd(a,m) = 1. The character x is said to be odd when x(—a) = 
—x(a) for every a € Z, gcd(a,m) = 1. | 

Since y(—a) = x(—1l)x(a) then y is even if and only if y(-1) = 1, 
while x is odd if and only if x(—1) = —1. Since x(—1) = +1, then every 
character is either even or odd. 

If x, x’ are both even or both odd, then yy’ is even. On the other hand, 
if x is even, x’ is odd (or vice versa), then yx’ is an odd character. 

If p is an odd prime, the quadratic character defined by the Legendre sym- 
bol y(a) = (a/p) is even if and only if p = 1 (mod 4), because (—1/p) = 1 
exactly in this case. 

To conclude the section we follow Hecke and introduce characters 
associated to groups of classes of ideals in number fields. 

We recall (see Chapter 8, Section 2) that if J is a nonzero integral ideal 
of K, then the group Cj, = F,;/Prj4 of classes of ideals modulo J is a 
finite Abelian group. Here 


I 
Fi={o 


and 


I, I’ integral ideals, I’ 4 0, gcd(J, J) = ged(I', J) = a| 


Pry+ = {Ar|xeK, x #0, x =1 (mod J) and z is totally positive}. 


If I € Fy let [I] denote its image in C;,. If ¥ is any character of Cj.4, 
let x be defined as follows: 


_ J) x({Z]), when I € Fy, 
x(Z) = e when I ¢ Fy. 


x is called a Hecke character of K with modulus J. 
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We see that if J,I' € Fy, and I = I’. Ax (with Ar € Pry) then 
x(1) = x(J’). Also, if J, I! € Fz then y(II') = y(I)x(J’). 

Hecke characters are a generalization of modular characters. Indeed, if 
Kk =Q, J = Zm, then C;4 is naturally isomorphic to P(m). 

The concepts of conductor of a character and primitive Hecke character 
are defined like the ones of modular characters. 


21.3 Gaussian Sums 


In Chapter 4, we encountered Gaussian sums associated to the quadratic 
characters given by the Legendre symbol. We now introduce Gaussian sums 
associated to arbitrary modular characters. 

Let m > 2, let y be a character modulo m, and let ¢ = cos(2a/m) + 
i sin(27/m). 


Definition 3. The expressions 
Th(X) = S- y(a)cor%* for k=0,1,...,m-—1, (21.1) 
ae P(m) 


l<a<im 


are called the Gaussian sums belonging to the character x (and the 
primitive mth root of unity ¢). 
For k = 0 we have 


_ _ J v(m), when x = xo, 919 
r0(Xx) = Y w= th when XX (21.2) 


as follows from (J). 
The principal Gaussian sum is 


mi(x)= S— x(a)c*. (21.3) 


In Chapter 4, Section 2, we considered the Gaussian sums associated to the 
Legendre symbol, namely S~P- 3 (a/p)c%*, for which we used the notation 
T(k). 


The different Gaussian sums of x are related as follows: 


U. Let x be a character modulo m and 1 <k < m. If gcd(k,m) = 1 
then 


If x is primitive and gcd(k,m) 4 1 then T(x) = 0. 
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Proof: Let gcd(k,m) = 1, then the multiplication by k establishes a one- 
to-one correspondence from P(m) onto P(m), so 


x(k)te(x) = So x(k)x(a)o® = S > x(b)6° = 71(x). 

aE P(m) bEP(m) 

l<a<cm 1<b<m 
Now let d = gcd(k,m) > 1, som = dm’, 1 < m’ < m. Since x is a 
primitive character modulo m, by (Q) there exists an integer b, such that 
gcd(b,m) = 1, b = 1 (mod m’) and y(b) ¥ 1; therefore ¢*® = ¢*. The 
multiplication with 6 establishes a one-to-one correspondence from P(m) 
onto P(m) and we have 


thx) = DY x(ale*®= S- x(db)x(a)crr* 


ae P(m) aéP(m) 
l<acm l<a<m 
=x(b) S— x(a)6** = x(b)rK(x). 
a€é P(m) 
l<a<cr 
Since x(b) # 1 then 7% (x) = 0. a 


Reducing to the case of characters modulo powers of primes makes the 
evaluation of the Gaussian sum of a character. Let . be a character modulo 
m, let m = m,---m,, where mj,...,m, are pairwise relatively prime 
positive integers. Following (R), we may write xy = x1 --- x, where y; is a 
character modulo m;. Let | 


m / 21 _, wa 
m= — and ¢ = ¢C™ = cos — +isin —, 
M4 m4 m4 
fori =1,...,7r. 
With these notations: 


Vv. r r 
T1(X) = ll xi (m4) I T1(Xi)- 


Proof: For every @ € P(m) we may write a = a,---a, (mod m) where 


gcd(a;,m;) = 1, a = a, (mod m,;), a; = 1 (mod m{) and x(a) = 
x1(@1)--:xXr(ar) (see (R)). Since gcd(m{, m;) = 1 there exists an integer 
b; such that bsm; = 1 (mod m,) for 1 = 1,...,r. We also have bjm{ = 


0 (mod m;) for every 7 # i. Then a = )*\_, bim{a; (mod m) hence 


71 (x) = S- x(a)? = S- xi (as )C* 


GE P(m) 41=1 ace P(m;) 
l<a<cm 


> 


as we see by multiplying out the last expression and noting that 


bia ; (2242 _.. (Pra, _ Chimyaitbemsar +--+ bpm’ a, _ on 
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Since 


1 
bj 1 b; t 
y) xalas)Gi* = S| xa(bias) CP = xa(m}) « 710%) 
a;E€P(m;) xi(bi) a;E€P (m;) 
l<a;,< m; 1 < ap< m, 


we conclude that 


8 
8 


W. ~~ If x is a primitive character with conductor f then |r(x)|* = f. 


Proof: Let f = p{'--- p<", where pi,...,p, are distinct primes and e,; > 
0. Let xy = v1--:xX,r be the decomposition of x into primitive characters 
with conductors p;'. 

It is enough to show that |71(x;)|? = pfi fori =1,...,r. 

In fact, letting f/ = f/p;‘, this implies that 


Ini (x) |? = T1(x) - 71(x) 


es | 
Ss 
ex 
S 
, 
E 
x 
=. 
os 
Se 
, 
E 
x 


| 
a 
Se 
= 
| 
3 
& 
| 
Shy 


So, we may assume that the conductor of x is f = p® and we have 


d, xlaem*4y | DO x(B)? 


aeP(p*) bEP(p*) 
So SE x(a) tx (BCP. 
a 6b 


For any a,b € P(p®) let t be such that b = at (mod p*),so y(b) = x(a)x(t) 


and 
S- So x(t)ga? 


ae P( pe tEP(p! :) 
l<a cpio 1<t<p©—]1 


x(t)} So gate) 


t=1 aeP(p*) 


T1(x) + T1(X) 


| 


T1(x) > T1(X) 


a 


p 


_ tO x(t ps cat 1) Sv) y(t b> cpe(t—1) 


t=1 t=1 c=1 


21.3. Gaussian Sums 48] 


But 
p° € 
0, whent £1, 
a= 
and 
> e-l when t = 1 (mod p*~'), 
cpett—1) — 
ne] 0, when t # 1 (mod p*~'). 
Hence 


p° 


T1(x) > T1(x) = p® — po So x(t) 


t=1 
t=1 (mod pe7 1) 


To evaluate the last sum we recall that x is a primitive character modulo 
p° and we refer to Chapter 3, (J) and (K). If p 4 2, every integer t, prime 
top, 1 <t < p®, satisfies a congruence t = 6* (1+ p)* (mod p®) where 
0< al <p-1, 0< a" < pt, and x(t) = Ge y68", where G1, Gy 
are primitive roots of unity of orders p — 1, p®~ (since x is a primitive 
character). We have t = 1 (mod p®~!) if and only if a’ = 0, a” = 
kp?-?, 0< k < p—1. In this case 

2 


2 k po 
x(t) = pnt = N where 7 = ore 


is a primitive pth root of unity. Hence 


pe p—1 
S> x(t) = Sink =0. 
t=1 k=0 


t=1 Gmod peat) 
If p = 2, e > 3, every integer t, prime to p, 1 < t < p®, satisfies a 
congruence t = (—1)%5® (mod 2°) with a’ = Oorl, 0 < a” < 2¢7?, 
and for the characters , with conductor 2° we have 
x(t) = (DG. oor x(t) = Gee. 
We have t = 1 (mod 2¢~!) if and only if a’ = 0 anda” = 0, 27%. Thus 


Qe 


S- x(t) =14+ Gi = 


t=1 
t=1 (mod qe-ly 


since C5 is not equal to 1, hence it is equal to —1. Finally, for the case 
where y has conductor 4 we see immediately that 


S> x(t) = x(1) + x(3) = 0, 
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since x(3) = —1. 


Concluding, we have shown that |r,(v)|? = p® as required. a 


If y is a quadratic modular character then x(a) = +1 when a is relatively 
prime to the conductor of y. Thus 


and so 


Therefore 


(x) =+VJf or t1(x) = #iv/f. 


It is quite subtle to decide what is the sign of 7,(). We shall deal with 
this question in Chapter 26, (E). 


EXERCISES 


1. Determine explicitly the characters modulo 4,6, 7,8. Indicate the 
orders of the characters. 


2. Determine explicitly the group of characters of the multiplicative 
group of invertible residue classes modulo n, where n = 7,8,10,12. In 
each case determine the structure of the group of characters. 


3. Let m = 2° ]];_, ps’, where each p; is an odd prime, e > 0, e; > 0. 
According to Chapter 3, (K), for every odd integer n and each e > 2 there 
exists 6 > 0 such that 


n = (-1)'"")/25° (mod 2°). 
For e = 0,1 let x2«(n) = 1, and for e = 2 let x(n) = (—1)'""))/? for 
every odd integer n. For e > 2 let 


ya (n) = e2rib/2°* 
(where b was defined above), for every odd integer n. If f > 1 and p is an 
odd prime, let 


Xpf (n) = eet ind, (n)/y(p") 


(where g is a primitive root modulo p and ind,(n) denotes the index of n 
with respect to g) for every n not a multiple of p. Show: 


(a) Xa is a character modulo 2° (for all e > 0) and x,y is a character 
modulo pf (for f > 1, p odd prime). 
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(b) With the above notations if y is a character modulo m, there 
exist a,a’, a; (1 <i <r) with 


a=0,1, O<a’<2?, 0<a < y(p%), 


such that: 
If e = 0,1 then 


If e = 2 then 
x(n) = (—1)e(r-D/2 [bp i”. 
1=1 


Ife > 2 then 
y(n) _ (—1)0(-Y/2 Fy. (n)]® [[xpe@l. 


i=1 


4. Let G be an Abelian group of order m > 1. Let G = {a1,---,;Qm} 
and G = {yxo,X1;---;Xm-1}. Show that the matrix M with entries 
(1/m)x;(a;) is unitary. 


5. Let y be a modular character for the moduli m1, m2. Show that x is 
also a character modulo ged(mj, m2). 


6. Let m be odd. Prove that there is no real primitive character modulo 
2m. 


7. Describe explicitly the primitive characters modulo 16 as well as those 
modulo 25 and modulo 360. 


8. Determine explicitly all the primitive quadratic characters. 


9. Let x be a primitive quadratic character with even conductor m. 
Show that y(a + m/2) = —x(a) for all a, with gcd(a, m) = 1. 


10. Show that the number of primitive characters with conductor m > 1 
is equal to 


dHdy (7) 


where p: denotes the Mobius function. 
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11. Let x be a character modulo m, which is not the principal character. 
Show that if 0 < k < kh then 


Yo x(n)) < =. 


In particular, for the Legendre symbol modulo p > 2: 


Sets 


n=k 


6 
Nn | <=> 
ee” 


12. Let m > 2, a > 1 with gcd(a,m) = 1. Let b > 1. Show that 


x(a) 


x(b6) — fy(m) if b =a (mod m), 
es 15 if b a (mod m), 


sum over all characters modulo m. 
13. Let x be a modular character with conductor f. Show that if 1 < 
a <b then 


b 


S> x) < 2 Vf log f. 


koat I a+l1 


14. Let n > 1 and let ¢ be a primitive nth root of 1. Show that 


n—-l 


Sore? = 7 


r=1 


15. Write explicitly the principal Gaussian sums 7,(x) associated to each 
character modulo 7 and compute |71(x)|? as well as 71(x). 


16. Same as the preceding exercise for characters modulo 9. 


17. For m > 1 let € be a primitive mth root of 1. For each n € Z let 


Show: 
(a) If my,m2 > 1 and gcd(m,, m2) = 1 then 


Cm () * Cm2(M) = Cmima(n) 


for every n € Z. 
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(b) If p is a prime, e > 1 then 


Ch (n) —po-! if pein, pe" |n, 


| 


(c) Cm(1) = ulm), where pz denotes the Mobius function. 


18. Let x be a real primitive character with odd conductor m. Then 
r(x) = +,/m ifm =1 (mod 4), 
xX) =) +,/—m_ if m =3 (mod 4). 
19. Let k,n be integers, with n > 1. Define the quadratic Gauss sum by 


G(k,n) = 3 cer 
r=1 


where ¢ is a primitive nth root of 1. 
Show: 
(a) If ged(m, n) = 1 then 


G(k, mn) = G(km,n) - G(kn, m). 
(b) Let p be an odd prime, p{k, let a > 2. Then 
G(k, p*) = p Gtk, p*~*) 
and 


| a/2 if ai 
ay p It a 18 even, 
G(k, p*) = 0/26 Ub, if a is odd. 
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Zeta-Functions and L-Series 


Many deep results about algebraic numbers require Riemann and Dedekind 
zeta-functions, as well as Dirichlet and Hecke L-series. In this chapter we 
gather some basic results to be used later. 


22.1 The Riemann Zeta-Function 


One of the seminal ideas for application of analytical methods occurred in 
Euler’s proof for the existence of infinitely many primes. 


A. There exist infinitely many primes. 
Proof: Suppose that p),p2,...,p,r are all the primes. For each 7 = 
1,...,7 we have 


eae 
_ pk 7 1 — ap 
Multiplying these r equalities, we obtain 


Tr CO Tr 


1 1 
LT | doe) = Uae 


~=1 \k=0 Pi 


The right-hand side is a rational number. If p,,...,p, are assumed to 
be all the primes, by the fundamental theorem of unique factorization of 
integers as products of primes, the left-hand side is the sum (in some order) 
of all fractions 1/n for n = 1,2,3.... This sum of positive numbers is 
independent of the order and is infinite (as we know the harmonic series 
>., -1 L/n is divergent). This is a contradiction. a 


For each x > 0 let r(x) = #{p prime | p < x}. 

The fundamental Prame Number Theorem was observed experimen- 
tally by Gauss and later proved independently by de la Vallée Poussin and 
by Hadamard in 1896. There are elementary proofs of the prime number 
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theorem by Selberg and also by Erdos. See, for example, Trost [28, Chapter 
VII], Gelfond and Linnik [5, Chapter 3], and for further references Hardy 
and Wright [6, Chapter XXII], and Ribenboim [25, pp. 429-430]. 

The theorem states 


1(x) _ 


; that is, lim ——— 
log x roo x/log x 


(x) ~ 

The proof of the theorem may be found in most books on analytic number 
theory; see, for example, [1, Chapter 13], [2, Chapter 2]. 

Euler considered the zeta-series )-~-_, 1/n® (s a positive real number) 
which is convergent for s > 1 and divergent for 0 < s < 1. Euler re- 
lated the series with an infinite product involving all the prime numbers. 
Riemann considered a far-reaching generalization, by letting s be a com- 
plex number and he showed that for every 6 > 0 the series is uniformly 
convergent for the half-plane {s € C | Re(s) > 1 + 6}. Thus it defines 
a function which is holomorphic when Re(s) > 1. This function may be 
analytically extended to the whole complex plane to a meromorphic func- 
tion, which is called Riemann’s zeta-function; its value at s is denoted by 
¢(s). The zeta-function satisfies a functional equation, and it has a unique 
pole of order 1 at s = 1 with residue 1. Besides zeros at negative integers, 
the exact location of the other zeros—which is the object of the so-called 
Riemann’s hypothesis—is of the utmost importance in the theory of the 
distribution of prime numbers. 

These matters are beyond our aims and are treated in the books on 
Analytic Number Theory. 

Here we shall content ourselves to consider the series )>>”_, 1/n*, and 
similar series, when s is real and positive. Among the results of the rich 
theory of these series, we indicate only the properties which will be used in 
the sequel. 

Besides the zeta-series we shall also consider later the L-series associated 
to characters. They are particular examples of Dirichlet’s series, which we 
define now. 

A series 


COO 
e- 
~~. 
ns 
n=1 
where s > 0 and each a, is a complex number, is called a Dirichlet se- 


ries. If a, = 1 for each n > 1, we obtain the zeta-series eer L/né. 


For a given Dirichlet series, it is important to determine the domain of 
convergence, as well as zeros, poles (if any), their order, residue, etc. 


The first result concerns the domain of convergence. 
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B. Let S(m) = a, +---+@m for every m > 1. If there exists s9 > 0 
and a real number a > 0 such that 


82. 


for every m > 1 then for every 6 > 0 the series )-~_, an/n*® converges 
uniformly in the interval |so + 6,00) and defines a continuous function of 
S in (Sq, CO). 

Proof: Let s > s 9 + 6. We have 


mth mth 


An S S(n) — S(n — 1) 
n=m ne 7 n=mM ne 
S(m+h)  S(m—-1) EN" 1 
_ (m + ) _ 4 Xs n)| _ r 
(m + h)s ns (n + 1)§ 
Taking absolute values: 
m+h m+h—1 
An S(m + h) S(m — 1) 1 1 
dL as <| Fn ms ay Sole ao 


(m+ h)*a (m — 1)*a meh—l 


m—1)%a 
<n tome TO of om 


a (ay ~~ 6dr 
< + + as ——___. 
m>— $o ms — so m gs-sotl 


cdr 1 s s 1 
5 ae = < es 
m £87 Sor S— Sg ms—% S—So ms 


We note that the function f given by 


Now 


f(s) = ° for s > 8) +6 > So, 
S — SQ 
is a decreasing function, since df /ds = —so/(s — 8o)* < 0; hence f(s) < 
f(so + 6) = (so + 6)/6. 
Thus 
mth 
An 2a a So + 6 
tle 2 — . ST 
oa ns) mo  mé 6 


Since the right-hand side is independent of s and tends to 0 when m tends 
to infinity, the given series is uniformly convergent on [s9 + 6,00). By a 
general theorem of Analysis, }>””_, an/n* defines a continuous function of 
s on (So, co). | 
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We apply this result to the zeta-series. 


C. For every 6 > 0 the zeta-series converges uniformly on the interval 
[1 + 6,00) and defines a continuous function on the interval (1, oo): 


((s) = )> 


n=l 


| 


for 1<-s. (22.1) 


Ss 


= 


This function is the Riemann zeta-function (we reiterate that we restricted 
s to be a real number). 


Proof: This is a simple corollary of (B), noting that S(m) = m, so we 
may take sg = 1. a 


Clearly if 0 < s < 1, the series }°™~_, 1/n® is divergent, since 


D. The difference ¢(s) — 1/(s — 1) remains bounded when s tends to 1, 
from the right. This is written: 


1 
C(s) & 7 for s—>1+0. (22.2) 
S — 
In particular, 
_jim ,(s —1)¢(s) =1. (22.3) 


Proof: We have the inequalities (where s > 1): 


n+l du 1 "du 
<—< 
n ue n° n—-1l ue 


for every n > 2; hence 


From 


J °° du 1 
g=ba. ff S-m. 
we obtain ¢(s) — 1/(s — 1) < 1 for s > 1. Hence lim,_.;40(s — 1)¢(s) = 1. 
a 
Another basic result about Dirichlet series is the following: 
E. Assume that 
S(m) 


lim —— = 6c, where S(m) = a, +---+@m. 
Mm— OO m 
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Then the Dirichlet series 1s convergent for s > 1 and moreover 


CO 
On | 
_jim j(s — 1) 2 7s (22.4) 
Proof: The first assertion is just (B), with sg = 1. 
Since 
S(m) 


lim 


™m— CO m 


b] 


then we may write S(m) = cm+v(m)m where lim,,..5 v(m) = 0. In view 
of (D) it is enough to show that 


OO Gn 7 OO 1 7 
slimg(s—D Deas = elms DL as =¢ 
Thus, we evaluate 
oe) Qn oe) 1 
» ns “La 78 
n=1 n=1 n 
yew Sim= VY _ pyr remy) 
n=1 ne n=1 n® 
= 1 1 _ 1 1 
= 5 _ _ _ 
Li se)ls ~ wrap] Lae ~ way, 
— 1 1 
= Sin) — -L 
dis onl) = 
_ 1 1 
= s> y(n)n| — — 
met ns (n + 1)8 
=< ntl dx ~~ ntl dy 
=s So u(nyn | SS ssyoun | zs 
n=1 n n=1 n 
Taking absolute values 
An =< — +! dx 
nS S- —|<8s ‘> jv(n)| re 
n=1 n=1 n=1 n 


Given 6 > 0 and s such that 1 < s < 1+. 6 we have 


Gn a mn de 
(Dd ae Veda Ts < s(s — 1) mo fs , 


Since lim,_.., v(n) = O there exists 3 > 0 such that |v(n)| < @ for every 
integer n > 1. For the given 6 > 0 let N > O be an integer such that if 
n > N then |v(n)| < 6. 
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Then 
OO n+l dz 
s(s — 1) S-|u(n)| a 
n=1 n ; 
<sis- 90 | tes— 06D f 7s 
sé (1 + 6)6 
= s(s—1)Glog N + Veal < (1+ 6)6G log N + ays 
since the function f(s) = s/N*°~! is increasing. Thus 
| an | 1 
lim (s — 1) — = lim (s—1)c — =6¢, 
s—>1+0 aL ns s—1+0 nal ns 
as we wanted to prove. a 


Now we give Euler’s product representation for certain series. 

Let P be a set of prime numbers, let NV be the set of integers which 
are products of the primes p € P. To exclude the trivial case, we assume 
that P is infinite. Let f : MN — C be a function such that f(1) = 1 and 
f(nn’) = f(n)f(n’) for all n,n’ EN. 


Lemmal. Assume that the series )) car f(n) is absolutely convergent. 
Then the product [|,-p1/(1 — f(p)) ts absolutely convergent and 


S_ f(n) = [] Saint (22.5) 


neN peP 
Proof: From 
S-lf(P)l < So IF (n)], 
pEeP nEN 
the series p peP f(p) is absolutely convergent. Hence the product 
[[G@ - f)) 
peP 
is absolutely convergent with nonzero limit; so 
Il _} 
pep LS (P) 


is absolutely convergent. 
For m > 1, let P(m) = {p € P| p < m}, let Nj, be the set of natural 
numbers which are products of primes in P,,. For each p € P: 
1 


1-fo) =1+ f(p) + f(p’) +-- 
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because f(p") = f(p)* for k > 1. Then 
HW ap > Wet rm trot = 0 som, 
PEP in P PEP in nENin 


as follows from the unique prime factorization of integers and the 
multiplicative property of f. Then, by the absolute convergence 


1 1 
ll =o jm, Il =p 


pEP pEPin 
= lim Do fl) = DO flr), a 
nENin nEeN 


We apply this lemma with P, N as above. 
F. For s > 1, the infinite product 
| —— 
pep b 1/p* 


is absolutely convergent and 
1 1 
—_— = ——_—_. 22.6 
yelp 226 


Proof: In the above lemma, let f(n) = 1/n® for every n € WN. Since 
>>, 1/n® is absolutely convergent, then so is 


1 


for s > 1. The result follows from the lemma. |_| 


The most important case of the above result is when P is the set of all 
prime numbers. In this situation we obtain Euler’s product representation 
of the zeta-function 


ae 1 
C(s) = S- ns = I] 1—1/p5 for s>l. (22.7) 
n=1 - p 


22.2 L-Series 


Associated with the modular characters, we define other important Dirich- 
let series. Let y be a character modulo m > 1. The Dirichlet series 
y-, x(n) /n* is called the L-series of x. 

We recall that x(n) = 0 if and only if m, n are not relatively prime; 
moreover, if x(n) # 0 then |x(n)| = 1. 
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Combining the previous results, we have: 


G. Let x be a character modulo m > 1. The L-series associated with 
x converges absolutely for every s > 1. For every 6 > 0, the L-series of x 
converges uniformly on the interval [1+6, co). Hence it defines a continuous 
function L(s|x) of s on (1, 00): 


L(s|x) = 2 
n=1 


for l<-s. (22.8) 


Moreover, L(s|x) admits the multiplicative representation 


L(s|x) = || == 


: 1— x(p)/p for l<-s. (22.9) 


In particular, for the trivial character x9 modulo m: 
dl 
L(s\xo) = ll € — = | C(s) for l<s, (22.10) 


p|m 


and the series 


is divergent when0 <5 <1. 


Proof: Since |x(n)| is equal to 0 or 1, by (D), for every s > 1 the series 


— x(n) 


n=l 


is absolutely convergent and for every 6 > O it converges uniformly on 
[1 + 6,00), so it defines the continuous function L(s|x) on the interval 
(1, 00). 

Since 


is absolutely convergent (for s > 1) we may apply Lemma 1 with f(n) = 
x(n) /n*, which is a complex-valued multiplicative function. We deduce that 
the infinite product 


1 
U 1 — x(p)/ps 


(where P is the set of all prime numbers) is absolutely convergent and 
(22.9) holds. 
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If x = xo (the trivial character modulo m), then yo(p) = 0 exactly when 
p divides m. Then 


usho) = Toe “Wine 
“I (1- =) =I 0-5) 


Finally, we note that if 0 < s < 1 the series 


3 xo (7) 


is divergent. Otherwise it would be convergent, hence absolutely conver- 
gent, because x9(n) = 1 or 0. By Lemma 1, (22.9) holds with 0 < s < 1; 
hence by (22.10), ¢(s) would be convergent for 0 < s < 1, which is false. 

a 


Actually, if xy # vo, the domain of convergence of L(s|x) is (0, 00). This 
will follow from a general convergence test due to Abel: 


H. Let (adn)n be a sequence of complex numbers for which there exists 
E > 0 such that 


So an <eé for every &> 1. 


Let (fn(s))n be a monotonically decreasing sequence of functions of s, de- 
fined on an interval I of R, with positive values, and converging uniformly 
to 0 on I. Then the series \-~~_, nfn(s) converges uniformly on I. 


Proof: Let ag = an a, for 2 > 1. Then a, = an — Qn_1 andifk < @ 
we have 


£ 
S- An fn(s) 
n=k 


id 


(0 n — An— 1) fn(s) 


l—1 
S- an(fn(s) ~ fn+ils)) + ae fe(s) _ Ap—1 f(s) 
=k 


El fx(s) — fe(s) + fe(s) + fr(s)] = 2€fe(s). 


Given 6 > 0, by hypothesis there exists j9 such that if 7 > jo then 
2ef;(s) < 6 for every s € J. Thus the series \°””, anfn(s) converges 
uniformly on TI. | 
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We apply this result to obtain: 
I. Let x be a character modulo m, y # xo. Then for every 6 > 0: 
3 x(n) 
nar 


converges uniformly on |6,0o). Hence it defines a continuous function 
L(s|x) on (0, oc). 


Proof: Taking an, = x(n) we have | aan x(n)| < v(m). Indeed, since x 
is a character modulo m we have x(j) = x(k) where 7 = k (mod m). Since 
x # Xo we have $°""_, y(n) = 0 (by Chapter 21, (J)). f@=qm+r,0< 
r<m, then 


Next, the sequence of functions f,(s) = 1/n® is monotonically decreas- 
ing and uniformly convergent to 0 on [6,0oo). By (H) we conclude that 
y. 1 X(n)/n® converges uniformly on [6, 00) where 6 > 0. So it defines a 
continuous function L(s|x) on (0, 00). a 


We shall use later the following result. 
In the sequel it is agreed that if |z| < 1 then 


OO 
1 xc” 
log = ) —, 
1-r “= n 


Also, if an infinite product of functions [] f,(s) is absolutely convergent 
(for s > 1) then 


log |] fa(s) = > log fa(s). 


J. Let x be a character modulo m. Then 
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Taking logarithms, and due to the absolute convergence, we have (for 
s > 1): 


We have the following bounds when s — 1 + 0: 


1 x(p’) | 01 — 1 
dey pe | S32 do 
1 1/p*s 1 1 
<5 Lit < SUB < ¢(2) 
Thus 
log L(s|x) — < C(2). a 
Pp 


To conclude this short section on L-series, we give an expression for 
L-series involving Gaussian sums. 
Let y be a character modulo m. Let ¢ = cos(2a/m) + isin(27/m). 


K. If x # xo then 


for s> 0. (22.13) 


m— “¢ 
D> 


Proof: By definition, since y is a character modulo m, we have 


= x(a) S- -; for s>l. 


ae P(m) n=a (mod m) 
l1<a<cm 


3I4 


(22.14) 
We may also write 


1 Cn 
S- — = S- — (22.15) 
n=a (mod m) n=1 


where c, = 1 when n =a (mod m), cy = 0 otherwise (the coefficients cy, 
depend on the class of a modulo m). It is possible to express c, in terms 
of the mth roots of unity. 
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If ¢ = cos(27/m) + 7sin(27/m) is a fixed primitive mth root of unity, 
we know that 


ye ={" when m divides r, 


0, when m does not divide r. 
Rewriting this sum, we have 
-1 
m cla=nyk io when n =a (mod m), 


= 0, when n #a (mod m™). 


Therefore 


C(a- mk (22.16) 


Lsix)= — > x(a) 3 


LE P(r) n=1 k=0 
l<a<cm 
1 m—1 ee) —nk 
= — > x(a)co* ys for s > 1. (22.17) 
m 
k=0 aé Pm) n=1 


l<a<cm 


Using the definition of the Gaussian sums given in Chapter 21, (21.1), we 
have 


= )= — ny wos - for s>l. (22.18) 


By Chapter 21, (21.1), we have 7o9(v) = 0 because y # yo. Taking into 
account the definition of Gaussian sums, the statement follows at once. Hf 


In particular, since y # xo, the L-series L(s| x) is defined and continuous 
on the interval (0, 0c). Hence 


L(1|x) = (22.19) 


EXERCISES 


1. Show that the series ) |, 1/p (sum for all primes) is divergent. 


2. Show that ¢(s) 4 0 when s > 1. 
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3. Let 


Me 
15 


1 


Tm 


(s real, s > 0, and each a, a complex number) be a Dirichlet series. Let 
So be the abscissa of convergence (so the series converges for s > so and 
diverges for s < so). Show that 


log a a 
go = limsup (02 | 2en=1 2n! 
k log k 


4. Let so (respectively, sj) be the abscissa of convergence of the Dirichlet 
series 


ee) 

~ 3 
ns 

n=1 


(as in the preceding exercise) (respectively, of 


Show that sj < s9 + 1 (this holds also when so or s{ is infinity). 


5. Determine the abscissa of convergence of the following Dirichlet 
series: 


(a) S> oi 


n=1 nr 

(b) S- — where |a| < 1, 
n=1 
OO qn 

(c) S- — where |a| > 1, 
n=1 

(d) 3 — ft 
<— (log n)? ns- 


6. Let (Fn)n>o be the sequence of Fibonacci numbers (see Chapter 1, 
Exercise 17). Let F be the set of all natural numbers which are products of 
Fibonacci numbers. Define a, = 1 when n € F and a, = 0 when n ¢ F. 

Determine the abscissa of convergence of the Dirichlet series 


Oo 


an 
a 


n=1 
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Hint: Use the expression F, = (a” — 8")/(a@ — 3) where a, 3 are 
the roots of X? — X — 1. 


7. Let f: N — C be a function such that the series 
3 f(n) 
ns 

n=1 


converges absolutely for s > sg (where so > 0). Show that 


3 p(n) f(n) 
ns 
n=] 
also converges absolutely for s > sq and that 


Fin) | [RX wlnyfin 
ars : ee =1. 


8. Show that if s > 1 then 


(a) s)=s fo Bhar= 2-5 fo Aa as 


1 8 a(x 
(b) S- ps =s/ ne) dz. 


9. Show that if xo is the trivial character modulo m then 


, _ ¥(m) 
dim ts —1)-L(s|xo) = a 


Hint: Use the preceding exercise. 


10. Assume that (@n)n>1 is a sequence of complex numbers and that 
a > 0 is a real number such that 


nr 
Sa; <a for every nol. 
i=l 


Let (fn(s))n>1 be a sequence of functions of s, with real values, such that 
there is an interval [so, s;] on which the sequence (f,(s))n converges uni- 
formly and monotonically to 0. Then the series )°°~_, an fn(s) converges 
uniformly on |so, $1]. 


11. Let x be a character modulo m. Show that 


L(s|x) =), 8" 
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converges uniformly in every interval [1 + 6,00) where 6 > O and converges 
absolutely for s > 1. L(s|x) has a continuous derivative for s > 1, which 
is equal to 


ae ) 1 
ee a se for s> 1. 


Moreover, if x # Xo then the above result holds for [6,00), 6 > 0, and 
s > 0. 


Hint: For yx # xo use the preceding exercise, considering the series 
obtained from L(s|x) by termwise differentiation. 


12. Let x be a character modulo m. Let L’(s|x) denote the derivative of 
L(s|x) for s > 1. Show that 


L'(s|x) — x(n) A(n) 
— _ 1 
Lis|x) » 78 for s>l, 
where A denotes the von Mangoldt function (see Chapter 3, Exercise 51). 


Hint: Use Exercise 11 and Chapter 3, Exercise 51. 


13. Let xy be a character modulo m. Show that 


> ran x(p) log p nase 


is bounded for s > 1. 
Hint: Use Exercise 12. 


14. Show that 


where s > 1, t > 1. 


16. If x is not the trivial character modulo m, show that 


oO log 
S > Xi) loan < yp(m) for s> 1. 
n 
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Hint: Use Exercise 5 of Chapter 21 and estimate 


> x(n) log n 
n=3 n 


17. Let xo be the trivial character modulo m. Show that 


L"(s|xo) _ 
im ——*~ = 
s—14+0 L(s|Xxo) 


Hint: Use Exercises 11 and 1. 


18. If x is a character modulo m, x # yo, show that 


L’ 
L'six) is bounded for s > 1. 
L(s|x) 


Hint: Use Exercises 11 and 2 to bound L’(s|x); to bound 1/L(s|x) 
use Exercise 7 and the fact that L(1|x) 4 0 for x # xo. 


19. Let m > 1 anda > 1 be integers, and gcd(a,m) = 1; let A be the 
von Mangoldt arithmetic function (see Chapter 3, Exercise 51). Show that 
ifs > 1 then 


- ye Gly) A(n) 
p(m) dX x(a) L(x) » ns 


n=a (mod m) 


Hint: Use Exercise 13 and an orthogonality relation for characters. 


20. Let (@n)n>1 be a sequence of complex numbers, for each x > 1 let 
S(x) = >) <, Gn. Assume that there exists 6 > 0 such that 


S(x) 


7 


remains bounded for all x sufficiently large. 
Show that if s > 6 then 


21. Let (dn)n>1 be a sequence of complex numbers, and let f(x) be 
a differentiable complex-valued function defined for x > 1. Let S(x) = 


yin<2 An: 


Show that 


SF ansin) = Sta) f(a) - [so s' at 


NL 
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22. In this exercise consider a Dirichlet series with complex argument 
namely 


fe) 

a 
» s? 
n=1 


where a, and s = o + it are complex numbers (o, t real numbers). Extend 
to these series the results of the text which were proved for s real number. 


= 3 


23. Show that the Riemann zeta-series 
©.@) 
1 , 
S- — with s=oa-+it, o,t real, 
n> 
n=1 
is an oscillating series for every point s = it, t £ 0. 


24. Show that if n > 2 then 
¢(2)¢(2n — 2) + C(4)¢(2n — 4) +--+ ¢(2n — 2)¢(2) = (n + 5 )C(n). 
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The Dedekind Zeta-Function 


In this chapter we introduce the important Dedekind zeta-function of an 
algebraic number field and obtain an asymptotic expression for the class 
number. 


23.1 Asymptotic Expression for the Class Number 


Let K be an algebraic number field. Our purpose is to obtain an asymptotic 
expression for the class number h of K. It will involve other invariants of 
K as well as norms of integral ideals. 

By Chapter 8, (G), for every m > 1: 


v(m) = #{J integral ideal of K | N(J) = m}. 


is finite. 

For every real number t > 0, let a(t) denote the number of integral ideals 
J of K such that N(J) < t. 

Thus 


Let Ci, Co, ..., Cy be the A classes of ideals of K. We recall (Chapter 
9, statement equivalent to (C)) that every nonzero ideal is equivalent to 
some nonzero integral ideal J; € C; such that N(Jj) < ./|6|, where 6 is 
the discriminant of K. The ideals of the class C; are of the form Az - J;, 
where xz € K, x # 0, and A is the ring of integers of K. 

Since N(Az - J;) = |NxiQ(x)|- N(J;) then the norms of the ideals of the 
class C; are obtained from N(J;) by multiplying with the absolute values 
of the norms of the elements x € K, x # 0. 


For every real number t > 0 let o(t;C;) denote the number of integral 
ideals J of the class C; such that N(J) < t. Since N(J;) < ,/|6| for every 
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i= 1,...,h, it is plausible that a(t; C;)/t has a limit, which is independent 
of the class C;;. This is indeed true, as we shall prove soon. 

Let n be the degree of the algebraic number field K, let r; be the number 
of real fields conjugate to K, and 2rg the number of complex (nonreal) 
fields conjugate to K (they appear in pairs of complex conjugate fields). 
So 0 < 14, O< 19, n=71, + 27ro. 

We denote by K"), ..., K‘) the real fields conjugate to K, and by 
k(t) |) KK) the nonreal fields conjugate to K; these are numbered 
in such a way that 


K(nit3) = K(mtre+s) for j=1,...,79. 
We also put 
(p=: = 8h, = I, Opti = = bpyar, = 2. 


Let U denote the group of units of A, and W the subgroup of roots of 
unity, w = #(W). Let {u1,...,u,} be a fundamental system of units of 
infinite order, where r = r; + rg — 1 (see Chapter 10, Theorem 1). Finally, 
let R = |det(¢; log ju |) a.5 be the regulator of K. 

If aj, ..., @, is any basis of the Q-vector space K, and if €), ..., En 
are real numbers, let 


Tu 
tI) = Say) for j=1,...,n. 
k=1 


The elements 2%) € C belong to the R-vector space generated by 


fal), 2, aD}. Tf &,...,€2 € Q then ec € KY and c,..., 2 
constitute a set of conjugate elements. 

Since the regulator R is different from 0, for each n-tuple (&1,...,&n) 
of real numbers such that «@) 4 0, ..., 2‘ F 0, there exist uniquely 
defined real numbers a,. ..., @, such that 

r (J) 

=1 
(1, ..-, Q, are called the exponents of x, ..., 2'™ with respect to 
the fundamental system of units {ui,...,u,}. If &1,...,€ € Q and z = 
2“) © K we simply say that a}, ..., a, are exponents of zx. 

If zc € K’ has exponents aj, ..., a, and x’ € K’ has exponents 
a}, ..., a). then the exponents of rz’ are obviously a} +a}, ..., @- + Q). 

If v is a unit of K, we may write v = Cuy"!us’? --- ur where ¢ is a root 


of unity and each m, is an integer. Since |Nx Q(v)| = 1 then the exponents 
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of v are m,, ..., m,. Moreover, a unit v has exponents all equal to 0 if 
and only if v = ¢ is a root of unity. 


A. For every class of ideals C, we have 


. DTI +72 772 
lim 20) _ 20a (23.2) 


moot wy/6 
Proof: Let C~! be the inverse of the class C in the group C of classes of 
ideals, and let J be an integral ideal in C~! (which clearly exists). 
For every integer t > 1, there is a one-to-one correspondence between 
the following sets: 


E, = {I € C | J is integral and N(J) < t} 
and 
E, = {Ar |0 4 Ax C J, |Nx\Q(x)| < N(J) - th. 


In fact, given J € C, an integral ideal such that N(J) < t, then J- J € 
C.-C}, which is the class of principal fractional ideals. But J - J is a 
nonzero integral ideal, so /- J = Ax where x € I- J C J and 


INxiq(x)| = N(A) = N(1)-N(J) < t+ N(J). 


The correspondence is one-to-one because I, I’ are distinct, ]-J = Az, I’: 
J = Ax’ and, therefore, Ax # Ar’. 

Conversely, given Ax # 0, Ax C J such that |Nx Q(z)| < N(J) - é, let 
I= J“! - Az; so I € (C~!)~! =C, Tis integral and N(JI) < t. 

Since o(t;C’) = #(€;) it is enough to count the number of elements in 
€/. For this purpose, let {u, ..., u,} be a fundamental system of units 
of infinite order of A. We associate with €/ the set €// = {x € J|0 < 
INxiQ(x)| < N(J)-t and the exponents aj, ..., a, of x with respect to 
{u,, ..., ur} satisfy 0 < a, < 1 fork =1,...,r}. 

We show that #(€;’) = w- #(E;), where w is the number of roots of 
unity in K. Indeed, if x,y € &;/ and Ar = Ay then x = vy, where v is 
a unit. Considering the exponents a, of x, mx of v, and Gy of y, we have 
Ap = Me + Be with O < a, < 1, 0 < Be < 1, and mx, € Z. This implies 
that each mz is equal to 0 hence v is a root of unity. On the other hand, 
if y € €&' and v is a root of unity, then c = vy € €'. This shows that 
#(E/") = w- #(E/) and we need to evaluate #(E/’). 

We shall construct a closed and bounded domain D; contained in the 
real n-dimensional space R”, in such a way that the points of €,’ are in 
one-to-one correspondence with the points of Dz, distinct from the origin, 
and having integral coordinates. 

By Chapter 6, (K), J is a free Abelian group of rank n. Let {a1,...,a,} 
be a basis. For every n-tuple (€1,...,&,) € R”, let 


nr 
x = \~ &aj? € C, g=l,...,n. 
k=1 
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We define FE; to be the set of all n-tuples (€,,...,&,) € R” such that: 
(1) 0< Tl 2) < N(J) +t: (23.3) 


and 


(2) the exponents aj, ..., a, of x), ..., 2™ satisfy 0 < ay <1 
fork =1,...,r. 


FE, is a bounded set. Indeed, since oe ...,@n} is linearly independent 
over Q, discrx)Q(a1,...,@n) = (det (al? )]? # 0. Then the linear transfor- 
mation @: (€,,...,€n) — (x@,...,2™) is invertible. From the definition 


of the exponents and conditions (1) and (2) it follows that 


rT 
jo) = Ja.) exp | S> ag log juy”| 
k=1 


< fa)... 2 [1/" exp(rM) < [N(J) - t'/" exp(rM), 
where M = max {log |ul??| }g =1,...,n; k=1,...,7r}. 

The image of E; under @ is a bounded set, hence considering 0~! we 
deduce that EF; is bounded. 

In order to obtain a closed set D; we consider the set E; of all points 
(€1,---,&n) € R” such that for some i, 1 <1 <n, we have 


n 
xc) = S~ &al? = 0 
k=1 


and moreover 


jz')| < [N(J) - #]'/" - ew ™ for jo=l,...,n. 
Let Di = & U Ej. Then D; is a bounded and closed subset of R”. 

The elements of &/’ are in one-to-one correspondence with the points 
of D, having integral coordinates distinct from (0,...,0). In fact, x € 
Ej’ implies that zr = D°7_, Max with m1,...,m, © Z, not all equal to 
0. The n-tuple (m1,...,™Mn) belongs to Ey C D;. The correspondence 
r++ (mj,...,Mn) is one-to-one, because {a1,...,@n} is a basis of the 
free Abelian group J. Every point of D; with integral coordinates and 
different from the origin may be obtained from some element x € €;,’ in 
this way; we need only to note that if (m1,...,mn) € Ef then z = O and 
(™m,---,Mn) = (0,...,0). 

Therefore 1 + #(€;") is equal to the number of points with integral 
coordinates in D,. 

It is our aim to compute lim;_.., a(t; C) /t. 


23.1. Asymptotic Expression for the Class Number 909 


We have 
—  w-alt;C) 4. . 1 
Jim = Jim [1+ w-oa(t;C)] + 
1 1 
~ Jim, l + #(EC)) EO jim, #(Dt) - t! 


We show that lim;y_,.. #(D;)/t is equal to the volume of the closed and 
bounded set D,. For every t > 0 let 6: R” — R” be the linear trans- 
formation defined by 6(&,.-.,£n) = (m,---.%) with ne = (1/ Vt)Ex for 
k =1,...,n. Then 6(D,) = D, as one verifies at once. Moreover, 


A(m Mn) = (= mn ) 

Losec yg fhbn Ee? ah ’ 
each hypercube H of side 1 and center (mj ,...,m,,) has image 6(#7) equal 
to the hypercube of side 1/ Vt and center @(mj,...,7™,), hence of vo- 
lume 1/t. Therefore 1 + #(€;’) is the number of hypercubes of the type 
described with center in the domain D, each having volume 1/t. Thus 


(1/t)[1 + #(€;’)] is an approximation for the volume of the closed domain 
D,. Therefore 


vol(D,) = Jim ~ #(Di). (23.4) 


Our task now is the computation of the volume of D,. This will be 
performed by effecting successive changes of variables. 


Let 1, ..., CG, be new variables defined by 
hat E,a\) — Cj for J — 1, -+ +57], 
an €,a\2) = ¢ + Wi+rs for g=7r,4+1,...,71 +1. 
So 


= Yssol for j=1,...,171, 
(7) (j+r2) 
a ° a; 
Ya ay tat? = for | 
(J) 


a al! +r2) 
Gitr. = » & | + for j 


The absolute value of the Jacobian of the change of variables is 


F O(¢1, +++. ¢n) 
O(€1,---,&n) 


=7rjc4+1,...,71 +712, 


ry t1,...,7, +12. 


= 27" \det(a)| = 2-7? - N(J) - v/J6] 
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by Chapter 8, (E). Hence 


O(E1,---,€n) 
vo dD, _ bee n= a-..,.UOtO”OC~CS« *‘<CS 
\(D)) I, dg dg I, ae ..+5Cn) 


dn, (23.5) 


dQi +--+ dn 


| 


2" / 
OS doi 
N(J) + V/16) J Dy 
where D; denotes the domain obtained from D, by the change of variables. 

A new change to polar coordinates 


Cj = Pj for jg=1,...,71, 
Cj = pj COSY; for j=7r,4+1 T1 +12, 
Cro+j = Pj SIN Y; for j7=741 71 +12, 
with 0 < y; < 27, 0 < p;, has Jacobian 
O(C1,---+Cn) 
O(P1, +--+) Pritres Pritds+++>Pritre) 


equal to the determinant of the matrix 


COS Yr; +1 0 O- ++ —pp,41 SIN Yr, 41 0 0 
0 COS Pr, +2 QO---: 0 — Pr, +2 sin Pri +2 0 
0 ’ 
sin Yrit+l 0 QO -- * Pr, +1 COS Pr, +1 0 0 
0 sin Prit+2 QO --- 0 Pr, +2 COS Pr, +2 0 


where J,, is the identity matrix of r; rows and r; columns. A simple 
computation shows that the absolute value of the Jacobian is equal to 


Pr, +1Pr1+2°°° Pritre: 


In the new variables, D| becomes the set D1’ of points (p1,..., Pr, +ro; 
Pritls+-+;Pry+ro) Such that 0 < pj, O < yp; < 2m, for 7 = 1 + 
1l,...,71) + Tre, and 


ry+re2 2. 
O< IT lpj\9 < N(J), 
jal 
L, Titre G) (23.6) 
log |p;| = — lo eI] lpn |* + ya log |u|, 


with 0 < ag < 1. 
Thus 
vol(D;) 


_ (Gry + Sn) dp. +++ dpry 4rd er, 41 °° + Ary 415 
O(P1, +++ 5 Pritr2) 


= Jol 
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2" / 
ry ers Pr, +1Pr,4+2°°° Pry +ro4P1 _ Apr, 4rd Pr, 41 _ dry +r5 
N(J)- V6] Joy 
272 772 d d 
= Pritl °° Pry+r24P1 °° * @Pry tro: 
N(J) > 16) Joy 
a 


We consider a part of the domain of integration, namely D;", where p, > 
0, ..., Pr, > 0. Then 


(23.7) 


Joma i Pryt+r24P1 i Apr, +r2 ~ nf Pri+1 °° Pry t+r24p1 i Apr, +ro- 
Dy a 


(23.8) 
Let new variables be defined by 7; = p;! for 7 = 1,...,71 + T2, where 
é) =--- = @,, = land é,,41 =--- = lr4r, = 2. The absolute value of 
the Jacobian of this change of variables is given by 
O(p1, sey Pritras¥rit ls: :Pri+ro) _ 2-72! bee 0, 
O71, -- +) Try troy Pri tly: + +s Pritro) ryt ry+r2 
In the new variables, D{/’ becomes the set pb? of points 
(71, ar) Try +ro> Pritts nee) Yritr.) 
such that 7; > 0 for j = 1,...,71 +72, O < yj < 2m for 7 = 71 + 
1,...,7, + ro, and 0 < 1] -++Tp4r, < N(J): 
5 - (i) 
log(7;) = 7 log(71°+° Tr, +r.) + 2; S° ax log |u,"’| (23.9) 
k=1 
with 0 < a, < 1. 
Thus 
DT1 +72 772 
vol(D,) = ————_— dt, --- dt ; 23.10 
Y= NO) Vial Jo i : 
Let a new set of variables be aj, ..., Qr, W = 7172+ °*Trytres Priddy oes 


Yr, +r, Lo determine the Jacobian of this change of variables, we note that 


l, r 
log(7;) = = log(w) + 2; S- az, log jut? 
k=1 


hence 
1 OT; 1 O7; £ 1 
— . 2 = £ log |ul?| and —-—t=4.-., 
T; OK T; Ow n WwW 

‘Therefore 

O(T1, © Try troy Pritly ++ +s Pry+ro) _ T1°°° Try+re 


O(01,---, Ar, Wy Yry41,-++5 Pritro) WW) 


512 23. The Dedekind Zeta-Function 


1 1 
a log ju‘ ) vee a log |ut’?| E,/n 
2 2 
£5 log lus ) 2 log lus 4 fy/n 
Le ee, 0 
x det 
bry +r log ju a” | lr tre log lu _ >| lrytr,/M 


0 I, 


where J,., is the identity matrix with r2 rows and rg columns. 
But 


ri +72 


l= IN«io( ur)| ae! yl? |% 


hence yy” é; log jul? )) = 0. Similarly yy” £; = n, hence the absolute 
value of the determinant 
0, log |uyP| ++ @y log Ju, | 
je | 
£,, log jus” | uc l,. log up”? | 


is equal to the regulator R. Hence 
9ritre n7™2R me 
vol(D,) = ————= tof [ da, --- da, 
N(J) V/\6| 
971 +72 772 P 
16 


Concluding, we have 


. Ty tT. -T2 
lim a(t; C) _ 2 T R a 


OE wll 


We recall that a(t) denotes the number of integral ideals J of AK such 
that N(J) < t. We obtain at once 


B. ryt+Tr2,7e2 
lim 2) _),. MEU aPR 
moo wy 

Proof: h 

a(t) = S— a(t C;) 
i=l 
hence 
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Ori tre mR 9ritr2 772 R 
= ele = h. ——__— a 


w/ld| 


If we want to use the above formula to compute the class number, we need 
to know rj, r2, w, 6, Ras well as the value of the limit on the left-hand 
side. In many cases there is no great obstacle in determining 71, ro, w, and 
6. It is more difficult to find the regulator, since it requires the knowledge of 
a fundamental system of units. The computation of lim;. a(t)/t is even 
more awkward. We shall therefore express this limit in another way, more 
appropriate for calculations. 

The limit limz—.. a(t)/t expresses the distribution of integral ideals in 
kK with respect to the norm. We recall that v(m) denoted the number of 
integral ideals of K with norm equal to the integer m > 1. Thus 


[¢] 
o(t) = ‘> v(m) and a) «< ee 


hence 


However, the series aa v(m)/m is usually divergent. We get convergent 
series by considering large denominators; for example, when s > 0 is suffi- 
ciently large then )>*°_, v(m)/m* will be convergent. The idea is to study 
the function of s defined by such a series and then investigate its beha- 
vior when s tends to 1. This leads us to the consideration of the Dedekind 
zeta-series of the field K. 


23.2 The Dedekind Zeta-Series 


The Dedekind zeta-series of the algebraic number field K is 


oe 


m=1 


where s is a positive real number and for every integer m > 1, v(m) 
denotes the number of integral ideals J of K with norm N(J) = m. 
Thus, the Dedekind zeta-series is a Dirichlet series. If K = Q, the 
Dedekind zeta-series is the usual Riemann zeta-series (with s restricted 
to be real, as is sufficient for our purposes). We may apply the results 
of Chapter 22 to determine the domain of convergence of the Dedekind 


zeta-series and to obtain the Euler product representation. 


C. For every 6 > 0 the Dedekind zeta-series converges uniformly on the 
interval [1 + 6,00) and defines a continuous function of s in (1, co), called 
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the Dedekind zeta-function of K and denoted by CxK(s). Moreover, 


Dri +T2 772 
lim (s — 1)¢xK(s) =h- ek 


0. 23.11 
im , at (23.11) 


Proof: With the notations of Chapter 22, (B), we have 


By (B) we have 
9ri tre 772 
lim o(m) _ h. eee 


mate ov 


hence the result follows immediately from Chapter 22,(B) and (E). & 


We shall be able to express the Dedekind zeta-series as an infinite 
product, involving the norms of the prime ideals in K and valid for s > 1. 

More generally, let 7 be a set of nonzero ideals in K. For every m > 1, 
let In = {J € J | N(J) < m}. 

For every k > 1, let vz(k) = #{J € J | N(J) = k}. Thus 


#(Sm) = Y> vz (k). 
k=1 


We define 


S(m) = Sm(J) = S- at") = S> Won for m>1, s>0O. 
k=1 JETm 


The sequence of positive real numbers (Si,)m>1 has a limit (which may 
be infinite). We define 


1 | 
d Node ~ kim, Sm(S). 


Let 


form >1, s> 0. 
The sequence of real numbers (Tin )m>1, each satisfying 1 < T,,, has a 
limit (which may be infinite). We define 


1 
TT —— = lim Tal). 
jeg 1~—1/N(J) m—0oo 


Now let P be a set of nonzero prime ideals of K, let 7 be the set of all 
integral ideals which are products of ideals in P. 
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Concerning the convergence of 


1 
) =~ and of the product I] 
JET N(J) PEP 


1 
1 —1/N(P)s’ 
we have: 
D. Let P be a set of nonzero prime ideals in K. Then the product 


1 
I] > 1/N(P)s 


PEP 
1s absolutely convergent fors > 1 and 

—_—-—_—_ > 1. 
il 1-1 NTP Nu We jor s 


Proof: Let v(k) denote, as before, the number of integral ideals in K with 
norm equal to k. 


We have 
1 1 ". Vp(k) 
See = lim, SS ada = lim So! 
PEP (P) m2 PEP N(P) moo fk 
; . 7(k) “\ v(k) 
< | m = < 


and by (C) the last series is convergent, hence absolutely convergent, when 
s> 1. 
Hence 


1 
IT == Nip 7° 


PEP 


1 
Il == 1/N(P)5 


PEP 


and so 


is absolutely convergent. 
For each P € P, we have 


1 1 1 
| a 
1-1/N(P)s SO N(P)S | N(P2)5 
because N(P**) = [N(P*)]° for all k > 1. 
Then, for m > 1: 
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where J(P) denotes the set of ideals which are products of ideals in 
Pm. This is a consequence of Dedekind’s theorem (Chapter 7, Theorem 2). 
Hence 


1 1 
—————— = lim Ty, = ii m 
LT avy = bie oP) in. Sway [TE IP } 
EP 
-om 
JET N(J)° 
as follows from the absolute convergence of the series. a 


Taking P equal to the set of all prime ideals in AK, we obtain 


1 


Cx(s) = I] 1 1/N(P) for s>l. (23.12) 


In particular, taking K = Q we have the multiplicative representation of 
Riemann’s zeta-function, already given in Chapter 22: 
1 


C(s) = 1] lp for s>1l. (23.13) 


Combining (C) and (D) we obtain: 
Theorem 1. 


wy ld| 


1 
_ . lim (s — 1) J] ——— 23.14 
trea R | sihols MT ane (23.14) 


h= 


where the product is extended over all nonzero prime ideals of K. 


In the above expression we have reduced the computation of the left- 
hand side to the determination of the norms of the prime ideals in K. For 
practical purposes, Theorem 1 is not yet satisfactory since it contains an 
infinite product. Later, we shall obtain more explicit formulas for the class 
number in the special cases of quadratic and cyclotomic fields. 

We now give some estimates which will be useful. Let L|A be an exten- 
sion of number fields, [ZL : K] = n. Let P be a set of nonzero prime ideals 
in L. For each f = 1,...,n, let Py be the set of all P € P with inertial 
degree f in L|K. 


E. For f > 1 ands > 1, we have 


1 n 
1< Al 1 — 1/N(P)* < [Cx (fs) 


and if f > 2 then 
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for alls > 1. 


Proof: Let P denote the set of all nonzero prime ideals in K. We have, 
for ff > 1, s>1: 


1 1 " n 
1< A 1 1/N(P) < Il (ayer) = [Cx (fs)| 


noting that there exist at most n prime ideals with a given norm. 
If f > 2, since Cx(f) > Cx(fs) when s > 1, then 


< . n 
PePy 

for all s > 1. a 

Let P be a set of nonzero prime ideals in K, and let 7 be the set of all 


integral ideals in K which are products of prime ideals in P. 
With these hypotheses, we have: 


1 
log 5- Nay * S° NIP} for s>1+4+0. (23.15) 


Proof: By (D), we have for s > 1: 


1 n 
d N(J)s IT ; NTP I] ayia (P)s" 


JET PEP f=1 PEPys 


Taking logarithms, we obtain 


‘ 1 
pds er 


sea f=l1 PePys 


1 
~ log |] 1—1/N(P) for s—-1+0, 
PEP, 


as follows from (EF). Next 


1 1 
es LE awe = 2. 8 Taye 


PEP, 


| 
M 
Me: 
Ybe 
x 
Ur 
& 
| 
Me 
Yl Re 
M 
Zz 
Ur 
& 


PEP, v=1 v=1 PEP, 
1 = 1 1 
~ » (P)s v » vy N(P)¥s 
PEP, yv=2 PEP} 
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Now we have the following bounds when s — 1 + 0: 


2 1 1 1{[— 1 
2 wee 3 |L ape 


v=2 PEP PEP, 
1 1/N(P)?*s 1 1 
= So 2. cg Sen 5 < nes) 
_ Ss 28 28 
Pep, 2 1-—1/N(P) PEP, N(P) > D 


(noting that N(P) = p > 2, s > 1, and that there exist at most n prime 
ideals with given norm). So 


1 1 
log ~ — J , | 
og S- N(D) S- N(P)s for s + 0 


JET PEP, 


Taking P to be the set of all nonzero prime ideals in K we have the 
special case 


1 
log Cx(s)* >> NCP) for s—7>1+4+0. (23.16) 
PEP, 
In particular, 
1 
log ¢(s) © S° a for s—>1+0 (23.17) 
p 


(see also Chapter 22, (22.11)). 


23.3 Hecke L-Series 


For later use we introduce the Hecke L-series, associated to Hecke 
characters. 

Just like the Dedekind zeta-function of a number field K generalizes the 
Riemann zeta-function, Hecke L-series are an extension to number fields of 
the Dirichlet L-series associated to modular characters. 

The theory of Hecke L-series is important, for example, in relation to 
class field theory, but that goes beyond the level of this book. 

We recall from Chapter 8, Section 2, that if J is a nonzero integral ideal 
of the number field AK, we may consider the associated group of classes of 
ideals C74. = Fy/Prj4 where F,; is the multiplicative group of nonzero 
fractional ideals of K’, which are relatively prime to J (in the sense already 
explained) and Pr; is the subgroup of those principal ideals Az, where 
x = 1 (mod J) and z is totally positive. The number of elements of Cj.4 
is denoted by hj+. 

In Chapter 21, Section 2, we considered the Hecke characters with 
modulus J, which are generalizations of the Dirichlet modular characters. 
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So Hecke was led to introduce L-series associated with Hecke characters 
(which are generalizations of the Dirichlet L-series), defined as follows: 


L(s|x) = > a (23.18) 
I 


(sum extended over all nonzero integral ideals of K) where x is a Hecke 
character of the number field K, associated to the nonzero integral ideal J, 
and s is a real number. 
The following results may be proved in the same way as for the case of 
Dirichlet L-series: 
(1) For every Hecke character x, for every 6 > 0, the L-series L(s| x) 
converges uniformly and absolutely on the interval [1 + 6, co), 
hence it defines a continuous function for s > 1. 


(2) If x is any Hecke character different from the trivial character 
Xo, for every 6 > 0, the series L(s| x) converges uniformly on the 
interval [6, 00), hence it defines a continuous function for s > 0. 


(3) For s > 1 there is the Euler product representation 
x(Z) 1 
= ——_________ 23.19 
~ way ~ Ll eye 28-19) 


(the product is extended over the set of prime ideals P not 
dividing the ideal J). 


(4) For the trivial Hecke character yo: 


Lis|xo) = II (: — ny) Cx (s) for s>1, (23.20) 


PlJ 


where Cx (s) denotes Dedekind’s zeta-function. 


(5) For any Hecke character y: 


log L(s|x) S° nae as s71+0. (23.21) 
P 


EXERCISES 


1. Calculate lim;_... o(t)/t for the following fields: 
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2. Calculate lim;_... o(t)/t for the following fields: 
(a) Q(¢s), where C5 is a primitive fifth root of 1; 


(b) Q(¢5 + 5"). 


3. With the notations in the text, show that ifm,n > 1 and gcd(m,n) = 
1, then v(mn) = v(m)v(n). 


4, Calculate the first terms (for 1 < n < 11) of the Dedekind zeta-series 
of the following fields: 


(a) Q; 

(b) Q(V-1); 

(c) Q(V-3); 

(d) Q(V—2); 

(e) Q(v2); 

(f) Q(v5); 

(g) Q(s); 

(h) Q(¢s + ¢5*) 

5. Let K bea field of algebraic numbers. Show that if s > 1 then 
Cx(8) _ ¥> Cn 
G(s) 2a ne 
where 


Cn = S— u(d)y (3) 


d|n 


and v(m) denotes the number of integral ideals J of K such that N(I) = m. 


6. Let K be an algebraic number field, and let J be an integral ideal 
of K, m > 1. Let T(m,J) denote the number of pairwise nonassociated 
elements x of J such that [Nx \g(x)| < m. 

Show that 

T(m, I) Qritr2 772 R 
lim = = _—-. 
moo mM wy/|6|N (1) 
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7. Let K = Q(Vd) where d is a square-free nonzero integer. With the 
notations of the text, show that 


v(n) = > (2). 


where 6 denotes the discriminant of K. 


8. Let d ¢ 0 be square-free, K = Q(Vd). Show that for every x > 0: 


S- (2) < 6). 


Nz 


24 


Primes in Arithmetic Progressions 


In this chapter we shall prove Dirichlet’s theorem on primes in arithmetic 
progressions, which we already stated and used in Chapter 4. 


Theorem 1. Leta, m be integers such that1 <a < m, gcd(a,m) = 1. 
Then the arithmetic progression 


{a, a+m, a+2m, ..., a+km, ...} 
contains infinitely many prime numbers. 


The hypothesis that a, m be relatively prime is necessary, because if d 
is the greatest common divisor of a, m, and d > 1, then there exists at 
most one prime in the progression, namely, when d = a is prime. 

If m = 1 then the above progression consists of all integers n > 1, 
and the theorem reduces to the fact that there exist infinitely many prime 
numbers. 


24.1 Proof of Dirichlet’s Theorem 


We use the Dedekind zeta-series to prove first a special case. 


A. There exist infinitely many prime numbers p such that p = 1 
(mod m). We have 
1 1 
y(m) S- p 8 for s—>1+0. 


p=1 (mod m™) 
Proof: Let ¢ be a primitive mth root of unity, and let K = Q(C), so 
[Kk : Q| = v(m). In Chapter 16, (D), we have seen that p is ramified in 


Kk |\Q if and only if p divides m, and p is totally decomposed in K’|Q, that is, 
there are y(m) ideals P such that N(P) = pif and only if p = 1 (mod m). 


Hence 
1 1 


p=1 (mod m) P PEP, 


923 
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for f =1,...,n, Py denotes the set of prime ideals P in K having inertial 
degree f over Q. 
By Chapter 23, (23.16): 


1 
S- NIP) ~log¢x(s) for s—21+0. (24.1) 
PEP, 


By Chapter 23, (23.11), we have 


_jim ,(s —1)¢x(s) =c #0. 
Thus, given a, such that 0 < a < c, there exists 6 > O such that if 
1<s<1+6 then c—a < (s — 1)€x(s) < c+ a. In particular, for 
1<s<1+6, (s—1)€x(s) remains bounded and also bounded away from 
zero. ‘Taking logarithms, we have 


log Cx (s) & log i for s—>1+40. (24.2) 
S — 
Hence 
ton l f 
y(m) p © 8 Sq or s—>1+0. 


This implies that the series on the left-hand side is divergent, so there exist 
infinitely many primes p such that p = 1 (mod ™). a 


To deal with arithmetic progressions {k + rm |r =0,1,...}, 1<k< 
m, gcd(k,m) = 1, we shall use characters modulo m to distinguish between 
the primes of the different arithmetic progressions. Therefore we consider 
the L-series of these characters. 

If xo is the trivial character modulo m, it follows from Chapter 22, (D) 
and (G), that 


1 


log L(s|xo) © log ¢(s) & es 5 ~ log yo] (24.3) 
fors > 1+0. 

Proof of Dirichlet’s theorem: To show that there exist infinitely many 
primes in the arithmetic progression {a + km | k = 1,2,...} where 
gcd(a,m) = 1, we consider the group P(m) (of invertible residue classes 
modulo m), a system of representatives {a1, ..., @yim)}, the characters 
of P(m), and the corresponding modular characters yo, X1, ---; Xy(m)-1 
modulo m. 


We have, for i = 0,1,...,p(m) — 1: 


3 xi(P) _ > (a; i 94.4 
ps Xt a;) ak (24.4) 
p j=1 ; 
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By Chapter 21, (K), this system of equations has solution 
i 7) xil 
3 1S ie DU 

p 


p=a,; (mod m) ps 1=0 


for 7 = 1,..., p(m). 
By Chapter 22, (I), we have, for 7 = 1,...,y(m): 


p(m)—1 


» 5 yd xi(a;) log L(s|x:) (24.5) 


p=a,; (mod m) p° 


for s — 1+ 0. In order to show that there exist infinitely many prime 
numbers p such that p = a; (mod m), we prove that the right-hand side 
of (24.5) is unbounded for s — 1+ 0. 

For 1 = 0 we have 


1 
log L(s|Xo) © log —> 


hence the term corresponding to the principal character yo is unbounded 
when s ~ 1+ 0. 

It will be enough to show that if x; # vo then log L(s|y;) is bounded 
when s > 1+ 0. 

In Chapter 23, (H), we have seen that if x; # yo then L(s|y;) is a 
continuous function on (0, oo); thus lim,_,; log L(s|x;) = log L(1| x;). 

So we have to prove the following crucial fact: 


(24.6) 


If x; is a modular character modulo m, x; # xo, then L(1|x;) 4 0. 
Taking a; = 1 (mod m) in (24.5) we have 


d 


p=1 (mod m) 


1 p(m)—-1 


1 
— & — log L(s| x; 
» © lm) d (s|x;) 


and by (A) 
y(m)-1 
log —> ~ dX log L(s|x;) for s—>1+40. 
But 


1 
log soi log ¢(s) = log L(s| xo) for s—1+40 


as recalled in (24.3). Hence H(s) = )/,,4,,, log L(s|xi) remains bounded 
for s — 1+ 0. Therefore 


I] L(1| xi) ) = lim l] log L(s|x;) ) = lim eM 4 0 
Xi FXO YG EXO 


hence necessarily L(1|x;) 4 0 for x; # xo. a 
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We shall indicate in Chapter 26, (F), another proof that L(1|y;) 4 0 


for Xi F Xo- 
We now give a more precise quantitative version of Dirichlet’s theorem. 
We have seen in (24.3) that 


1 1 
S > — * log for s—>1+0. 
Hence 


; 1 1 
stim, | 2 5s / (los a) =8 


If S is a set of prime numbers such that the limit 


, 1 1 
Jims (pe } / (es a) 


pes 


exists and is equal to d, we say that d is the (Dirichlet) density of S. Thus 
0 <d <1 and the density of the set of all prime numbers is equal to 1. 


B. Ifa, m are integers, 1 < a < m and gcd(a,m) = 1, then the set 
Sq of prime numbers p such that p = a (mod m) has density equal to 
1/p(m). 

Proof: From (24.5), (24.6) we have 


1 1 1 
S° — & zm) log el + S> x(a) log L(s| x) for s—>1+40. 
pes, P ¥ XFXO 


Finally, since L(1|y) 4 0 then 


peSa 
and the density of Sg is equal to 1/y(m). a 


It is worthwhile to stress that this density is independent of the particular 
arithmetic progression. 

The theorem of Dirichlet on primes in arithmetic progressions may be 
generalized by using the L-series associated to Hecke characters. Explicitly, 
let AK be a number field, and J a nonzero fractional ideal. Let Cz, = 
Fy/Prj4 and Cj = F ;/Prj, as introduced in Chapter 8, Section 2, and 
recalled in Chapter 21, Section 2. 

For each Hecke character associated to C;4 (or to Cz), we consider the 
corresponding L-series L(s|x). For x # xo, it was stated in Chapter 23, 
Section 2, that L(s|x) converges for s > 1. 

With a proof similar to the one for modular characters, the following 


holds: 
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L(1|x) # 0 for every x # xo. 


Again with a proof analogous to the above proof of Dirichlet’s theorem 
we obtain: 


Theorem 2. Each class in Cj.4 contains infinitely many prime ideals. 


A fortiori, each class in Cj; contains infinitely many prime ideals. 

If kK = Q, J = Zm (with m > 1) the classes in Cj (or C74.) correspond 
to the residue classes a modulo m, where gcd(a,m) = 1. So Theo- 
rem 2 becomes, in this case, Dirichlet’s theorem on primes in arithmetic 
progression. 

Moreover, for each class [I] € Cj (respectively, class [J], € Cj) we 
have 


depen I/N(P)* 1 


a 24.7 
sto log(l/(s—1)) hy’ (24-7) 
where hj is the number of elements of C;, and 
> Peli], 1/N(P)° 1 
IM a (24.8) 
sotto log(i/(s—1)) hag 


where hy; is the number of elements of C)4. 

We note that the limits are independent of the class in consideration and 
they are called the Dirichlet density of the set of prime ideals in [I] 
(respectively, [J], ). 

It is worth noting that Theorem 2 is a substantial strengthening of the 
result of Kummer of Chapter 20, (T). 

Since the set of prime ideals of inertial degree greater than 1 has density 
0 (see Chapter 23, (E)), it follows that each ideal class contains, in fact, 
infinitely many prime ideals of inertial degree 1. 

In the next chapter, we shall prove a related generalization of Dirichlet’s 
theorem on primes in arithmetic progressions. 

Now we give an unexpected application of Theorem 2, which is due to 
Carlitz. 


C. Let K bea number field. Then the following properties are equivalent: 
(1) The class number of K is h = 2. 
(2) The ring A of integers of K is not a unique factorization domain 
and if 
a = Pi1p2°°* Pr = PiPo-°°* Dy, 


where Q, Dis PD; E A with pj, D; indecomposable elements, not 
necessarily distinct, thenr =r’. 


Proof: (1) > (2) Leth = 2. 
(1°) Ifq@ is an indecomposable element, then Aq is a prime ideal or the 
product of two (not necessarily distinct) prime ideals. 
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Indeed, if Q, Q’ are nonprincipal ideals, then Q?, QQ’ are principal 
ideals, because from [Q] # [A] then [Q?] 4 [Q] so (Q]° = [A]. Also from 
[Q). [Q"] 4 [A] then [Q] = [Q’] hence (QQ'] = [Q)? = [A] 

Let Aq = Q1Q2--- Qs, where each Q; is a prime ideal. Let Q), Qo,..., 
@, be principal ideals and let Q,41,, ..., Qs be nonprincipal ideals. We 
show that s — r is even. Otherwise, s — r is odd and Q,41Q,42,... 
@;—2@s5_1 are principal ideals. Therefore, Q, would also be principal, which 
is a contradiction. 

Let Qi = Aq for? = 1,...,r and Qr41Qr42 = Agrti,---,Qs-1Qs 
= Ags—1 thus Aq = Aq, -:: AgrAdr+1Agr+3°::Agds—1. Since q is an 
indecomposable element, either r = s = 1,orr =0, s = 2. 

(2°) Let @ = pi---prqi---qs where p;, q; are indecomposable ele- 
ments, and Ap; = FP; is a prime ideal while Aq, is not a prime ideal for 
t=1,...,7, 7 = 1,...,8. By (1°), Ag; = Q,Q; where Q;, Q; are prime 
ideals. Thus 


Aa = P,--- P,QiQ1-+-QQs.- 


Ifa = py---Pgi+ ++ qj where Api = P/, Aqi = Q/Q' with P;, Qi, Q' 
prime ideals, then 


By Dedekind’s theorem of unique factorization into prime ideals, r + 2s = 
r’ + 2s’ and the set of principal prime ideals dividing Aa is {P\,..., P,} 
but also {Pj,...,P.}, sor =r’. From r + 2s = r’ + 2s’ then s = 9’, 
proving that (2) holds if h = 2. 

(2) — (1) Let h > 2. Then either there exists an ideal class [J] with 
order m > 2 or all nonprincipal ideal classes have order 2 and there exist 
at least two ideal classes of order 2. 


Case 1: 

By Theorem 2 there exists a prime ideal P such that [P] = [J]. Let [J”] 
be the inverse of [J], and let P’ be a prime ideal such that [P’] = [J’]. 
Then P™ = Ap, P’™ = Ap’, PP’ = Aa, so Aa™ = App’. 

Now we observe that a, p, p’ are indecomposable elements. Indeed, if 
Abc = Ap = P™, by the unique factorization, Ab = P*, Ac = P* with 
k+£=m.So0k=m, ¢ = 0 (or vice versa) because m is the order of [P| 
in the class group. 

Thus p is an indecomposable element. Similarly, p’ is an indecomposable 
element. Also if Aa = Abc then from Aa = PP’, it follows that Ab = 
P, Ac = P’ (or vice versa). This is a contradiction, because P is not a 
principal ideal. 

Since m > 2 and a™ = pp’ we conclude that (2) does not hold. 


24.2. Special Cases 529 


Case 2: 

Let [J], [J’] be distinct classes having order 2. Then [JJ‘] # [A], other- 
wise [JJ’] = [A], so [J’] = [J]~* = [J], which is not true. Thus [JJ’] has 
order 2. 

Let P, P’, P” be prime ideals such that [P] = [J], [P’] = [J‘], [P”] = 
(JJ'|. Then [PP’P”] = [A]. Let P2 = Ap, P’ = Ap’, P’” = Ap". As 
proved before (Case 1) p, p’, p” are indecomposable elements. 

Let PP’P” = Ag so q is an indecomposable element, because if Aq = 
Aab then PP’P” = Aab, so either Aa or Ab is equal to one of the ideals 
P, P’', P"—which is not possible, because they are not principal ideals. 

Then Ag? = P?P’?P”? = App'p”, so q? = upp'p”, where u is a unit. 
This contradicts condition (2). a 


24.2 Special Cases 


We digress from the main line of development of the exposition, in order 
to discuss interesting proofs of special cases of Dirichlet’s theorem. For 
example, we have the following easy proof: 


D. The arithmetic progressions {4k + 3 | k = 0,1,2,...} and 
{6k +5|k =0,1,2,...} each contain infinitely many primes. 


Proof: Assume that pi, po, ..., Pn are primes of the form 4k+3 with k > 
0. Then N = 4p, po--:pyn+3 > 1, so there exists a prime p dividing N and 
such that p # 1 (mod 4) —because N # 1 (mod 4); so p = 3 (mod 4) 
and clearly p # pj, p2,.-..,Pn- This is enough to prove the statement for 
the progression {4k + 3|k =0,1,2,...}. 

For the progression {6k + 5 | k = 0,1,2,...} we proceed in a similar 
way, considering this time N = 6p)p2--- pn + 9. | 


Using simple properties of quadratic residues, it is also easy to show 
that there exist infinitely many primes in the arithmetic progressions 
{mk +a|k = 0,1,2,...} in each of the following cases: (m,a) = 
(4,1), (6,1), (8,1), (8,3), (8,5), (8,7) (these last four cases include the 
progressions with difference 4), (12,5), (12,7), (12,11) (these include the 
progressions with difference 6). 

We also have: 


E. For every r > 3 there exist infinitely many primes in the arithmetic 
progression {27k +1|k=0,1,2,...}. 


Proof: Assume that pi, po, ..-, Pn are primes in the given arithmetic 
progression. Let N = (2p, --- Pn)? +1 and let p be a prime dividing N. 
So (2p1°-- Pn)?” = —1 (mod p). 

Hence the order of 2p; --- pn (mod p) is equal to 2” and therefore 2" 
divides p — 1, that is, p = 1 (mod 2”). 
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Clearly p # pj,..., Dn, which suffices to conclude the proof. a 


Now we consider the arithmetic progressions {mk + 1|k = 0,1,2,...}. 
The proof involves cyclotomic polynomials. We need more properties of 
cyclotomic polynomials than those indicated in Chapter 2, Section 8. 

Let 


On(X)= |] (X-¢), (24.9) 
gcd(j,m)=1 


where ¢ is a primitive mth root of 1. Since ¢ is an algebraic integer, then 
®,, € ZX] and it is also monic, and has degree y(m). 

Let m = pj'--- po with e; > 1 fori = 1,...,r7, py < po < +++ < 
pr, each p; being a prime. We define the polynomials P; for 7 > 0. Let 
Po(X) = X™ —1. If 1 <7 <1, let 

P(X)= TP (x™Paranrs 4). (24.10) 
iy <ig<-<iy 
Ifr < j, let P;(X) = 1. When necessary, we shall use the notation pw” = 
P;. 
F. We have 
Po P2P,--- 
6, = 
P; P3 Ps --- 
Proof: Let ¢ be a primitive root of unity of order d dividing m. Then ¢ is 
a root of 
X™/Pi:PinPi; _ 1 if and only if d divides ae 
Pi, Pig °° * Pi; 
that is, each p;,, Di,, .--, pi, divides m/d. If d = m then j = 0 and also 
clearly X —¢ divides Pp = X™—1.Ifd < m, let s be the number of distinct 
prime factors of m/d, so s > 1. Then the exact power of X — ¢ dividing 
P;(X) is equal to (X — c)G) (we note that ° = 0 if s < 7). Hence the 


J 
exact power of X — ¢ dividing (Po PoP, ---)/(P;P3Ps---) is (X — ¢)€ with 


1-()+(0)- Gears 


This shows the identity. a 


G. (1) Ifplm then ®pm(X) = Om(X*). 
(2) If p does not divide m and e > 1 then 


Oin(X? ) 


PD yem(X) — Bin( XP?) ’ 
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Proof: (1) Let ¢ bea primitive mpth root of 1, so €? is a primitive mth 
root of 1, and €™ is a primitive pth root of 1. Then 


@p(X?)= |] (x? —eP). 
gcd(k,m)=1 
But 
p—1 
XP — cpk _ [[(x k mj) 
j=l 
SO 


on) = TT [feet 


gcd(k,m)=1 j=1 
Note that gcd(k + mj,pm) = 1: let q be a prime which divides pm and 
k + mj. If q = p divides m then q|k hence gq divides gcd(k, m) = 1, which 
is impossible. So gq # p, hence q|m so q|k, which is again impossible. 
We note that the number of factors in the above product expression of 
®,,(X?) is p(m)p; if m = p*m’, where p does not divide m’, then 


etl) 


y(m)p = p(p*)y(m')p = p(p°™" )ye(m’) 


= y(p*t'm’) = y(pm). 


Thus e*+™ for all k, 3, runs through the set of all primitive pmth roots 
of 1. Thus 
Oom(X) = By(X?). 
(2) First we show that if p does not divide m then 
®,,(X°”) 
O5n(X) = =. 


For j > 1, we have 
PK™P)(X) — 1] (XPM/Pi Pi; ~1) Il (X™/ Pay Pas ~1) 
Pj #P t1<e<tj 1 
(m (m 
— P; (XP) P\™ (X). 
If 7 = 0 then P\™?)(X) = X™P—J= P\™ (X?), Then 
Py?) (X) Pa"? (X) Py"? (X) 
PY?) (X) PL?) (X) PLM?) (X) 7 
PY (XP) Ph (X) PL (XP) PI™ (X) PI™ (XP) PIM (X) --- 
_ On (X?) 
— ®,(X) | 


Pimp(X) — 
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Assume already shown that 


®p(X? ) 
OD ¢-1m(X) = =, 
where e > 2. Then 
®,,(X°” ) 
_ p 
®, m(X ) —_ ®-1m(X ) ~ ®,,(XP*~") ° a 


H. IJIfm>1 then ®,,(0) = 1. 


Proof: Let s be the number of distinct prime factors of m. Then 


P;(m)(0) = (—1)G), so, by (F), ®,(0) = (—1)°, where e = 1 — (;) + 


() —...=0. Thus 6,,(0) = 1. a 


I. Ifm > 1 then 


6,,(1) = p, when m is a power of p, 
m\"* 11, when m has two distinct prime factors. 


Proof: Ifm = p* then 
®,«(X) = ye (p-}) +4 yr *(p-2) fee. ye +1, 


so ®,-(1) = p. 
We proceed by induction on the number of distinct prime factors of m. 
Let m = p*m', e > 1, and p does not divide m’ > 1. So ®,,/(1) = 1 or 

q where q is a prime distinct from p. By (G), we have 

®,/(XP ) 
®,,/(XP*~*) 


6,,(X) = and ©, (1) = -1. 


J. For integers m > 1 anda > 1 we have |®,,(a)| > 1. 


Proot: 
Pr(a)i= YT] la-0. 
gcd(j7,m)=1 
But 
la — (| > |lal — |@’ |] = |Ja-1f=a-1>1. 

We sharpen the estimate. In fact, for 7 # 0, ja — ¢7| > 1, otherwise, 
la—-@| =a-1=1,s0oa = 2. Let C2 = x + iy with i = V—1, so 
xz? + y? = 1. Then if |2 — (a + iy)| = 1 we have (2 — x)? + y? = 1 so 
4— 42 + x? + y* = 1 and therefore x = 1, y = 0, thus C’ = 1, which is a 
contradiction. a 
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For each m > 1 we consider the polynomial V,,(X,Y) obtained by 
homogenizing ®,,(X). Explicitly 


Umn(X,Y) = Y?'™S,, (>) 
Thus 
Wn(X,Y)= [J (xX-Y). (24.11) 


gcd(j,m)=1 


From the corresponding formulas for the cyclotomic polynomials, we obtain 
at once: 


xm —y™ = || W4(X,Y). (24.12) 
d|m 


Let a > b > 1 be relatively prime integers. If p is a prime divisor of a” — b” 
with 1 < n, but p does not divide a™ — b™ for allm = 1,...,n—1, we say 
that p is a primitive factor of a” — b”. Then p does not divide a nor 6. If 
bb’ = 1 (mod p), then (ab’)” = 1 (mod p), but (ab’)” #1 (mod p) for 
each m, 1 < m <n; and conversely, if this happens, then p is a primitive 
factor of a” — 6”. 


Lemma 1. Teta > b > 1, with gcd(a, b) = 1. Let n > 2. Then the 
following statements are equivalent: 
(1) p is a primitive factor of a” — b”. 
(2) p divides a” — b” but if1 <d <n andd divides n, then p does 
not divide at — b?. 
(3) p|Vn(a, b), but p does not divide V,,(a, b) for allm, 1<m<_n. 
(4) p divides V,(a,b) and if dln, 1 < d <n, then p does not divide 
Wala, b). 


Proof: The equivalence of (1) and (3), as well as the equivalence of (2) 
and (4), both follow from (24.12), by replacing X,Y by a, b, respectively. 
Clearly (1) implies (2). On the other hand, it was already noted that (1) 
holds exactly when n is the order of ab’ (mod p), where bb’ = 1 (mod p). 
Thus if (2) holds then so also does (1). a 


The next result is due to Legendre: 


K. Leta >b>1, with gcd(a,b) = 1 and let n > 2. Then the following 
sets coincide: 


FE, = {p prime | p is a primitive factor of a” — b"}, 
E2 = {p prime | p divides V,,(a,b) and p = 1 (mod n)}, 
E3 = {p prime | p divides V,,(a,b) and p does not divide n}. 


Proof: Let p € Ej, so if bb’ = 1 (mod n) then ab’ (mod p) has order n, 
thus n divides p — 1, so p = 1 (mod n). 
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By Lemma 1, p divides W,,(a, b). This shows that Ey, C Eo. It is trivial 
that Bo C Es. 

Let p divide W,,(a, b), so p divides a” — b”. If d < n, d divides n, and p 
divides a? — b@, then from 


a” — b” = W,,(a, b)(a? — b*) i W.(a, b), 


it follows that p divides (a” — b")/(a? — i 
Now n = dm; if at = r, b4 = s then r = s (mod >). Finally, p divides 


rm _ gm 


— =r™ bg pm egg... trsm™2 4 sm™-1 = mrs! (mod p). 
Thus p divides m, since p does not divide r. Then p divides n = dm, which 
is absurd, proving that F3 C EF}. | 


Now we give the proof of a special case of Dirichlet’s theorem (which 
does not require analytical methods): 


L. If m = 2 the arithmetical progression {km +1 |k = 0,1,2,...} 


contains infinitely many primes. 


Proof: Let pi, pe, ..., pr be primes such that pj = 1 (mod m) for 
1= 1,2,...,r. Let N = mpip2---p,. By (J), |®n(N)| > 1. Let p be a 
prime dividing ®,,(N). Since b,,(N) = ®,,(0) = 1 (mod N), then p does 
not divide N. Hence p does not divide m. By (K), p = 1 (mod m) and also 
Pp # Pi,---,Pr- This suffices to conclude that there exist infinitely many 
primes in the arithmetic progression {km +1 |k = 1,2,...}. a 


In order to prove that the arithmetic progression {km —1|k = 1,2,...} 
also contains infinitely many primes, we first need some more properties 
of polynomials. For each m > 1 we define the polynomials R,,,(X,Y) and 
Sm(X,Y) by the relation 


(X +iY)™ = R(X, Y) + i5n(X,Y). (24.13) 


So Rm, Sm have integral coefficients. In particular, Ri(X,Y) = X, 
Sy(X,Y) = Y. 
Taking conjugates 


(X -—iY)™ = R(X, Y) —iSm(X,Y) 
and multiplying 
(X? 4 Y?)™ — R? 47. 
Also 


Sin(X,Y) = = (x +iy)™ — (X —i¥)”), 
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Let 
Qm(X,Y) = Uy,(X + 1Y, X - iY) 
and 
Q(x Y= TP (xryPaery yarns), 
Diy << Di, 
where j > 0 and p;,,...,p;, are among the r distinct prime factors of m. 


So Q\” (X,Y) € Z[X,Y] and 


m/Piy* Pi, 
(m) _ ve, x _ ye; pom) ( * 
Q(X, Y) =¥ (+) “jay P (+) 


with 


M. We have 
Q(X, Y) QS X,Y) QU (X,Y) -- 

Um(X¥) = Oy mw aM 

OS™ (X,Y) Qk” (X,Y) QL” (X,Y) + 


Proof: By (F), and the above expression for Qy”(X ,Y), the right-hand 
side is equal to 


ye Po (X/Y) Pa™(X/V)P™UXIY) - _ peg (*) 
P!™ (X/Y) PL” (X/Y) PS” (X/Y) Lee Y 
where e = €9 — €; + €2 — €3 +--: = v(m). This is equal to 


We note that: 
NN. 01(X,Y) = 21Y and On(X,Y) € ZX, Y] for m > 2. 
Proof: Clearly 
Q(X, Y) = (X +1Y) — (X —- iY) = 2Y. 
Let m > 2, then 
Q(X +i, X iY) = [J] (xX + ivyr/Par Pa — (x — yy Pas), 


Piy<SSPi; 
Its conjugate is 
Qh”) (X - iY, X +1Y) = (1) Ql (X 4 iY, xX - iY), 


where r is the number of distinct prime factors of m > 2; note that r > 1. 
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Hence 
Win(X — iY, X +1Y) = V(X + iY, X — iY) 


because 


since r > 1. 
Therefore if 
On( X,Y) = AX, Y)+iB(X,Y), 
with A(X, Y), B(X,Y) € ZX, Y], its conjugate is 


Qm(X,Y) = A(X, Y) — iB(X,Y). 


Since Qm(X,Y) = Qn(X,Y) then B(X,Y) = 0, so Qn(X,Y) € Z[X,Y}. 
| 


It follows that 0,,(X, Y) divides S,,(X,Y), when m > 2. 
Indeed, Q,(X,Y) = Um(X + 1Y, X — iY) divides 


(X + iY)” — (X —1Y)™ = 215, (X,Y), 
and since Q,(X,Y), Sm(X,Y) € Z[X,Y] then Q,,(X,Y) divides 
Sim(X, Y). 
We also note that from (X + 1Y)™ = Y™(X/Y +7)™ it follows that 
Rm(X,Y) = ¥™Rm ($1), Sin(X,Y) = Y™Sin (=.1). 


O. Om(X,Y) = YPMOn(X/Y, 1). 


Proof: For convenience, let f; = m/pi,---pi, where pj. < --- < pi, 
(prime factors of m). We have | 
Q(X +iY,X-iY)= |] 2%8,,(X,Y) 
Pi <i <Pi; 


X my {(X =. X  . 
=YruS [] 2é5;, (F41] =YUNQ' (F Thy ~i) 


Therefore 
Qm(X,Y) = Y* 0” (X/¥Y +i, X/Y¥ — i) [XIY +i, X/Y —i) +> 
X 
= YO, | —,1), 
m (F4) 
with 
m m m 
e= — — + —_  —- a m). | 
MM Pip2 yy Pip2P3 e(m) 


Pi Pi<p2 Pi<p2<Pp3 


24.2. Special Cases 


P. Let m = dm’. Then: 
(1) S,,» divides Sj. 
(2) Qmy divides Sp. 


(3) 
Sm = Sm’ (0) Roo) (5) ROG? eee. 


(4) Ifny,ng > 1 then Syiin, = Rn, Sn. + Rn.Snz- 


Proof: (1) X™ —Y™ divides X™ — Y™, hence 
1 


Smi(X,¥) = 5. 


(X +iyy™ —(X -iY)™] 


divides 
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So replacing X, Y, respectively, by X + iY, X — iY, then 0,,(X,Y) 


divides 


3) (X 41Y)e™ = (Ry + iSm)? 


— |R¢, — d R¢>7 82, 4 q R¢-494, —... 
m y) m’ m 4 m!’ m 
+ i(‘) Ro;* (5) R173 93, 4°: | 


Su = S| (“) aie! — (®rst, 2] 


(X + iy)ymt™ — (Ry, + 1Sn,)(Rnz + tSing) 
— (Rn, Rn, _ Sri Snz) + (Rn, Sno + SniRnz), 


Thus 


(4) 


hence 


Snitne = RnySnp + Sn Rno- 
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Q. Let m > 2. 


(1) a. | 
Qn(1,0) = 1, ifm is not a prime-power, 


p, ifm is a power of p. 


(2) Ife > 1 is any integer, if x,y > 1, ged(x,y) = 1, and z/y is 
sufficiently large, then Qm(x, y) > ¢. 


(3) There exist integers a,b > 0 with gcd(a,b) = 1, such that 


Qm(a, b) < 0. 
Proof: (1) 
Qm(1,0)=Un(l1)= Jf a-¢) 


gcd(j,m)=1 


~ 6,,(1) = 1, when m™ is not a prime-power, 
7 m<\"* ~~ ) -p, when m is a power of p, 


Om(X,Y) = U(X + iY, X - iY) 
[I] (x +iv) - ¢ (x - iY) 


gcd(j,m)=1 


I] Xa-¢)4+10+¢)¥ 


gcd(j,m)=1 


xX j 
Soo AL wee Te (8) 


gcd(j,m)=1 gced(j,m)=1 


sty HL 8) 


gcd(j,m)=1 


| 


since [[(1 — ¢7) = ®,,(1) > 0. 
Let a; = i(¢) +1)/(¢3 — 1). We note that a, is real: 
— .OF4+1 140 Ctl 
a; = ‘4 toa tan 


Let z,y > 1, gcd(z,y) = 1 be such that 


“> max{a,; | gcd(j,m) = 1} +. 
Y 


By (I), ®m(1) 2 1, so 


Q(z, y) > I] (< - a) >. 


gcd(j,m)=1 
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(3) Let W(X) = Qm(X,1) € ZX]. W,,(X) has degree v(m) and 
the roots aj = i(¢3 +.1)/(¢2 — 1). If 7 # k then a; F ag: ifaj; = ag then 

G41 ¢%4+1 

C§—-1  Ck-1 
Thus (3 = ¢*, a contradiction. 

The derivative W/, (X) has degree y(m) — 1, so it cannot vanish at all a;; 


if W/ (a;,) # 0 then there exists a/b such that W,,(a/b) = Qm(a/b, 1) < 
0. Hence Q,(a, 6) = b?°™0,, (a/b, 1) < 0. | 


cate 9 4 CR = CItK 4 CI CK 1. 


R. Let x,y € Z, ged(xz,y) = 1, and m > 2. If ptm, p\Qm(z,y), and 
p = —1 (mod 4) then p = —1 (mod m). 


Proof: Since p|\Qm(z,y) then p|S,,(xz, y). We show that p{S,,(z, y) for 
any m’, where m = dm’, d #1. 
Otherwise, let m’ = m/d < m and assume that p|Sm/(z, y). By (P): 


By (P): 


PIQm(z,y), Q(z, y)| See 


If p|d then p|m, which is contrary to the hypothesis. So p| Rm: (zx, y). Hence 
Pi[Rm'(2,y))° + [Sm (x,y) = (a? + y?)™, 


so p divides x? + y?. If plz then ply, again contrary to the hypothesis that 
ecd(z, y) = 1. So pfz. | 
Let x’ € Z be such that rz’ = 1 (mod p), so 1 + (yzx’')? = 0 (mod p) 
hence (—1/p) = 1 and therefore p = 1 (mod 4), which is a contradiction. 
Now we compute S,41(X,Y); noting that Ri(z,y) = xz, Si(z,y) = y, 
and using (P), we have 


, 80. —pld[ Rm (x, y)]° 


Sn4i(Z, y) 


= il(? t ‘2 - (’ , Say f+ +--+ (-1)@-»/2 (’ ¥ ae) 
1 3 p 


If k = 2,3,...,p—1 then 


pt+l (p+ 1)p(p—1)---(p—~k+2) _ 
, ) = = 8 mod 2) 


Also (p — 1)/2 is odd, since p = —1 (mod 4). 
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Hence 
Sp+i(@sy) = (p + 1)(xPy — zy”) 
= (p+ 1)ay(x?~* — yP~") = 0 (mod p) 
using the little Fermat theorem. 

Let m' = gcd(p + 1,m). We shall show that m’ = m, i.e. m divides 
p+1,so p= -—1 (mod m). 

Let m = m'd, d > 1. Let r, s be integers such that m’ = r(p+1)— sm. 
We may choose r,s > 1. Indeed, let t > 0 be an integer such that tm > 
—r, t(p+1) > —s, then we still have 

(r+tm)(p+1)—- (s+ t(p+1))m =r(p+1)-sm= mM’. 
Since r(p + 1) = m’ 4+ sm, then by (P): 


Sr(p4+1) (2; y) = Sm’4sm(Z, y) 
= Rimi (L,y)Ssm(Z,y) + Rem(2, y) Sm (2, y). 
Since Sm (2, y)|Ssm(x, y) then p|Ssm(z, y). Similarly, p|S,(,41)(z, y). Thus 
P\Rsm(2, y)Sm’ (x,y). But 
[Rem(2, y)|° + [Som(Z, y)| = (x? + y*)s™. 


If p|Rsm(z, y) then p|x?+y? and we conclude as before that p = 1 (mod 4), 
which is contrary to the hypothesis. So p{ Rgm(x, y), hence p|S/(x, y). As 
was shown above, this is only possible if d = 1, i.e., m/jp +1 and p = —1 
(mod m). a 


Now we are ready to show: 


S. Let m > 2. There exist infinitely many primes p such that p = —1 
(mod m). 


Proof: By (Q), there exist integers a,b > 0, gcd(a,b) = 1 such that 
Qm(a, b) < 0. 

Let c = —Q,(a,b6) > 0 and let T(X) = (1/c)Qm(cbX + a,b). Since 
Qm(X,Y) € Z[X,Y], the coefficient of X2 in T(X) for 7 > 1 belongs to 
Z. It follows that T(X) € ZX]. We note that for every sufficiently large x 
we have T(x) = (1/c)Qm(cbr + a,b) > 1. 

Now suppose that pi, ..., Dn are primes such that p; = —1 (mod m). 
Let t¢ > 1 be such that if N = 4tmp,---p, then T(N) > 1. We have 
T(N) = T(0) = —1 (mod N) since T(X) € ZX]. 

But T(N) = —1 (mod 4), T(N) > 1, so there exists a prime p such that 
p\T(N), p = —1 (mod 4). Then pt{N. So p ¥ pj, p2,.-., Pn, p{m. Noting 
that ged(cbN + a,b) = 1 and picT(N) = OQ (cbN 4+ a,b), ptm, p= —-1 
(mod 4), then, by (R), p = —1 (mod m). This is enough to establish the 
proposition. a 


The proofs of (L) and (S) do not use analytical methods, but just pro- 
perties of cyclotomic and related polynomials. A proof using properties of 
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Lucas sequences, of the existence of infinitely many primes of the form 
kq — 1 (where q is a given odd prime) may be found in {25, Chapter 4, 
Section IV]. | 

There are also elementary proofs of Erdos and of Selberg of the theorem 
of Dirichlet, in its full generality, along the lines of their proof of the prime 
number theorem. See the book of Gelfond and Linnik (5, Chapter 3], and, 
for further references Ribenboim (25, Chapter 4, Section IV]. 


EXERCISES 


1. Write explicitly, following the model of the text, an analytic proof of 
Dirichlet’s theorem, for the arithmetic progressions with modules 4, 5, and 
6. 


2. Following the proof of (E) given in the text, write explicitly the proof 
in the case of the arithmetic progression of integers n such that n = 1 
(mod 8) and n = 1 (mod 16). 


3. Following the model of (L) given in the text, write explicitly the proof 
that the arithmetic progressions {5k + 1 | k = 0,1,...}, {7k +1|k = 
0O,1,...}, and {12k +1|k =0,1,...} contain infinitely many primes. 


4. Following the model of (S) given in the text, write the proofs that the 
arithmetic progressions {8k — 1 | k = 0,1,...}, {146k —1|k =0,1,...}, 
{5k-1|k =0,1,...}, and {7k -1|k =0,1,...} contain infinitely many 
primes. 


5. Complete the details of the following proof of Dirichlet’s theorem: 
(i) By Exercises 11, 9, 10 of Chapter 22 deduce that 


. A(n) 
im » ns OS 


n=a (mod m) 


(ii) Show that if h > 2, the sum 
(e.@) 
yy 
Ss 
h=2 p*'=a (mod m) 


remains bounded for s ~ 1+ 0. 
(iii) Conclude that 


log p 
= 
p=a (mod ™m) 


is a sum of infinitely many terms. 
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6. Let p be an odd prime. Show: 
(a) p! and (p — 1)! — 1 are relatively prime integers. 
(b) Ifn > 0 and n = (p— 1)! —1 (mod p!) then every integer m, 
such that m # n andn—-p+2<m<n+4+p, is not prime. 


Hint: Use Wilson’s theorem (Chapter 3, Exercise 18). 


7. Let r > 0 be any integer. Show that there exist infinitely many prime 
numbers p such that if g is any prime number, q ¥ p, then |p — q| > r. 


Hint: Use the preceding exercise and Dirichlet’s theorem on primes 
in arithmetic progressions. 


8. Let m > 1, 1 < a < m, with gcd(a,m) = 1 and am is even. 
Show that there exists an infinite set of pairwise relatively prime integers 
{ky, ko,...} such that each pj = kjm + a is a prime number. 


9. Do not use Dirichlet’s theorem to prove: 
(a) Ifa,d > 1, ged(a,d) = 1, and n > 2 there exist infinitely many 
k > 1 such that ged(a + kd,n) = 1. 


(b) There is an infinite sequence ky < kp < --- such that if 4 7 
then gcd(a + kid,a + kjd) = 1. 


10. Let a,d > 1, gcd(a,d) = 1. Do not use Dirichlet’s theorem to show: 
(a) There exists a geometric progression {br” | n > 0} (with b > 
1, r > 2) which is contained in the arithmetic progression A = 
{a+kd|k > I}. 
(b) A contains an infinite subset whose elements have the same set 
of prime factors. 


11. Do not use Dirichlet’s theorem to show: Let a,d > 1, gcd(a,d) = 1, 
and let S be an infinite subset of {a + kd | k = 0,1,...}; then for every 


n > 1 there exists m € S which is the product of at least n distinct factors 
in S. 


12. Suppose that for all pairs of positive integers (a, d), with gcd(a,d) = 1 
there exists one prime in the arithmetic progression {a+kd|k =0,1,...}. 
Deduce Dirichlet’s theorem on primes in arithmetic progressions. 


13. Let f € Z[X] with degree n > 1 and assume that f(p) is a prime- 
power for each prime p. Show that f(X) = X”. 


Hint: Observe that if p,q are distinct primes, m > 1 and f(p) = q”™ 
then g™*! divides f(p + kq™*!) — f(p) for all k = 1,2,.... 
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The Frobenius Automorphism and 
the Splitting of Prime Ideals 


25.1 The Frobenius Automorphism 


Let AK be a number field, and let L|K be a Galois extension of degree n. 
We denote by Az, (respectively, Ax), the ring of algebraic integers of L 
(respectively, K). 

Let U(L|K) be the set of all prime ideals P in K which are unramified 
in L|K. 

If P is any prime ideal in L, P = PO Ak, letK =Kp = Ax/P, L= 
Ls — A,/P. The fields Kk, L have #(K) = N(P), #(L) = N(P) elements. 
The inertial degree of P in L|K is f = fe(L|K) = [L~:Kp], so N(P) = 
N(P)f. 

If P € U(L|K), by Chapter 11, Theorem 1, n = fg, where g is the 
number of distinct prime ideals P in L which divide Az P, or equivalently, 
PNAx =P. 

In this situation, we say that P has splitting type (f,g) in L|K. 

If f = 1, g = n, then P is totally decomposed (or also, splits completely) 
in L|K. If f =n, g = 1, then A;P is a prime ideal in L and P is inert in 
LiK. 

Let £ = G(L|K) and£ = Le = GL slK p). So £ is a cyclic group of 
order f, generated by the automorphism yy defined by 


Pp’ 


y(z) = ZN) (25.1) 


for every  € L = A,/P. Let Z = Z5(L|K) be the decomposition 
group of P, so Z = {o € L| o(P) = P}. Each o € CL is such that 
o(AL) = Ar. Hence, if o € Z it induces  : L > L given by a(Z) = a(x) 
(where ¥ = y + P € L, for every y € Az). Then @ € L. The mapping 
o +» @ is a surjective group homomorphism and since P is unramified, it 
is in fact an isomorphism (see Chapter 14, (D)). 
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Lik 
Let ( — denote the unique element of Z which corresponds to y by 


the above isomorphism. Thus 


Lik ~ 
(=) (x) = 2X) (mod P) (25.2) 
P 
for every x € Ay. 
eas DK\ . , , 
Definition 1. a is called the Frobenius automorphism 


associated to P in L|K. 


We shall indicate in this section several properties of the Frobenius 
automorphism. 


A. With the above hypotheses and notations: 
Lik 
(1) (| has an order f = f5(L|K). 


L\|K 
(2) (=) is the identity automorphism if and only if P is totally 
decomposed in L|K. 


L\K 
(3) £L ts cyclic and (=) 1s a generator of L if and only if P is 
inert in LIK. 


Lik 
Proof: (1) The order of (=F is equal to the order of y, which is f, 


since y is a generator of the cyclic Galois group £ of order f. 

(2) By (1), (= is the identity automorphism if and only if f = 1, 
so g = n, that is, Pis totally decomposed in L|K. 

(3) If £ is a cyclic group of order n and (=) is a generator of L, 
by (1), f =n, so g = 1 and P is inert. Conversely, ifg = 1, then f =n, 


K 
so £ = Z is acyclic group generated by (= — ) a 


Let 


L|kK L 
(=) = ‘(> =f ) | P is a prime ideal in L dividing ALP}. 


We have: 


Lik 
B. (=) is a conjugacy class of automorphisms in L. 


Proof: Let P = Py, Po, a P, be the distinct prime ideals in L which 
divide A, P. By Chapter 11, (E), for every2 = 1,...,g, there exists a; € L 
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(with 0, = « the identity automorphism) such that o;(P) = P;. Then 


LIK (HK) | 
P; P 


Lik _ 
Indeed, let T = 0; Gana sot € Zs (L|K). Since K is a finite field 


and Ls: K] = Ls :K| =f, then L = L = for every i = 1,2,...,g. 
The image of 7 is F € L, given by 


T(E) = Fi(v(G (2) = FCF E)NM] = 2, 


v 


LIK 
thus T = y, hence T = eal || 


a 


Definition 2. The mapping from the set of nonzero prime ideals P of 
L 

K to the set of conjugacy classes of G(L|K), defined by P + (=). is 

called the Frobenius symbol of L|K. 


If L|K is an Abelian extension, then (=) = (3) for alli = 


a 


P 
L|K Lik 
simply, —p ) =|} 

Before the next result we fix the notation. Let kK be a number field, 
and lett K Cc LC UL’, with [L: K] = n, [L’: K] = n’. Assume that 
L|K, L'|K are Galois extensions, £ = G(L|K), L’ = G(L'|K). If P’ is 
a prime ideal in L’, let P = P’O L, P = P’O K. We assume that P is 
unramified in L’|K, hence also in L|K. Let p : £L’ — CL be the surjective 
group-homomorphism of restriction. 

For each subset H’ of L’, let p(H’) = {p(a’) | 0’ € H’}. 


K 
1,...,g, sS0 LK consists of only one automorphism and we write, more 


C. With the above hypothesis and notations 
LK\ (L'|kK 
Pp) \ py} 
L\K\  (L'|kK 
Pp P' ~~ P ° 


(Jo = oN (mod P’) 


Proof: We show that 


Indeed, by definition, 
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for every x € Az’, hence for every x € Az: 


(AE) ce) = 2” (mod 2) 
(ar) = (FF) 
#)<(2) 


L|K 


But every automorphism in £ belonging to (=F is the restriction of a 


SO 


It follows from (B) that 


| 


K 
) This concludes the proof. | 


conjugate in L’ to ( Pi 


For the next proposition, let L|K, L’|K be Galois extensions of number 
fields, where we no longer assume that DL Cc L’. Let £L = G(L|K), L' = 
G(L'|K). Let M = LL’, so M|K is a Galois extension, with Galois group 
denoted by M. Let p: M — L, p’: M — CL’ be the canonical restriction 
mappings, and let p: M — Lx L’ be the homomorphism 


a +> (p(c),p'()) = (p(c), €) - (e, p’(2)), 


where € is the identity automorphism. 
Identifying £ with the subgroup L x {e} of Lx L’ and L’ with {e} x L’, 
then p has the image contained in LL’. 


D. With these hypotheses and notations: 


~{M|K LIK \ (L'|K 
p\ —>- |] & | -— : 
P P P 
Proof: Let Q be a prime ideal in M such that Q divides Ay, P. Let R = 
M|K L|K 
QOL, R'=QNL'. Leto = (5). By (C), p(a) = (=F). pi(a) = 


| Q 
LK 
( R ). So 
LK L'\K 


Ala) = (o(0).e)(e,0"(o)) = (=~) (“pe ): 


This shows that 
/ 
5( MIA C Lik (LK) - 
P P/\ P 


Now let L|K be a Galois extension of number fields, and M|K an ar- 
bitrary extension of number fields, so LM|M is a Galois extension. Let 
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£L=G(L|K), M = G(LM|M), so the restriction mapping p identifies M 
with the subgroup G(L/ZM M) of £L. Let P be a prime ideal in K, and Qa 
prime ideal in M such that QM K = P. For any subset H of £ and f > 1, 
let H? = {of |o € H}. 


E. With the above notations, we have: 


If P © U(L|K) then Q € U(LM|M) and 


(BE) < Ce) 


where f is the inertial degree of Q in M|K. 


Proof: Let Q be a prime ideal in LM such that Qn M = Q; let P= ONL, 
so PO K = P. By hypothesis, P is unramified over P, so the inertial group 
T5(L|K) is trivial, hence also T5(L|L 1 M) is trivial. If o € T5(LM|M) 
by Chapter 14, remark after (D), a(x) = x (mod Q) for every x € Ay. 
So (p(a))(x) = x (mod P) for every x € Az. Since (p(a))(P) = P by the 
above remark, p(a) € T5(L|L 1 M) so p(c) is the identity automorphism. 

Since p is an isomorphism, then a is the identity automorphism, showing 


that Tg(LM|M) = {ce} and therefore Q is unramified in LM|M. 


LM|M ~ 
Let o0 = ( 5 ) so a(x) = z%'@) (mod Q) for every c € Ann. 


From N(Q) = N(P)f then (p(c))(x) = gN(P) (mod P), for every x E 


f 
LK 
A,. Thus p(a) = (=) . This shows that 
f 
; LM|M C LiK | - 
Q P 
Now let L|K be an extension of number fields. Let LD = Ly, Lo, ..., Lm 


be the conjugates of L over K and let M = L,12---Lm,so M|K is a 
Galois extension of number fields; M is the smallest Galois extension of K 
containing L. Let Q be a prime ideal in Ay, P;, =QONL;, P=QOQK. 

Assume that P = U(L|K). Then by applying conjugation, P € U(L;|K) 
fori = 1,...,m. By Chapter 13, (U), P € U(M|K). 


1|K 
F. With the above hypotheses and notations: If 0 = (3) then the 


smallest power of a in G(M|L) is of, where f is the inertial degree of 
P=QNLinL\K. 


Proof: The decomposition group Zg(M|K) is cyclic with generator o 
and order fg(M|K). The decomposition group Zg(M|L) = G(M|L) Nn 
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Zg(M|K) is cyclic with order fo(M|L). Then 


is the smallest integer k such that o* € Zg(M|L), that is, o* € G(M|L). 
a 


25.2 Density Results on the Decomposition 
of Prime Ideals 


In Chapter 24, before (B), we introduced the density of a set of prime 
numbers. We shall extend this notion and define the density of a set of 
prime ideals in the field K. 

We begin with a preliminary result. 


G. Let P be a set of nonzero prime ideals in the number field K. Then 
the lamit 


> pep l/N(P)® 


li 25. 
51-40 log(1/(s — 1)) (25.3) 
exists if and only if the lamit 
l 1/(1 — 1/N(P)° 
lim log [pep 1/0 — 1/N(P)") (25.4) 


s—1+0 log Cx (s) 


exists. In this case, these limits are equal. 


Proof: Let 7 be the set of ideals in K which are products of ideals P € P. 
By Chapter 23, (D) and (F), we have 


1 1 
log |] [ i/N(Py > °8 » N(J)s 


PEP JET 
1 
a 2 NP) for s—-1-4+0. 
By Chapter 24, (24.2), we have 
log Cx (s) * log — for s—>1+4+0. 
From these facts, the result follows at once. a 
Definition 3. A set P of nonzero prime ideals in K has Dirichlet 


density a if the limit 


lim Pep NUP) 
s-1+0 log(1/(s — 1)) 
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exists and is equal to a. By (G), it is equivalent to saying that the limit 


lim log Ilpep 1/(1 _ 1/N(P)*) 
s—1+0 log Cx(s) 
exists and is equal to a. 
We use the notation Dd(P?)) = a@ to express the above fact. 
We note that if the set P has Dirichlet density a, then 0 < a < 1. 
Indeed, 


1 
I< I] 1— 1/N(P)ys < Cx(s). 


PEP 


Also, if Dd(P) = a # 0, then the set P is infinite. 

We recall that it was proved in Chapter 24, (B), that the set of prime 
numbers in the arithmetic progression {a + km | k = 0,1,2,...} (where 
1<a<™m, gced(a,m) = 1), has Dirichlet density 1/yp(m). 

We state explicitly the following fact, which is trivial to verify. Let 
S;, So, ..., S% be pairwise disjoint sets of nonzero prime ideals in K. 
Assume that each set S; has Dirichlet density. Then S; U--- U S, has 
Dirichlet density, namely 


k 
Dd(S| U-+»U Sx) = S > Dd(S;) 


Let L|K be an extension of degree n of number fields. For f = 1,..., let 
Py; = {P nonzero prime ideal in L | P has inertial degree f in L|K}. 


Then the set P of all nonzero prime ideals in L is the union of the pairwise 
disjoint sets Py for f =1,...,n 
We have: 


H. For f > 2: Dd(Py;) = 0; for f= 1: Dd(Pi) = 1 
Proof: By Chapter 23, (E), if f > 2, s > 1: 
< i 
PEP y 


Since lim,_.140 Cx (s) = 00, it follows that 


108 Lpen, H/C ~ NY") 


= 0 
s1+0 log Cx (s) | 
i.e., Dd(P;) = 0. 
By a previous remark, since P has Dirichlet density equal to 1, then 
Dd(P;) = 1. a 


In particular, there exist infinitely many prime ideals P in L with inertial 
degree 1. 
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Let S(L|K) be the set of nonzero prime ideals in K which are totally 
decomposed in L|K. Thus S(L|K) C U(L\|K) and if P € S(L|K) and 
A,P = P,---P, then each P; has inertial degree 1 over K, so P; € P}. 
First we note: 


I. The sets S(-|-) have the following properties: 


(1) ff K CLCM are number fields, then S(M|K) C S(L|K). 
(2) If Ly|K, Lo|K are Galois extensions of number fields, then 


S(L,L2|K) = S(Li|K) 9 S(Lo|K). 


Proof: (1) Let PE U(M|K) C U(L|K), and let Az, P = P, --- Py. For 
each P; let Aas P; = Qii--- Qig, where the ideals Q;; (¢ = 1,...,9;3 J = 
1,...,g;) are all distinct. The number of prime ideals Q;; dividing Aj, P 
is g’ = )-9_, 9; where each g, < [M:L], g < [L: K]. If g' = [M: K| 
then necessarily g = [L: K], thus P € S(L|K). 

(2) By (1), we have the inclusion 


S(LL'|K) C S(L|K) 1 S(L'|K). 
Conversely, let 
Pe S(L|K)NS(L'|k), 
so the decomposition groups of P in L|K and in L’|K are trivial. If o is 
in the decomposition group of P in LL’|K, then its restrictions to G(L|K) 
and to G(L’|K) are in the decomposition groups of P in L|K (respectively, 
L'|K); so they are equal to the identity automorphisms. Therefore a is the 


identity and this implies that P is totally decomposed in LL'|K, proving 
the reverse inclusion. a 


Now we show: 


J. Let L\|K be an extension of number fields of degree n. Then 
1 
Dd(S(L|K)) = 7 


Proof: For every P € S(L|K) we have A,pP = P,-:- Pp with PB; € Pi, 
hence N(P;) = N(P2) where P = Nz) (P;). Thus 


1 1 " 
I] 1—1/N(P)s I] (ae) | 


PEP PES(L|K) 
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It follows that 


1 1 
log I] ooo — log I] 
1 —1/N(P)s _ 
lim PES(L|K) (N(E) lm ____PEP ; TIMP 
s—1+0 log Cx (s) s—>1+0 log Cx (s) 
1 3 1 
n PEP, N(P)* 1 


= ao og(/(s= 1) 1 


where we need (H) and Chapter 23, (D), (F), as well as the fact that 
log Cx (s) © log(1/(s — 1)) for s > 140. a 


We obtain the following corollary, which takes into account Theorem 2 of 
Chapter 11. We keep the notations of the theorem. Let K be a number field, 
L = K(t), where t is algebraic over K. Let F € Ayx[X] be the minimal 
polynomial of t over K. Let n be the degree of F.. Assume that either: 

(a) Ax is a principal ideal domain; or 
(b) Ay = Ax|[t holds. 


K. With the above hypotheses and notations, the set of prime ideals P 
in K such that F modulo P 1s the product of distinct linear factors, has 
density 1/n. 


Proof: According to Theorem 2 of Chapter 11 with the possible exception, 
in case (a), of the finitely many prime ideals P which divide Axa (where 
a was defined in Chapter 11), the set of prime ideals under consideration 
is equal to S(L|K). By (J), it has density 1/n, where n = [L: K| is the 
degree of F’. a 


The above result is applicable when kK = Q and tells us that if F ¢€ Z[X] 
is an irreducible polynomial of degree n, the set of prime numbers p such 
that Ff’ modulo p is a product of distinct linear factors has Dirichlet density 
1/n, so it is infinite. 

The result which follows tells us that a Galois extension of a number 
field is uniquely determined by the knowledge of the prime ideals which 
are totally decomposed. 

Precisely: 


L. Let L\K, L'|K be Galois extensions of number fields. Then the 
following conditions are equivalent: 

(1) L=TL’; 

(2) S(L|K) = S(L'|K); and 

(3) Dd(S(Z|K) \ S(L'|K)) = Dd(S(L'|K) \ S(L|K)) = 0. 


Proof: It suffices to show that condition (3) implies (1). Let DL” = LL’ so 
L" \K is a Galois extension. Let [LD : K] = n, [L’: K] = n’,and[L” : kK] = 
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n”. By (I), S(L"|K) = S(L|K) 0 S(L'|K), hence S(L|K)\ S(L"|K) = 
S(LIK) \S@'IK) so Dd(S(L|K)\ S(L"|K)) = 0. 


S(L|K) = S(L"|K) U (S(L|K)\ S(L"| 5), 
so by (J), 1/n = 1/n”, hence n = n”. Similarly n‘ = n", thus L = L’. @ 


Thus, if L # L’ there exist infinitely many prime ideals P in K which 
are totally decomposed in one, but not in the other, of the fields L, L’. 
This result will be extended later in Section 25.4. 


25.3 The Theorem of Chebotarev 


Let L|K be a Galois extension of number fields. For each conjugacy class 


C of G(L|K), let 
() =e} 


In this section, we shall prove the following theorem of Chebotarev: 


Ac = {P prime ideal of K 


Theorem 1. With the above hypothesis and notations: 


#(C) 
[LD : kK] 


Dd(Ac) = 


It is appropriate to recall that if C = {e} then A;.,; = S(L|K). In this 
case, the theorem becomes the statement (J). If kK = Q, L = Q(¢m) where 
Cm is a primitive root of 1 of order m, then the theorem is a rephrasement 
of Dirichlet’s theorem on primes in arithmetic progressions. 

We shall prove Chebotarev’s theorem by considering in succession several 
special cases. 

It is convenient to begin with some lemmas about cyclic groups. 

If G is a finite group, h > 1, let v(G,h) = #{o € G | h divides the order 
of o}. 


Lemma 1. Let G be a cyclic group of order g = po --. pt with 
Pi,---,Pr distinct primes, d; > 1 for alli = 1,...,r. Let h = pj’ --- per 
with 1 <e; <d; for alli =1,...,r. Then 
rT 
W(G,h) = |] — pi"). 


i=1 

Proof: First we assume that r = 1, that is, G has order g = p*, h = 
pe, 1 < e < d. Let o be a generator of G. The order of o* for0 < s < 
p* does not divide p® if and only if gsr = e; equivalently, p* divides 
sp°—!. This happens for s = p?~¢t!, Qp4-e+1, ..., p®~!p4-et!. So there 
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are exactly p®~! elements with order not divisible by p®, hence p? — p°~! 
elements with order divisible by p*. This proves the lemma when r = 1. 
Now we consider the general case. 

Fori = 1,...,7r, letg; = g/ pei. Since these integers are relatively prime 
there exist integers n; such that 1 = dist Ni9;; we note that p; does not 
divide n; for each 1 = ab: ,r. Let o; = o”% where o is a generator of 
G; then o,; has order pe. Let vi be the cyclic group generated by o;. The 
group G is isomorphic to G, x--- x G, by the mapping 0% +> (a],..., 08"), 
where s = s; (mod pi), O< 5, < pi. 

Indeed, the mapping is a group-homomorphism and a bijection, as follows 
from the Chinese remainder theorem. 

We note that if 0 < s < g the order of o° is divisible by h if and only if 
for every 1 = 1,...,7r the order of 0;* is divisible by p;*. This follows easily, 
because the order of o* is the product of the orders of o7' fori = 1,...,7. 
By the first part of the proof 

, 
u(G,h) = | [or — pt"). Z 


i=l 
Lemma 2. Tet h > 1. For every ¢ > 0 there exists a cyclic group G 
such that 
V(G, h) 
#(G) 


Proof: Let h = pj'--- pt where pi,...,p,r are distinct primes, each e; > 
1. Given € > 0, let d},...,d, be sufficiently large. If G is a cyclic group of 
order po vee por then, by Lemma 1, we have 


vGh) + ei-1-d, _- 
(6) ~Ha- ps ‘)>l-—-e. a 


We remark that in order to prove the theorem, it suffices to show that 
for every conjugacy class C' of G(L|K): 


Dd(Ac) > #(C)/IL : K]. 
Indeed, this implies that 


l-ec< 


<1. 


t=) Pd(Ac) > =m LHC 
C C 
_ #GULIK) _ | 
IL: K| 


hence necessarily Dd(Ac) = #(C)/|Z : K] for every conjugacy class C' of 
G(L|K). 

Now we prove the theorem by establishing in succession several special 
cases. 
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Special Case 1: K = Q, L = Q(C), where ¢ = ¢,, is a primitive root of 
1 of order m > 1. 

For eachr, 1 < r < m, with gcd(r,m) = 1, let o, € G(L|Q) be uniquely 
defined by o,(¢) = ¢". We recall from Chapter 16, (D), that a prime p is 
unramified in L|Q if and only if p does not divide m. 

We show: if p is unramified in L|Q then (=) = {o,} if and only if 
p =r (mod m). 

Indeed, let P be a prime ideal in L such that PQ Q = Zp. If p = 
r (mod m) then ¢? = ¢", hence o,(¢) = ¢?. By Chapter 5, (X), the ring 
of algebraic integers of L is A, = Z[C], so for every 


p(m)—1 | 
a S- a;C* € AL, 
i=0 
e(m)-1 e(m)-1\* 
Or(x) = S- a;CP = S- a;¢’ | =x? (mod P). 
i=0 i=0 
Then (=) = {o;}. 
L|Q pc al 
Conversely, if > = {o,}, since p{m there exists r’, 1 < r' < 
m, with gcd(r’,m) = 1 such that p = r’ (mod m). By the above proof 
(112) = {o,’} hence r' = r (mod m). 
Let 


A; = Afo,} = ‘7 prime 


(42) =} 


It follows that 


1 1 
pEA P p=r (mod m) P 
and by Chapter 24, (B): 
1/p* =r (mod m) 1/P” 1 
Dd(A,) = lim Dare A TPE jig, Zepertmod my TIP” 1 
s—1+0 log(1/(s —1)) = s-14+0 ~— log(1/(s — 1)) y(m) 


as it was required to prove. 


Special Case 2: Let m > 1, and let € = CG, be a primitive root of 1 of 
order m. Let L = K(¢) and denote by A = Ax the ring of integers of K. 
So L\|K is a Galois extension with 


G(L|K) = G(Q(G)IQ(¢) NK) © G(Q(C)|Q). 
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By restriction, for every 0 € G(L|K) there exists r, 1 < r < m, with 
gcd(r,m) = 1, such that a is identified with 0, € G(Q(C)|Q). 
Let 


Lik 
A, = 1P prime ideal in K| (A) = (on) 
We wish to show that Dd(A,) = 1/[Z : K]. The proof will be subdivided 


into steps. 
(1°) We need to evaluate 


1 


PEA, 


For each f = 1,2,...,{K : Q| let Py be the set of all prime ideals P in K 
with inertial degree f over Q. 
It follows from Chapter 23, (E), that 


1 1 
3 ~ yo 140. 
N(P)5 Npp 8 oF 


We show that P € A, P, if and only if N(P) =r (mod m) and P has 
inertial degree 1 over Q. 


Lk 
Indeed, if P € A,MP, then, on the one hand, Ge (C) = GP (mod P) 
K 
where p = N(P); on the other hand, Ga (C) = ¢7, so CP = CT 


(mod P). If p # r (mod m), then P divides A(1 — ¢?-") = A(1 — ¢) 
which in turn divides Am (by Chapter 24, (I)); but this is not possible 
since P is unramified in L|K. So N(P) =r (mod m). 


kK 
Conversely, if N(P) = p = r (mod m), then (= (¢) = cP = ¢ 


L|K LK ' 
(mod P); if (=) = or, then GalG = ¢" hence P divides 
A(¢" — cT’), which by the above argument implies that r’ 
| 


LD 


=r (mod m), 
LK 
so {| —— }(C) = C" and, as before, we conclude that —p) = or 


P 
From this we deduce that 


1 1 1 
» N(P)s _ » N(P)s ~ » N(P)5’ 


PEA,NP, N(P)=r (mod mm) N(P)=r (mod m) 
PEP 


with the preceding argument. 
(2°) We shall evaluate 


1 


N(P)° 
N(P)=r (mod m) 
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in an indirect way. For this purpose, as in Chapter 8, let F,, denote the 
multiplicative group of nonzero fractional ideals of K which are relatively 
prime to Am; let Pr, be the subgroup of F,, consisting of the principal 
ideals Ax such that zx is totally positive and = 1 (mod Am). The quo- 
tient group C,, is finite with order denoted by h* = hm,+. The elements 
of C,, are equivalence classes of ideals belonging to F,,; namely I, J are 
equivalent if there exists Ar € Pr,,,4, such that J = Az - J. 

We observe that in every class there is some integral ideal. Indeed, given 
I = J/a with gcd(Aa, Am) = gcd(J, Am) = A, then a2%(A™ is totally 
positive and a24(4™) = 1 (mod Am), since N(Am) = #(A/Am). 

Let I’ = Aa?NA™-1 7 so I’ is an integral ideal and I’ = a2N(4™ J. 

This remark allows us to consider a system of representatives {I,,Io,..., 
Ip+} of C,, consisting of integral ideals. 

(3°) For eachr, 1 <r<™m, ged(r,m) = 1, let 


T, = {1 € Fm | NU) =r (mod m) }. 


Let M = {r | Z, #4 O}. We remark that M # ©. Indeed, let q be a 
prime number not dividing m, let Q be a prime ideal in K dividing Ag. So 
N(Q) is a power of g, hence there exists r, as above, such that N(Q) = 
r (mod m), so Z, # ©@ and therefore M # SO. Let w > 1 be the number 
of elements of M. 

(4°) Weshow that if Z, # © then 7, is the union of equivalence classes 
of Fyn. 

Indeed, let J € Z, and let J € F,, belong to the same class as I. So 
there exists Ar € Pry». such that J = Ax-J. Then z = 1 (mod Am). For 
every conjugation 7 of K, we have T(x) = 1 (mod 7(A)m). Hence, as easily 
seen, Nxig(x) = 1 (mod m). Since z is totally positive, then N(Ar) = 
INK\Q(z)| = Nx \Q(2) = 1 (mod m). Hence N(J) = N(J) (mod m) and 
J €T,. 

Let v, = #(Z,). We show that ifv, #0, v» #0 then vy, = yp. 

Indeed, let I € Z,, I’ € Z,-, and let J € F,, be such that I’ = JI. Then 
I, I, belong to the same equivalence class in F,, if and only if J’ = JI and 
I; = JI, belong to the same equivalence class. This shows that v, = v,. 

Let vy = vy, for anyr € M. 

(5°) Let Xo (trivial character), y¥,;, .--,; Xpz«—, be the characters of 
the Abelian group C,,. Let xo (trivial character), x1, ..-, Xn*«—1 be the 
associated Hecke characters (see Chapter 21, Section 2). 

For the purpose of evaluating the sums 


1 


N(P)=r (mod m) 
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for 1 <r < _m, gcd(r,m) = 1, we shall consider the following sums for 


each i = 0O,1,...,h* -—1: 


. h* 
xi(P) _ > xi(5) | de Py (25.5) 


N(P)° 


where {1}, Iz, ..., In«} is a system of representatives of classes of Fm, 
each J; is an integral ideal, and P = J; means that P is in the class of J, 


By Chapter 21, (J), for each 7 = 1,..., h*: 
h*-1 
ee (P 
xl) | (25.6) 


1 1 
> N(P)s ~ Fe S- xi(Z;) 2 N(P)5 


~=0 


Ifr € M then 


1 1 
N(P)° 2. _ N(P)S 


N(P)=r (mod m) 


| 
[+ 
M4: 

ox 

= 
2 
a 

w 


(due to the absolute convergence, for s > 1, the order of summation is 


irrelevant). 
From Chapter 23, (23.21), if x; # xo the sum 


xi(P) 
d N(P)° 


remains bounded when s — 1 + 0, while for yo we have 


xo(P) 1 y 
- S xo0(I;) 7| ea ) log L(s|xo) = zz log L(s|xo) 
i I; ET,. N(P) h 1; €T,. h 
y | 
~ — log 
h* o8 s—1 


by Chapter 24, (24.3), when s > 1+ 0. 


Hence 
: ~ = log < : for s—1+40 
N(P)s h* —] 
N(P)=r (mod ™) 
for every r © M. Thus 
Dd(A,) = Dd({P | N(P) =r (mod m)}) = 


Adding up for all r € M, 1 = pv /h*. 
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But 


HS #G(Q(C) | QE) 1K) = [L: K]. 
So Dd(A,) = v/h* > 1/[L : K] and by a previous remark, this suffices to 
prove the theorem in n the Special Case 2. 


Special Case 3: We assume that K C L C K(¢) = M, where ¢ is a root 
of 1. 

Let p : G(M|K) — G(L|K) be the restriction mapping. If 0 € G(L|K) 
then p~!(a) = {61,...,¢m} where m = [M : L]. Let 


(8) 2) 


for i = 1,...,m. Then the sets Ag, are pairwise disjoint and A, = 
m 
U,_, Ae,. Therefore 


As, = 1P prime ideal in K 


» NPS -o > wy 


PEA =1 PEAs, 


By the Special Case 2, we conclude that 


Trea, UM(PY _ 4 Et Eres, UNCP) 


sto Jog(1/(s=1)) sto _log(1/(s ~ 1) 
— ([M:L) 1 
Kk) [M: kK] [L: kK] 


i=1 
Special Case 4: We assume that L|K is a cyclic extension. 

(1°) By Chapter 11, Section 3, for each cyclic group G there exists a 
cyclic extension M|K such that MN L = K, G(M|K) = G, and K C 
M C K(C) where ¢ is a root of 1. Let M be the set of such extensions 
MIK. 

Before Lemma 1, we introduced the following notation: v(G(M|K), h) 
denotes the number of 0 € G(M|K) whose order is divisible by the integer 
h > 1. 

If Me M, o € G(L|K), andr € G(M|K), let 


(Sr) =) e) = iy 


Let o(c) (respectively, o(7)), denote the order of o in G(L|K) (respectively, 
of 7 in G(M|K)). 
(2°) We shall show that the Special Case 4 is implied by the following 
statements: 
(a) For every ¢ > Oandh > 1 dividing |L : KJ, there exists M € M 
such that 


Agr = 1P prime ideal in K 


v(G(M|K), h) 
l-—éEe< IM: Kk) <1. 
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(b) If o(a) divides o(7), then 
D 0,T 2 Tr rifrar.?r’ 
dcr) [L: K|[M: Kk] 

We show that (a) and (b) imply the Special Case 4. Let o € G(L|K). 

Given ¢ > 0 let M € M be such that 

yg MG(MIK), 0(¢)) 

[M: kK] 


For every tT € G(M|K) we consider the set A,,-. These sets are pairwise 
disjoint, so 


Dd(A,) — S- Dd(A,,,) 2 ‘> Dd(Az,,) 
TEG(M|K) o(a)|o(7) 
l _ YU(G(M|k), o(¢)) 
2 oe [L: K|[M:K]  [L: K][M: K] 
> (1 -«) — 


[LD : K]- 
Since this inequality holds for every « > 0, then Dd(A,) > 1/[L : K] for 
every 0 € G(L|K). By a previous remark, this suffices to conclude that 


1 
Dd(A,) = (EL : K] for every o € G(L|K). 
(3°) Proof of (a). 
Let « > 0 and h > 1, where h divides [L : K]. By Lemma 2 there exists 
a cyclic group G such that 


l-—ée< 


<i. 


By Chapter 11, Section 3, there exists M € M with G(M|K) = G. 
Hence 


v(G(M|K), h) 


l-ée< iM: K) 


<1. 

(4°) Proof of (b). 

Let Me M, o € G(L|K), and t € G(M|K), such that the order o(c) 
divides the order o(7). From MOL = K then G(LM|K) = G(L|K) x 
G(M|K), the isomorphism associates to p € G(LM|K) the pair (pz, pm) 
of restrictions of p to L and to M. Leta (respectively, 7) be the canonical 
extension of o (respectively, 7) to G(LM|M) (respectively, to G(LM|L)). 

Consider the cyclic subgroup of G(L|K) x G(M|K) generated by (a, 7). 
By the isomorphism, it corresponds to the cyclic subgroup U generated by 
oF since (67), = 0, (67)yz = T. Let H be the subfield of LM fixed by U. 
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Let 


LIM\K 
Ayr = P prime ideal in K| (SF) € U and (“F) - r}. 


let 
A\K\ _ = and M|K\ _ 
> |= an —p) = T >, 


where ¢ is the identity automorphism, and let 


Ap; = 1P prime ideal in Kk 


1|K 
Ay, = P prime ideal in K | P splits completely in H and (=) = rh 


We have 
A > A’ _ A” — Al! 
Indeed, if P € A’, let 


(=| =F 80 (“) = Hk, = 1 


K 
But (= = 7, thus k = 1 (mod o(7)), hence k = 1 (mod o(c)) and 
L|K\ | kok 
so |} = (oT); = o” = o, showing that P € A,,. The equality 


Al, = Aj, follows from (C) and Aj, = Ag’, follows from (A). 
Now we observe that if P splits completely in H|K there exist [H : K| 
prime ideals Q in H such that QM K = P and moreover 


N(Q) = N(Nu\k(Q)) = N(P). 


At this point we note that 7 © G(M|M 0 #). Indeed, if x € MOH then 
oT(x) = x; buto(x@) = x so T(x) =T(xz) =oT(x) = x. Since G(HM|M) = 
G(M|M OH) there exists rT’ € G(HM|M) such that 7,, = 7. Let 


MHA\H 
B= {a prime ideal in H Ge | )- rt 


Let 
Qi = {Q prime ideal in H | fo(H|K) = 1}. 
Then 
1 
oe, MOF > 2g, NPP 
Since H C HM C HA((), by the Special Case 3: 
OCB 1/N(P)* 1 


li a 
ssl+o log(i/(s—1)) (MH: Hl 
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hence 


lin dpe A,,, 1/N(P)* 1 ee ee ee 
s140 log(1/(s—1)) ~ [H: K] [MH:H] [MH: kK] 
1 1 1 
> 
— [LM : K] [L: kK] [M: K] 
Proof of the General Case: Let L|K be a Galois extension with Galois 
group G, let C’ be a conjugacy class of G, and let Ag be as indicated. Let 


ao € C, H the cyclic subgroup of G generated by o, and M the subfield of 
L fixed by o, so L|M is a Galois extension with Galois group H. Let 


B, = {2 prime ideal in M| Ga = ot. 
For each r = 1,2..., let 


Bor a {Q € B, | fo(M|K) — rhs 
so B,, = O when r > (G : H), the sets B,,, are pairwise disjoint and 


By = (J Bar. 


r>1 


(1°) If Q € B, there exists a unique prime ideal P in L such that 
PM = Q and the decomposition group of P in L|M is Z5({L|M) = H. 


LIM 


Indeed, since (=) = o has order equal to #(H) and, by (A), its 


order is fg(L|M), from #(H) = fa(L|M) it follows by the fundamental 
relation that there exists only one prime ideal P in L with PN M = Q. 
Thus the decomposition group of P in L|M is the Galois group H. 
(2°) We observe that if Q € B, and P= Qn K then P € Ac. 
Indeed, let P be the prime ideal of L dividing A,Q, so PN K = P and 


L|M L|\M L|K LK 
—=— } = | —— ] = oso | —=— ] = a hence | —— } = C. 
P Q P P 
We define ~ : B,.1 — Ac by letting ¥(Q) = P, where P= QN K. 
(3°) The mapping W is surjective. 
Indeed, given P € Ag, let Pbea prime ideal of L such that PNK =P 


K ~ 
and a = o; the existence of P, as above, follows at once from (B). 


To show this, we let P be such that P NK =P, a =od’ EC. 
P 


There exists t € G such that o = To’7~!. Let P = r(P), soPNK =P 


and 
K 
(> ) — (Ete =To'T '=0a. 
P P 
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~ L|M 
LetQ = PONMsoQNK =P, ( = o thus Q € Bg. 
We still need to show that Q € B,1, that is, fo(M|K) = 1 or, equi- 
LIK 
valently, fs(L|M) = f5(L|K). We have af = o then, by (A), 


fe (L|K) = #(H); on the other hand, also (=5* | _ (=) — 


Q 
so fs(L|M) = #(H). 


(4°) For every P € Ac the number of elements in W(P) is (C(a) : 
H) where C(c) is the centralizer of a inG 


For this purpose we define a mapping @ : C(c) 
that ifr € C(o) then 7(M) = M because o(T(z)) = 
ce M. 

If rt € C(c) let 0(7) = 7T(Q), which is a prime ideal in M. Then 


(1) = (Been 
TQ) \ Q - —_ 


so T(Q) € B,. Also by applying 7 € G to Q induces an Ax / P-isomorphism 
of residue fields Ays/Q = Ans/T(Q) so fce(M|K) = f-(Qq)(M|K), hence 
T(Q) € Bg,1. 


The mapping @ is surjective: if Q’ € B,,; let P be the unique prime ideal 
of L such that P 9 M = Q’. Let rT € G be such that P = t(P). Since 


LK () (4) ca 4 4 
— |= —}=0 and —) =T\ ~~ ]T  =ToT," 
P Q P P 


then 7 € C(a) and so Q’ € @(r). 

If 7,7’ € Z(c) and r~!r' € H then r7~!7'(Q) = Q so 7(Q) = 7'(Q), 
that is, @(7) = A(T’). 

Conversely, if 7,7’ € C(o) with 0(7) = 6(r’), then r~!r’ € H. Indeed, 
T(Q) = 7'(Q). If P is the unique prime ideal of LD with PA M = Q then 


~ ~ 


T(P)NM =7(Q) =7'(Q) =7'P)NM, 


— B,. First we note 
T(a(x)) = T(x) where 


~ 


so by (1°), r(P) = 1'(P), hence r7!7’ € Z5(L\|K) (decomposition group 
of P in L|K). By (1°): 


H = Z5(L|M) =HN Z 5 (LIK) C Z5 (LK). 
But 
#2 5(L|K) = fs (LIK) = fs (LIM) = #25 (L|M) = #(H) 


because fo(M|K) = 1.S0 7r7!r' € Z5(L|K) = H. This proves (4°). 
(5°) We finish the proof. Since 


{Q € Bz | fo(M|Q) = 1} S Bau 
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and N(Q) = N(P) for Q € Bz,, P=QNK, from (4°) and Chapter 23, 
(E): 


1 1 4 
d N(Q)s d N(Q)s Xd N(Q) 


QeB, QEBa1 PEAG QEw-1(P) 
1 
=(C(c):H) >> NPY’ 


PEAG 


By the Special Case 4, since H = G(L|M) is acyclic group, then Dd(B,) = 
1/#(H). Hence 


1 1 1 (G : C(a)) #(C’) 
A) = Fa) Ca): H) ~ He) SOG CSL KI 
This concludes the proof of the theorem. | 


25.4 Bauerian Extensions of Fields 


Let L|K be an extension of number fields, and let T(L|K) denote the set 
of prime ideals P € U(L|K) such that there exists a prime ideal P in 
L, dividing Az; P and with inertial degree equal to 1. If L|K is a Galois 
extension, then T(L|K) = S(L|K). 

In this section we focus on the sets TJ (L|K) and examine to what extent 
they determine the extension L|K. 


Definition 4. A number field extension L|K is Bauerian when the 
following condition is satisfied: if M/|K is any number field extension and 
Dd(7(M|K) \ T(L|K)) = 0 then there exists a field LD’, K c L’ c M, 
such that L, L’ are K-isomorphic. 


M. IfL\K isa Galois extension of number fields, then L|K 1s Bauerian. 
Proof: Let M|K be an extension of number fields and assume that 
Dd(7(M|K)\ T(L|K)) = 0. 


Let M’ be the smallest Galois extension of K containing M. 

Let o € G(LILN M), ¢ € G(M'|K) (the identity automorphism), so 
OLAM = €xnm (restrictions to L N M). By Chapter 2, Section 7, there 
exists a unique 0’ € G(LM’|K) such that 


oF =O, On = €. 


Let C’ be the conjugacy class of a’ in G(ZM’|K) and let C' be the conjugacy 
class of o in G(L|K). So C is the set of restrictions to L of the elements in 
C". 
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Let 


A= {P € U(LM'|K) (5) = ct 


By Chebotarev’s theorem, Dd(A) > 0. 
Let 


B= 1P € U(L|K) NU(M'|K) P €T(M|K) and (+ = cI. 


Then A C B. Indeed, if P € Q, by (C), (=) = C, (“) = €, SO 


PéeT(M'|K) C T(M|K). Thus Dd(B) > 0. 
Let 
C= 1 E UCL) (=) =C, Pe T(L\K)} 
By hypothesis, Dd(C) = Dd(B) > 0. 
LIK 


But if P € C then necessarily (=F) = €,so froma € C it follows that 


o = €. This shows that L = L 1 M,so L C M, and proves that L|K is a 
Bauerian extension. a 


This result extends that which was proved in (L). 


EXERCISES 


1. Determine explicitly the Frobenius symbol of Q(¢)|Q in the following 
cases: 
(a) ¢ is a primitive fifth root of 1. 


(b) ¢ is a primitive seventh root of 1. 


(c) ¢ is a primitive eighth root of 1. 


2. Determine explicitly the Frobenius symbol for the following exten- 
sions: 
(a) Q(V3)|Q 
(b) Q(V3, V2)|Q(v3); 
(c) Q(V3, V2)|Q. 


3. Compute the Dirichlet density of the following sets of prime ideals in 


Q(v2, v3): 


(a) the set of prime ideals P with norm N(P) = 1 (mod 4); 
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(b) same, with N(P) = 3 (mod 4). 


4, Let f(X) = X* — 2X3 + 2. Determine an infinite set of primes p 
such that f(X) is congruent modulo p to the product of four distinct linear 
factors. 


5. Find infinitely many primes p which are totally decomposed in Q(/3) 
but not in Q(/5), as well as an infinite set of primes p which are totally 
decomposed in Q(/5) but not in Q(V/3). Are there infinitely many primes 
which are totally decomposed in both fields Q(/3) and Q(/5)? 


6. Let L|K be an Abelian extension of degree n of number fields, with 
Galois group G. Let (f,g) be a splitting type of L|.AK, and let vy denote 
the number of elements of order f in the group G. Let Sy denote the set 
of prime ideals in K of splitting type (f,g) in L|K. Show: 

(a) S; # SO if and only if G has an element of order f; 


(b) Sy has Dirichlet density equal to vs/n. 


7. Let L|K be a Galois extension of number fields, and let M|K be 
an extension of number fields. Let C be a conjugacy class in G(L|K’) and 


L|K 
let A = {P € ULM|K) | P € T(M|K), a = C}. Show that 


Dd(A) > 0 if and only if CM G(L|LNA M) # ©. In particular, the above 
condition is equivalent to C C G(L|ZN M). 


8. Let L|K, M|K be arbitrary number field extensions. Let L’ be the 
smallest Galois extension of K containing L. Let H = G(L’|L) and let 
H = M,,...,H, be the conjugates in G(L’|K’) of the subgroup H. 

Show that Dd(7(M|K)\7(L|K)) = 0 if and only if 


G(L'|L'n M) C (J i. 
i=1 


9. Let L|K be an extension of number fields, and let L’ be the small- 
est Galois extension of K containing L. Let H = G(L’|L) and let 
H = Hy, H2,...,H, be the subgroups of G(L’|K) which are conjugates 
to H. 

Show that the following conditions are equivalent: 

(a) L|K is Bauerian. 
(b) If H’ is a subgroup of G(L’|K) and H’ C U._, Hi, there exists 
1, 1<121< 7, such that H’ C H;. 


10. Let F(X) = 2X° — 32X +1, let a be a root of F(X), and let L = 
Q(a). 
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Show: 

(a) If L’ is the smallest Galois extension of Q containing L, then 
G(L'\Q) = Ss, the symmetric group on the set {1, 2, 3, 4, 5}. 

(b) G(L'|L) consists of all permutations fixing 1. 

(c) The conjugates of H in G(L'|Q) = Ss are H; (i = 1,...,5), 
where H; consists of the permutations fixing 2. 

(d) Let H’ = {identity, (12), (45), (123), (132)}. Show that H’ C 
Ue, H; but H"' is not contained in any H; (i = 1,...,5). 
Conclude that L|K is not a Bauerian extension. 


26 


Class Numbers of Quadratic 
Fields 


Let K = Q(Vd) where d is a square-free nonzero integer. We recall that in 
Chapter 23, (C), we showed that 


Ori +12 772 
lim (s — 1)¢xK(s) =h x men 


s—1+0 wr/|6] 


(26.1) 


where 


r; = number of real conjugates of K, 
2r2 = number of nonreal conjugates of K, 
w = number of roots of unity in A, 
6 = discriminant of K, 
R= regulator of K. 
Our aim is to obtain a formula for the class number of the quadratic fields. 
In this study we distinguish two cases. 


If d > Othen K is a subfield of R, sor; = 2, ro = 0, w = 2, R = logu, 
where u is a fundamental unit, u > 1. Hence 


, h-2logu 
_im (3 — 1)CK(s) = i when d> 0. (26.2) 


If d < 0 then K is a quadratic imaginary field, so r; = 0, ro = 1, every 
unit is a root of unity, so R = 1. Hence 


h- 27 


lim (s—1 s) = when d< 0. 26.3 
_im | Cx ( ) w/15| ( ) 
Moreover, we have seen that if d = —1 then w = 4, ifd = —3 then w = 6, 


and if d 4 —1,—3, d < 0 then w = 2. Also 6 = d, when d = 1 (mod 4) 
or 6 = 4d when d = 2 or 3 (mod 4). 

In order to compute h explicitly we need to know the limit on the left- 
hand side and a fundamental unit when d > 0. 
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For this purpose, we shall express the limit 
—] 
im (5 = 1)K(s) 


in terms of a certain character attached to the field K. 


26.1 ‘The Quadratic Character Attached 
to the Quadratic Field 


The definition of the character y involves the Jacobi symbol (see Chapter 
4). Let d = (—1)|d|, so € is even when d > 0 and €¢ is odd otherwise. We 
define 

0, when gcd(a, 6) 4 1, 


d?—1 


x(a) = (—1)** -(-1) ©: (d/a’), when gcd(a, 6) = 1 and 
a = (—1)%al, |a| = 2a’, 
> 0, a’ odd. 


We may express y(a) in a different way, using the Jacobi reciprocity law: 
A. Let gcd(a, 6) = 1. 

Ifd = 1 (mod 4) then x(a) = (a/|dl). 

If d = 3 (mod 4) then x(a) = (—1)'*~)/2 - (a/|d}). 


If d = 2d’, d’ odd, then x(a) = (—1)'@—-)/8 . (-1) “> - (a/|d’)). 
Proof: Let d= 1 (mod 4) then 6 = d and by the Jacobi reciprocity law 


| e 
2 a’ \a| 
“om (2) (8) co" (8) 
Mia) iat) =" Va 
However, in this case, (—1/|d|) = (—1)*. In fact, 
(Gr) = (-1)l4l-D/2 = (14-1924 (1a -1)/2, 
\d| 
If d > 0 we have (d — 1)/2 + (|d| — 1)/2 = d — 1 even, if d < 0 we have 


(d—1)/2+ (|d| —1)/2 = —1 odd, so in both cases (d — 1)/2 4+ (\d| —1)/2 = 
€¢ (mod 2) and 


(ir) = Ga) (ia) = Gia) 
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Let d = 3 (mod 4) then 6 = 4d and a is odd, so 


x(a) = (=) = (1) (-1) (5) 


_ (reaper ne) 


However, in this case 


) ~ (1 lldl-9/2 © (4 (@-1)/2+ la] =1)/2, 
d 


As we have shown above (d — 1)/2 + (|d| — 1)/2 = € (mod 2) and 


(-ayee(-ayie-9 (CF) (-1yettlel- ue (= a (5) 
= (-1 1)o+(al- nn). 


But a is odd hence a + (|a| — 1)/2 = (a—1)/2 (mod 2), therefore if d = 3 
(mod 4) we have y(a) = (—1)(*-)/2(a/|dJ). 

Now let d = 2 (mod 4) then d = 2d’, where d’ is odd (since d has no 
square factor), 6 = 4d, a is odd, so 


vo ea () -com(§)() 
= (-1yse(=1y 6-1) Se (AE). 
Since d’ is odd, we deduce as before that (d’ — 1)/2 + (|d’| — 1)/2 = 


¢ (mod 2) hence (—1)€ = (—1)'¢~))/?(-1/|d’|) and since a is odd then 
a + (ja| — 1)/2 = (a —1)/2 (mod 2), therefore 


x(a) = (1) 2%. (21) SH (-@P-8. (=) (4) 


a~1 d/-1 2 a 
— (—]) 7 "2 .«.(-] (a*—1)/8 | f 7 . a 


B. x is a primitive quadratic character with conductor |6|. If d > 0 then 
x as even, if d < 0 then x 1s odd. 


Proof: By definition, x(a) = 0 if and only if gcd(a, 6) 
If a, 6 are relatively prime to 6 then x(ab) = x( 
a = (—1)%2%a’, b = (—1)'2™b', with 2 > 0, m > 


#1. 
a)x(b). Indeed, let 
0, a’, b’ odd and 
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positive. Then gcd(ab, 6) = 1, ab = (—1)%+92°*™Q'b! so 


x(ab) = (149% (1) “Hm, () 


a’b! 


Now, if a = b (mod |6|) and d = 1 (mod 4) then 


x(a) = (5) - (a) = x(b). 


If d = 3 (mod 4) then 6 = 4d so a = b (mod |d|) and a = b (mod 4), 
thus (a — 1)/2 = (b— 1)/2 (mod 2) and 


x(a) = (-M2(-5) = (-ayeM?() = x0, 


Finally, if d = 2 (mod 4) then 6 = 4d = 8d’ and again we have a = 6 
(mod |d’|), a = b (mod 8) so (a? — 1)/8 = (b? — 1)/8 (mod 2) and 
x(a) = x(0). 
Thus we have shown that x is a character modulo |6|. It is obviously 
a quadratic character. To show that y is primitive with conductor |6|, 
we use the criterion of Chapter 21, (Q). It suffices to show that if 2 is 
an integer dividing |6], 1 < @ < |6|, there exists an integer a such that 
gcd(a,6) = 1, a= 1 (mod &@), and y(a) = —1. 
Now, since £ < |6| there exists a prime number p such that @ divides 
\5|/p = m. 
If p # 2 let b be a quadratic nonresidue modulo p and let a satisfy the 
congruences 
a 
(a 


Then gcd(a,6) = 1, a = 1 (mod @) and x(a) may be computed by the 
above formulas. If d = 1 (mod 4) then 


“-()-(@@-@-@-= 


If d = 3 (mod 4) then 6 = 4d so |d| = p- (m/4) hence 4 divides m and 


vo=c-0m() =0-™(0) =) =) 


because a = 1 (mod 4) anda = 1 (mod m/4). 


b (mod p), 
1 (mod 2m). 
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If d = 2 (mod 4) then d = 2d’, d’ odd, 6 = 4d, |d| = p-(m/4), 4 
divides m and 


“cv8ee48 (5) -()-@Q) = 


because a = 1 (mod 8) anda = 1 (mod m/2). 
Now we assume that p = 2 so d #1 (mod 4) and 6 = 4d. 
If d = 3 (mod 4) let a satisfy the congruences 


. 3 (mod 4), 
a =1 (mod 2|d)). 


Then gced(a, 6) = 1, a = 1 (mod @), and 


x(a) = (1-92 (5) = (aye? = a1. 


If d = 2 (mod 4) then d = 2d‘, d’ odd, 6 = 4d. Let a satisfy the 
congruences 


HN) Hl 


a = 5 (mod 8), 
= 1 (mod 2|d|). 
Then gcd(a,6) = 1, a = 1 (mod @), and 
x(a) = (-1) aWah yj sol dal (a) _ (—1)'@-/8 __] 


since a = 1 (mod 4), anda = 1 (mod |d’\). 
The last assertion follows at once from the definition: 


x(-1) = (-1)€ hence if d > 0 then y(—1) = 1, if d < 0 then x(-1) = 
_1. a 
We recall that the character y = yg depends on the quadratic field 


K = Q(va). It is important to relate the characters belonging to different 
quadratic fields. Let us write 


d= (—1)*2° P1°°*PsPs+1°°* Pr, 


where ¢€, €’ are equal to 0 or 1, 0 < s < r, each p; is an odd prime, p; = 3 
(mod 4) fori = 1,...,s, and p; = 1 (mod 4) fori =s+1,...,7. 
If c’ = 0 then the conductor |6| of xq is 


6| = (—1)€d, when s +¢ is even, 
|) (-1)£4d, when s + ¢ is odd. 


Indeed, d = (—1)*t® (mod 4) so 6 = d when s + « is even and 6 = 4d 
when s + € is odd. 
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If «’ = 1 then 6 = 4d and the conductor of xq is |6| = (—1)*4d = 


8(p1 ue Pr). 

With these notations, we obtain the explicit decomposition of yg into a 
product of characters belonging to quadratic fields and pairwise relatively 
prime conductors (see Chapter 21, (R)): 


C. If e' = 0 then 


Xd = (X=1)° °° X— py 0 X—peNpear 7 Xpe- 


Ife’ = 1 then Xa = X(~1)et+.2X—p, °° X—peX peg Xpr- 


Proof: Let ¢’ = 0 and assume that gcd(a,6) = 1. We have 


x-ala) = (-1)*() = pene”. 


q! 
_ _.; 2 —] D; 
7 — (—1)%( 1) ep? -)/8 ( Pt _ (¢_yya¢_ yep? -)/8 | T= \ f Pe 
x-p,(a) = (=1)*(-1) =) =(-)*(-)) — | (= 
forz =1,...,8, and 


Xo. (a) = (1s (Be) 


qa’ 


fort =s4+1,...,r. 


Hence 
aten rota =[-9°(4)] a 
c (a Biate90e(=2) (I) on 
If ¢ + s is even then (26.4) becomes 
(-ayee(—ayee# 9/82) — yaa), 


noting that ¢, s have the same parity and 


ro 2 2 
) = (mod 2) 
—~ 8 8 


(see Chapter 4, (R)). 
Similarly, if ¢ + s is odd, €, s have different parity, and (26.4) is equal to 


(-1)° (=) (—1)°(—1) 2 (—1) (PY (=) (=) 


- (-ee(-nee7s(2) = x(a). 
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Now we take ¢’ = 1 and gcd(a,6) = 1, hence a is odd, a = (—1)*|a| and 
ja} = a’. We have 


~1\°T* (2 
_ a(ée+s) 
X(-1yets.2(a) = (—1)F* (=) (=). 


fori =1,...,s and 
Di 
Xp; (a) = (2) 
fori =s+1,...,r. Hence 
2st+e 
2 —] 
(X(—1)<+*-2X—pr an Xp, )(@) = (—1) ee Fs) Fas (=) (=) | 


<(2)--@)- (2) @)-cr(@) =o 


In the next section we express the Dedekind zeta-function in terms of 
the L-series of the characters. 


26.2 The L-Series and the Gaussian Sum 
of the Quadratic Character 


We return to the limit 


_jim (s — Dex (s) 


for a quadratic field K and express it in terms of the L-series of the 
quadratic character of kK. Then we compute this expression by determining 
the value of the corresponding Gaussian sum. 


D. Let x be the (nontrivial) character of the quadratic field K = Q(Vd). 
Then, for s > 1: 


cee(s) = Gl)L(s1x) = (8) TT (26.5) 
and 
lim (8 ~ 1)G«(s) = E99. (26.6) 


Proof: We have 


cx(s) = TI ane - TN ar 
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(product extended over all prime ideals P of the ring of integers A of K). 
As we have seen in Chapter 11, Section 2, for every prime number p, one 
of the following three cases occurs: 
(1) Ap = P.- P’, where P, P’ are distinct prime ideals of A; then 
N(P) = N(P’) = 
(2) Ap = P; then N(P) = p’. 
(3) Ap = P?; then N(P) = p. 


Cases (1), (2), and (3) occur, respectively, when (d/p) = 1, (d/p) 
—1, and (d/p) = 0. In terms of the character x, this means that x(p) = 
1, x(p) = —1, and y(p) = 0. So, we have in all cases 


| 


1 1 1 
Ll ayer = Tap 1 


for every prime number p. Hence 


1 1 
(8) = Tas Lie = ((s)- L(s|x) for s>1. 


Since x is different from the trivial character, by Chapter 22, (I), the 
L-series L(s|x) is defined and continuous on (0, 00). From this, we deduce 


tim (8 — Déx(s) = L(x) 
because 


_jim (s ~—1)C(s) = 1. a 


From (26.2) and (26.3) it follows that: If d > 0 then 


V6 
b= so le) (26.7) 


and if d < 0 then 


We shall express 
_ 3 x(n) 
n=1 nm 


in a form not involving an infinite sum. This is done exactly as in the case 

of a cyclotomic field, and we obtain the following expression (see Chapter 
22, (22.19)): 

, (lat 

Lx) = 75 >, T(x) log —— ax (26.9) 


k=1 
gcd(k.6)=1 
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where ¢ is a primitive root of unity of order |6| and 
|5|—1 
thx) = > x(a)* for k= 1,...,/6]-1, (26.10) 


azl 


gcd(a.é)=1 


is the kth Gaussian sum of the character y. 
By Chapter 21, (U), each Gaussian sum is expressible in terms of the 
principal Gaussian sum 


\6|—1 
m(Xx)= > x(a)c?, 
ged(a.d)<1 
namely 
1 
T = ——T when = gcd(k, |6|) = 1. 
KO) = pr) (k, [Al 


Following Chapter 27, (D), and noting that the values of y are +1, we 
have: 
If d > 0 then x is an even character, hence 


L(i|x) = — il) S— x(k) log sin ar (26.11) 
ged(kod)=1 


If d < 0 then y is an odd character, so 
\5|—1 


Lax) = “70 S> x(k) +k. (26.12) 


:=1 
gcd(k,6)=1 


It remains now to find the value of the Gaussian sum 7) (x). 


E. V6, when d > 0, 
TUX) = 4 | 
1,/|6|, whend < 0. 


Proof: By (B) we know that d > 0 exactly when y is even. By the remark 
following Chapter 21, (W), we have Inu (x)]? = x(—1)|6|. Hence, if d > 0 
then 71(x) = V6 and if d < 0 then (x) = +iv/6]. 

We still need to determine the sign of the Gaussian sum. This is the most 
important point of the proof and we shall follow Kronecker’s method. 


Case 1: Let us assume that |6| = p is a prime number. 
Thus d = 1 (mod 4) and é = d (so p $ 2). Let n = C't)/? so 7? = ¢. 
In a first step we determine the value of 


t 

—] 
p= []@ —n °) where ¢ = —. 
a=1 
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We have 

nn? =n(L—7*) = n°(1 - 677) 
and also 

n? —n? =n *(n?? — 1) = 12 (C2 — 1); 
hence 


a 
No 
| 
J 
= 
Q 
| 
3 
Q 
~~” 


_ nit? tet. n (+2 tet) . (-1)' it _ C77) (1 _ ¢*) 
= (-1)' J [a -¢*) = (-1)',(2) = (-1)?- 9p, 


a=1 


where ®, denotes the pth cyclotomic polynomial. But 


a 27a pti .. {27a pt+l 
nN = cos nr +2asin | — - —— ], 
Pp Pp 

_ 27a 


hence 


2 1 
nv -n* = disin (= oe = 2isin (= +a), 
D 2 p 


Thus the signs of the numbers 
2 sin (= +a), a =1,2,...,t, 
P 


alternatively, the first sign (for a = 1) being negative. Hence among these 
numbers there are k negative if t is even, t = 2k, or t is odd, t = 2k — 1. 
Consequently 
t 
p= |[*- 7%) =*(-D* -e, 


a=1 


where c is a real positive number. Moreover, from |p| = p, it follows that 
C= \/p. 

Hence p = ,/p when t = 2k is even, that is, p = 1 (mod 4) or still 
d > 0, while p = —2,/p when t = 2k — 1 is odd, that is, p = 3 (mod 4) or 
still d < 0. So 


{row when d > 0, 
p= 


—1,/p = —1,/|6|, whend < 0. 
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Hence we need to show that 


(—1)'p = v6, when d > 0, 
1,/|6|, when d < 0. 


It will be enough to find an ideal J in A (ring of integers of Q(¢)) such that 


71(x) = (—1)*p (mod J), 
p # —p (mod J). 


T(x) = 


(26.13) 


Indeed, from 7;(x)? = p* we know that 7,(x) = +(—1)*p. If 1(v 


)= 
(—1)'p (mod J) and 7(x) = —(—1)'p we would deduce that (—1)'p = 
—(—1)'o (mod J), that is, o = —p (mod J), a contradiction. 
We take J = A€*t!, where € = 1 —¢ € A. Then 


p = (-1)'t!é’ (mod J). (26.14) 
In fact, fora = 1,...,t, we have 
nm —n* = —n (1 — ¢*) = -n “(1 — (1 — €)* 


= —n~*af = —a€ (mod A€?) 


because 1 — 77? = 1 — C€7@+1)/2 is associated with 1 — ¢ = £,son7-? = 
1 (mod A€). Hence n° —n7~* = (—a+ba€\E where bg € A fora = 1,...,t. 
Multiplying out we have 


p= |] (n* - 07) = (-1)'t!é* (mod Ag") 


which shows (26.14). 

Now, if p = —p (mod J) then 2p = 0 (mod A€‘t!). From p # 2 and 
Ap = A€?~} (by Chapter 5, Section 5) it follows that A€ does not divide 
2, hence p = 0 (mod Aé‘t!) and therefore t! = 0 (mod A€). Again, since 
t < p we know that A€ does not divide a, for a = 1,...,t. So, we have a 
contradiction. 

It remains to show that 7;(x) = t!€’ (mod J), hence from (26.14) we 
conclude that 7(v) = (—1)'p (mod J). 

By Euler’s criterion for the Legendre symbol, (a/p) = a’ (mod p). From 
Ap = AEP"! C Agtt! = J for p # 2, we have 


ie Bos an(e 


a=l1 a=1 a=1 
t p—l 
= Yat a! (mod Aé‘t?), 
k=0 |a=1 
a 
recalling that (") = 0 whena < k. 
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We want to find an appropriate expression for the binomial coefficients 


(;) modulo p. From Wilson’s theorem (see Chapter 3, Exercise 18) we 


have 
-1 = (p-1)! = [| (pa) = (-1)¢t!)? (mod p) 
hence 1/t! = —(—1)'t! (mod p). Therefore 
a\  a(a—1)-:-(a—-k+1)  (k+1)-:-t-a(a—1)---(a-k +1) 
(") 7 k! 7 t! 


Writing cy = (k + 1)(k + 2)---t fork < t (then c = 1) we have 


() = —(-1)'t!cga(a — 1)---(a-k +1) (mod p). 


Hence 
t p-l 
T1(x) = -1)'t SoS [ a’a(a—1)---(a—k+1)| 
k=0 a=1 
x cp(—1)*E* (mod Aé**?). (26.15) 
But 
p—-1 
Soa’ = 0 (mod p), when r #0 (mod p— 1), 
a=1 
and 
p—1 
a” = —1 (mod p), when r= 0 (mod p— 1). 
a=1 
Hence in the above sum for k = 0,1,...,¢t— 1 we have 
p-1 
So a'th(a-1)-+-(a—k +1) = 0 (mod p) 
a=1 
while 
p—1 p—l 
Si alta —1)---(a—-t+1)= So are! = —1 (mod p). 
a=1 a=1 


Replacing this in (26.15), we deduce that 
T1(v) = —(-1)'tle,(—1)*é’ = —t!€* (mod J). 


Altogether, we have shown the proposition in the case where |6| is a prime 
number. 
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Case 2: Let us assume that |6| = 4. 
Then necessarily d = —1, 6 = —4. 
The character x with conductor 4 is given by (A) explicitly as 
x(a) = (—1)¢-)/2, when a is odd, 
x(a) = 0, when a is even. 
Taking the primitive fourth root of unity ¢ = 7 then 
T1(x) = x(1)¢ + x(3)¢° = i + (-1)(-t) = 21. 
Case 3: Let us assume now that |6| = 8. 


Then d = +2. 
If d = 2 then the character y with conductor 8 is given in (A): 


x(a) = (-1)°-1)/8 | for a odd, 
x(a) = 0, for a even. 


A primitive eighth root of unity is € = (/2/2)(1 + 7). Then 


T(x) = x(1)6 + x(3)C? + x(B)C? + x (7)C7 
= Wati)- 2 (a +i)- 2 (1-1) + en = 


If d = —2 then the character x with conductor 8 is given in (A): 


y(a) = (—1)(@-Y/8-(a-1)/2 for @ odd, 
x(a) = 0, for a even. 


Then a similar computation gives 


T1(X) = asi Ve (1 +i) - ve (1 -i)- ve 
= 2V2i. 


Case 4: General Case. 


Let d = (—1)£2© p, +++ DsDsi1°++ Pr Where €, €’ are equal to 0 or 1, 0 
s <r, each p; is an odd prime, p; = 3 (mod 4) for i = 1,...,8, p; 


1 (mod 4) fori =s+1,...,7. 
First let e’ = 0. By (C): 


X= (X=1)° 8X pr 0 X—peX per Xpe- 
From Chapter 21, (V), we have 


T1(x) = T1(x~1)° S71 (X—p,) moe T1(Xp,.) 
E+s 
fo en(B)-(@) 
<nn(g) (2) 


a9 


HH IA 
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If € + s is even, |6| = (—1)*d = p, ---p,, and 
(—1)*d 
X—pi CS = X-pi (po _ Dr) 


Pi 
-(G) GG) G): 
X—pe (oar) = X—p, (P1P3 - + * Pr) 


GG) GG) G) 


So i Se} 


—1)'d 
X—p. (‘ ) = X~p.(P1°** Ps—1Ps+1°** Pr) 
(a) Gayl) DE) G) 
P1 Ps—1 Ps+1 Pr P1 Pr 
—l)éd 
X pet. (ore — Xpe+1 (pi "+ * DsPs4+2°°° Pr) 
Ps+1 


_ (Pe) _ (Ps | (2a | _ (P=) 
Pi Ps / \Ds+2 Pr J 


eo e@ e@ © © @© © © e© © © © e@ 8 © © 8© @ © e@ 8@ © e© 2© © ee ee e© 8 © e© 8 ee © 28© © © © © 8© © © © &© © © © @ 


_ “d r r 
X pr (—) = Xp, (P1 "++ Dp_1) = (=) an (*-). 


By Jacobi’s reciprocity law (Chapter 4, (S)): 


Pi (2) _ (1) 4 
Pj Di 


so if 7 or j is greater than s then (p;/p;)(p;/pi) = 1, while if7, 7 < s then 
(pi /P;)(P;3/Pi) = —1. From (—1/p;) = 1 for 7 2 s + 1 and (—1/p;) = —1 
for 7 < s, we have 


=| s—1 _] s—l 

T1(X—p1) aan T1(Xp,) (=) ute (—*) (—1)'t? t+ (so) 
Pi Pr 

— T1(X—p,) wee T1(Xp,.) . (—1)88-D+s(s- 1/2, 


By the previous cases of the proof, we have 


71(x) _ iS \/p1--- pp(—1) 388 -Y/? _ j3s(s-l)t+s / . 
If d > 0 then ¢ = 0 hence s is even, so 3s? — 2s is a multiple of 4, hence 


T1(x) = V6. 


If d < 0 then « = 1 hence s is odd, so 3s? — 2s = 1 (mod 4) hence 
T1(x) = ty/[6]. 


rl 


T1(X) 
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If ¢ + s is odd then |6| = (—1)*4d = 4p, ---p,. 


Now 
(8) = caoe-m=(2)-(@) 


A similar computation gives 


—] s —] Ss sls_ 
T1(xX) = T1(¥%-1)T1(X—p,) °° rilxe.)(—) Lee (=) (—1)88-D/2 
P1 Pr 
2 — 
= T1(x¥-1)T1(X_p,) wee T1(Xp,.) . (—1)° +s(s 1)/2- 
By the previous cases of the proof, we have 


71(x) _ Qjstl Di p,(—1)88-Ys/2 _ jstits(3s—1) [6]. 


If d > 0 then ¢ = 0 hence s is odd and s + 1 + s(3s — 1) = 0 (mod 4), 
thus 71(x) = V6. 

If d < 0 then € = 1 hence s is even and s + 1 + s(3s — 1) = 1 (mod 4), 
thus 7(x) = 1/6]. 

Now we assume that ¢’ = 1, hence |6| = 8(p,---p,). By (C): 


Xd = X(—1)e+*.2X—py °° X—psXpsi. °° Xp, 


and from Chapter 21, (V), we have 


T1(x) = T1(X(~1)¢+«.2) T1(X—py) - . T1(Xp,) 


ccna) xe (lh) ree. (!8 
}) 8 m P1 Pe Ps 
6 xv (PL) xe (8) 
Pet) Ps+1 Pe Pr 


(—1)8+9) . (=) dana? /8- 


AO 
X—p: (8p2 °° Pr) = 1pei-ns (=) _ (—*) (2) _ (2), 
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2 —] —] —] 
X—p.(8P1 °** Ps—1Ps41°°* Pr) _ ( 1)3(?: v/s ) a ( )( 
Pi Ps-1 Ps+1 
. e . (=) (2) . o . (2) 
Pr Pi Dr , 


2 1- Ps+1 Ps+1 
Xp.i1(8p1 ++ DsPs42°°* Pr) = (—1)3(P x41 nis ( o, ) . ( s+ ), 


2 Pr Pr 


By Jacobi’s reciprocity law and a similar computation 


THX) = T1(X(—1)e+s-2)T1(X—pr) + T1(Xp,) 
x (—1)8(+8) (1) dai a iP? -Y/8(_)3 Lins? -V)/8(_)9(8-D+8(s-1)/2 
= (H1) FI FSS D2 7 (y(_yyet e.g) T1(X—p.) «+ T1(Xp,): 
By the previous case of the proof 
T1(X) = iS /Pi- DrT1(X(—1)e+ 2) (— LET 38D /2, 


If ¢ + s is even then 71(v2) = 2V2, so 


ral) = VBP pe OND, 


If d > 0 then « = 0, s is even so s + 3s(s — 1) = 0 (mod 4), hence 


T(x) = V6. 
If d < 0 then ¢ = 1, s is odd so s + 3s(s — 1) = 1 (mod 4), hence 
T1(x) = iv/|6}. 


Now, if € + s is odd then 7;(x_2) = 2V2i, so 


11 (x) _ \/8p1 «+= pp it t8(—1) 8 F386-D/2 _ \6| jit3st+3s(s—1)_ 
If d > O then € = 0, s is odd, so 1 + 3s + 3s(s — 1) = 0 (mod 4), hence 


T1(x) = V6. 

If d < 0 then e = 1, s is even so 1 + 3s + 3s(s — 1) = 1 (mod 4), hence 
T1(X) = ty/ [6]. a 

In view of (E) and (26.11), (26.12) we have: 

If d > 0 then 
1 — kr 

L(y = —-— k) log | sin — 26.16 
aby=-e Yo whos (sn) 2610 


ged(k,éo)=1 
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and if d < 0 then 
\6|—1 


L(1lx) = - a S> x(k)k. (26.17) 


k=1 
gped(k,d)=1 


26.3 The Class Number Formula and the Distribution 
of Quadratic Residues 


We obtain from (26.7), (26.8) and (26.16), (26.17) the class number for- 
mula of Dirichlet: 


Theorem 1. Ifd > 0 then 


1 _ ka 
h=-—- lozu S> x(k) log (sin = (26.18) 
1<k<6/2 
and if d < 0 then 
\6|—1 
h = ~ 381 dX y(k)k. (26.19) 


Proof: As stated, the above formulas follow at once from (26.7), (26.8) 
and (26.16), (26.17) noting that if d > 0 then y is an even character. MH 


The formula for h when d > 0 involves a combination of logarithms of 
sines and it is not at all obvious a priori that it gives rise to the natural 
number h. In practice, besides the knowledge of the fundamental unit wu of 
Q(Vd) (see Chapter 10, Section 2), one would need to compute explicitly 
the logarithms of the sines. This is awkward, so we still need to indicate a 
method which leads to the effective computation of the class number. 

Things are easier when d < 0 and therefore we shall first deal with this 
case. 

For example, using the values of x given in (A), we obtain the following 
results: 


If d = —1 we have h = — 3 (x(1) + x . 

If d = —2 we have h = —2(x(1) + x(3) -3 + x(5)-5 + x(7)-7) = 
—2(14+3-5-—7)=1. 

If d = —3 we have h = —(x (1) + x(2)- 2) = 1. 

Ifd = —5 we have h = — x (x(1)+x(3)-3)+x(7)-7+x(9)-94+x(11)-114+ 
y(13)-13+y(17)-17+x(19): 19) = — 55 (14+3+74+9-11-13-17-19) = 2. 


(3) -3) = 


In general, the computation of h is reduced to that of Jacobi symbols, 
which is effective by means of the Jacobi reciprocity law. 

By rewriting the formula for h, when d < 0, we shall be able to de- 
duce an interesting consequence, involving the distribution of quadratic 
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residues, and leading to a very straightforward method for computing the 
class number. 

F. Ifd # —1,-3, d < 0, then 


1 
— x(k). (26.20) 
x 2, 


Proof: From the hypothesis we have w = 2, hence 
\6|—1 


Jk = — Y_ X(kk. 
k=1 


If d = 2 (mod 4) ord = 3 (mod 4) then 6 = 4d. Letting t = |6|/2 = 2|d| 
we may write 


Jlh=— S— x(k)k— So x(k +t): (k +t). (26.21) 
1<k<t 1<k<t 
But x(k + t) = —x(k) when gcd(k,6) = 1, as we verify now using the 


expression (A) of the character. 
If d = 3 (mod 4) then 


x(k + Bal) = (ayer (ASME) yen) = th 


because |d| is odd. 
If d = 2 (mod 4) and d = 2d’ (d’ odd) then 


x(k + 2\d|) = (—1) (A+ 2IdI)?-1)/8(_) AE ( 


= (1) -9/8(1 4 (7 = —x(k) 


k + 2\d 
ld’ 


because 
(k + 2\d))"—-1 , k+2id| ~1 d’-1 k?-1 k-1 d-l 


° ony — ———————— _— ne . 


8 2 2 8 2 2 
k| d’| + 2\d’|* + |d’|(\d’| — 1) = 1 (mod 2) 


since k is odd. 
Returning to (26.21) we may write 


sh adhe D yey ( Sree 


1<k<t 1<k<t 


and therefore 


1<k<|6|/2 
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as we intended to show (because x(2) = 0 in this case). 
Now let d = 1 (mod 4) then 6 = d and we have similarly 


Jlh=— S> x(kK)k— S © x(6| — k)- (16] — ) 


1<k<t 1<k<t 
=-2 S> x(k)k + 1/6] S > x(k) (26.22) 
l<k<t 1<k<t 


because x is an odd character. On the other hand, since || is odd, we also 


have 
JlR=— S> x(k)k-— SY © x(I6| — k) - (\6] — &) 


k even k even 

=- S© x(2f)- 29+ S— x(2s) - (16 - 23) 
1<j<t 1<j<t 

=-4 S> x(2j)-7 +16] S> x(23) 
1<j<t 1<j<t 


and multiplying by y(2) we have 


6|Ax(2)=—-4 S> x49 +16) SO XG (26.23) 


1<j<t 1<j<t 
From (26.22) and (26.23) we deduce that 


J5|h(2 — x(2)) = 6] D> x(k) 


l<k<t 
hence 
1 
x 1<k<|6|/2 


Now we discuss the distribution of quadratic residues. Let 
Qt = #{k|1<k < |6|, x(k) = 1, 
Q” = #{k|1<k < |6|, x(k) = —1}. 


Since sl , x(k) = Othen Qt =Q-. 
Now, let 
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So Qt = QT + Qj, and Q~ = Q] + QZ. Since x is an odd character then 
; = Qy and Q] = Qj. We shall compare the numbers Q7, Qj in the 
following special case: 


Theorem 2. Let p # 3 be a prime number, p = 3 (mod 4). 

Ifp =7 (mod 8) thenh = Qf — Q7. 

If p =3 (mod 8) thenh = $(QT — Q7]. 
Proof: Let K = Q(,/—p). From —p = 1 (mod 4) we have 6 = —p. By 
(F): 


1 
= sD S- x(k). 


l<k<p//2 
But 
¥(2) = 2\ _ 1, when p=7 (mod 8), 
Dp —1, when p = 3 (mod 8), 
and 
x(k) = QT — Qy 
l<k<p/2 
Hence 
h — QT -Q7, when p = 7 (mod 8), 
3 (QT — Q,), when p = 3 (mod 8). a 


The above result tells us that in the first half of the interval (0, p), for 
p #3, p= 3 (mod 4), there are more quadratic residues than nonresidues 
modulo p. The excess is either h or 3h when p # 3, p = 3 (mod 4). Despite 
this simple-minded statement, no elementary proof for this result is known 
as yet. 

For example, for the field Q(.,/—23) the class number is h = 3, since 
1, 2, 3, 4, 6, 8, and 9 are the quadratic residues modulo 23 and 5, 7, 10, 
and 11 are the nonresidues in the interval (0, =). 

Now we turn our attention to the real quadratic fields and proceed to 


indicate a practical method to compute the class number. 
G. Let d > 0 and let 
— [], sin(k7/6) 
"TI, sinGn/6) ’ 
where k, 7 are relatively prime to 6, 1 < k,j < 6/2, x(k) = —1, and 
x(j) = 1. Then n is a unit of K = Q(Vd), 7 > 1, andy = u". 


Proof: This result is an almost immediate consequence of formula (26.18). 
Indeed, we obtain from it 


h — Ugsin(kr/6) _ 
Il, sin(j7/6) 


U 
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where j, k belong to the sets indicated in the statement. Therefore 7 is a 
unit andu >1, h > 1 imply that 7 > 1. a 


The fact that 7 is an algebraic number is already nontrivial. No 
elementary proof is known of the fact that 7 > 1. 

Concerning the distribution of values of the character ~, we make the 
following preliminary remark. As before, Qt = Q7 and since y is now an 
even character then QT = Qj and Q] = Qj. Hence 2Q7 = Qf + QF = 
Qt =Q7 = Q7 +Qz = 2Q7. So, no result similar to Theorem 2 holds 
when d > 0. However, we may still arrive at a qualitative remark concerning 
the class number and the distribution of quadratic residues. 

For this purpose, let K = Q(,/p), where p is a prime number, p = 
1 (mod 4). Then 6 = p and the character y belonging to K coincides with 
the Legendre symbol for p. Since 7 > 1 then 


i . 
[| sin “" > [| sin aie (26.24) 
on re 


where 1 < k,j < p/2, (k/p) = —1, (j/p) = 1. But the sine function is 
monotonic increasing in the interval (0,7/2). Thus in order to have the 
relation (26.24) the quadratic residues modulo p must appear mostly near 
0, while the quadratic nonresidues are more likely to be closer to p/2. This 
behavior is more accentuated the larger 7 is, that is, the larger the class 


number h of Q(,/p) is. 


Now we shall express the unit 7 rationally in terms of the root of unity 
¢ = cos(27/6) + 2sin(27/6). Let € = cos(m/6) + 2sin(m/65), so € is a 
primitive root of unity of order 26 and €? = ¢. 


H. If 6 is odd then 


I 


_ ck 
p= cern TA 


If 6 is even then 


— 73/2 IT, (2 7 ¢*) 
n= 8° TLA- 2) 


where s = Dii<acs/2X(a)a, s ts even when 6 is even, 1 < j,k < 
6/2, x(j) = 1, and x(k) = —1. 


Proof: Since Qf = Qy7 we may write 


_ Ugsin(kr/o) _ [],(2esin(kn/5)) 
I];sinQix/6) — T],(2ésin(ja/6)) | 
But 


disin © = gk — gk g-hig2h _ 1) = —e-ky — chy, 
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Hence 

Wee AO= 6) —  Hal=0 

I1,é? 1 — ¢) IL, - ¢) 
with 
s= SY x(a, 155k < 6/2, XG) =1, x(k) =-1. 
l<a<6/2 

If 6 is odd then € = —C¢'+1)/2 because €° = —1, hence —C@+)/2 = 
Eo+o+1 _ é. 


If 6 is even, we show that s is also even. Indeed, if 1 < a < 6/2 then 
either x(a) = 0 or x(a)a = a (mod 2). Moreover, x(a) = 0 if and only if 
gcd(a, 6) # 1 and this is equivalent to x(6/2 — a) = 0. Hence 


s= SY) x(aa= S° x(ajat+ Se (G- (5-4) 


l<a<6/2 l<a<6/4 l<a<6/4 
) 
= ) a+ ) 5 8 (mod 2), 
x (ay AG x(a) 40 
l<a<cd/4 l<a<6/4 


But 6 is a multiple of 4 therefore 
s=2 S° a = 0 (mod 2). 


x(a) £0 
l<a<6/2 


Summarizing, we have shown that if 6 is odd then 


_ 7p (6+1)/2)s L(t = Cf) 
n= (-¢ ) Tha-@) 


while if 6 is even then 
a 


These formulas are very appropriate for the practical computation of the 
class number. We observe that we may group by pairs the factors of the 
numerator and denominator of 7. For the pair of exponents k, 7 (relatively 
prime to 6) we let g be such that jg = k (mod 6). 

Then 

1-ck 1-9 


: —_—_—_ = | j 27 wee (g—1)7° 
ig =Tsa $$ CI 4...4¢ 


It is possible to express the above sum in terms of the powers of ¢ + ¢7! 
and in terms of the Gaussian sum of x, whose value has been computed in 
(E). Comparing the expression of 7 with the fundamental unit, we finally 
find the value of h. 
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Numerical Examples: (1°) Ifd = 2thené = 8, x(1) = 1, x(3) = -1, 
ands = 1-3 = —2: 
1-¢ 


7, COUL+ 0467) =14+ (6+ 07%). 


n= or 
But 
22=nn(x)=¢-C-O 46% = 264+") 


hence €+ ¢7! = V2, so 7 = 14 V2. The fundamental unit of Q(V2) is 
u=l1lct V2, hence u”? = n implies that h = 1. 
(2°) Ifd = 3thendé = 12, x(1) = 1, x(5) = —l,ands = 1-5 = —4: 
_ 5 
n= CP = CPE CHO HOH 
=C74CTHIFCF CP H1t (CHEN +H(C +O) 
=-1+(¢+O') + (+0). 


But 
2V3 = n(x) =6- GF — C7 + = AG +74) 


since C6 = —1. Hence n = -—1+ V3 +3 = 24 V3. The fundamental unit 
is u = 2+ V3, hence h = 1. 
(3°) Ifd=5thendéd =5, y(1) =1, x(2) = —-1l, ands =1-—-2= -1: 


_ 2 

n= (64 ALE = gg) = P-L HCE 
because ¢ satisfies the relation ¢7 + (2 + (7 +¢€4+1=0. 

But 


V5 =n(x)=¢-C-C4+¢h=1+2¢+¢7) 


hence € + €~! = (-1+ V5)/2 and n = (14+ V5)/2. The fundamental unit 
is u = (1 + V5)/2 hence h = 1. 

It should be observed that for larger values of d > 0 the above procedure 
becomes difficult to perform, since it is awkward to express the quotients 
(1 — ¢*)/(1 — ¢*) and the Gaussian sum in terms of ¢ + ¢~'. There are 
more efficient methods described in the literature but we shall not consider 
this matter here. 

Even without explicit computation of the class number, we obtain the 
following useful property: 


I. The fields Q(VY—1), Q(V—-2), Q(./—p) where p = 3 (mod 4), 
Q(V2), Q(./p) where p = 1 (mod 4) have odd class number. For the 
above real quadratic fields the norm of the fundamental unit u is —1. 


Proof: The assertion has already been established for the fields Q(./—1), 
Q(./—2), and Q(V2). For Q(,/—p) where p = 3 (mod 4) we make use of 
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Theorem 2. Since Qf + Q7 = (p—1)/2 is odd then Qt — Q7 is also odd. 
Therefore hf is odd. 

For A = Q(\/p) where p = 1 (mod 4), we prove that Nx jQ(7) = —1. 
This implies that Nx\g(u)” = —1 hence Nxjg(u) = —1 and h is odd. 

As before, let € = cos(a/p) + isin(a/p) be a primitive (2p)th root of 
unity, ¢ = €7, hence 


[[,(27 sin(g7/6)) I1,(€ - €-9) 7 
where 1 < 3, k < p/2, (j/p) = 1, (k/p) = —1. Thus we may rewrite 


7) 


l<a<p/2 


Since €? = —1 then €?-% — ¢€-(P-4) — g4 _ €-@. noting that a is even 
exactly when p — a is odd then we may write 


l<a<cp 
a odd 


The unit 7 = u” belongs to Q(./p). Since 


p-1 
VP = n(x) = > x(k)C* € QC) = QE) 
k=1 
then Q(,/p) is a subfield of Q(¢). 
The Galois group of Q(¢) over Q is 
G = {oq | gced(a,p) = 1}, 
where o7(¢) = ¢*%. The subgroup 


H= {2% gcd(a,p) = 1 and (“) = i| 


has order (p — 1)/2 and leaves \/p = 7;(x) invariant: 


ga(Ts(x)) = >> x(k)C** = S~ x(ak)¢** = 71(x). 
k=1 k=1 


Hence Q(,/p) is the field of invariants of H and since n € Q(,/p), its only 
conjugate (different from 7) is n’ = o;(7), for any b such that gcd(b, p) = 1 
and (b/p) = —1. We may choose b odd (for if 6 is even then b + p is odd). 

Let us show that o;(€) = —n7'; this will imply that the norm of 7 is 
n(—n—!) = —1. Since 6 is odd, then 


oz(€) — og(—CiPt/?) _ —¢((pt1)/2)b _ (—c(Pt})/2)b _ ge. 
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Hence 


a(n) = i (6% — my (5) 


a odd 


For every odd a, 1 <a < p, there exists a’, odd, 1 < a’ < p, such that 


ba = a’ (mod 2p) or ba=—a’ (mod 2p). (26.25) 
Let r be the number of integers a, 1 < a < p, for which ba = —a’ 
(mod 2p). 


/ 


If ba = a’ (mod 2p) then £64 — ¢-o¢ = Ea — E-@", 
If ba = —a’ (mod 2p) then £54 — €-° = €- —€4 = (-1)(€* —E-*). 
Multiplying the congruences (26.25) for all odd a, 1 < a’ < p, we have 


pip N/2(1 .3---(p — 2)) = (-1)"(1- 3--- (p — 2)) (mod 2p) 


hence b{?—))/2 = (—1)"(mod 2p). But —1 = (b/p) = b'?-)/? (mod p) hen- 
ce (—1)" = —1 showing that r is odd. Taking into account that (a/p) = 
—(ba/p) = —(a'/p) then 


1<a’<p/2 


a’ odd 


This concludes the proof. a 


The fact that the fundamental unit of Q(,/p) (when p = 1 (mod 4)) has 
norm —1 had been proved, in an elementary manner, in Chapter 10, (H). 

We indicate now a proof of the preceding result, which does not involve 
analytical considerations. To begin, a few easy remarks about ideals. 

Let K be an algebraic number field, and let A be the ring of integers of K 
and J a nonzero fractional ideal. For every prime number p let m(p) > 0 
be the largest integer such that Ap™) divides J. Let m = J] p™?), so 
J = Am- Jo. The ideal Jo, which is completely determined by J, is called 
the primitive part of J. If J = Az is a principal ideal then Jo is also a 
principal ideal, generated by zg = x/m. | 

If K|Q is a Galois extension and o(J) = J for every 0 € G(K|Q) then we 
also have a(Jo) = Jo. It follows from Chapter 11, Section 2, that the only 
prime ideals P of A which divide Jp are ramified. Indeed, if P is unramified 
and divides Jo then all its conjugates divide Jo, hence Ap divides Jo (where 
PZ = Zp), contrary to the definition of Jo. 

If K = Q(/—p) or Q(,/p) the only ramified prime is p and Ap = P? 
where P = A,/—p or P = A\/p. In both cases P is a principal ideal. So if 
J is a nonzero fractional ideal, invariant by conjugation, then its primitive 
part Jo is a principal ideal. 
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New proof of (I): | We need only to consider the fields K = Q(,/p) for 
p = 1 (mod 4) and K = Q(,/—p) for p = 3 (mod 4). In order to prove 
that h is odd, we shall show that if J is any nonzero fractional ideal of A 
and J* is principal, then J is already principal. This implies that in the 
group C of classes of ideals every class of ideals has odd order, so C itself 
has odd order h. 

We may assume that J is an integral ideal. Let J’ be its conjugate ideal. 
From J-J' = Am, where m = Nx )Q(J) it follows that the ideal J’ belongs 
to the class of ideals inverse of the class of J. Since J? is a principal ideal, 
we deduce that J and J’ are in the same class, that is, J = Ac- J’. Then 
NxiQle c) = +1. Writing c = cj +c2Vd (where d = +p) we have Nxig(e) = 
C17 — cd. Ifd < 0 then Nx g(c) = 1. If d > 0 and Nx g(c) = —1 we 
may replace c by uc which ys norm Nxig(uc) = (—1)(—1) = 1, because 


it was shown that Nx)g(u) = —1 (see Chapter 10, (H)). So in any case 

we may assume that Nx = : we we may write c = (1+ c)/(1+’) 

(when c #4 —1) orc = tal) =} ), (when c = —1), soc = x/ax’, where 
/ 

x € A. Therefore J = Ac- J’ implies that J = ~— and the ideal —— 


x 
is invariant by conjugation. By the remark at the beginning, the primitive 
part of Ag is also invariant by conjugation, hence it is a principal ideal. 


x 
This shows that J is principal and concludes the proof. a 


EXERCISES 


1. Write explicitly the decomposition of yg, as in (C), for d = 
—30, 30, 105, and —33. 


2. Use the formula for h, given in Theorem 1, to determine the class 


number when d = —7, —11, —163, —10, and —105. 
3. Same as the preceding exercise, for d = 2,3, 5,11, 163, 6, 10, and 105. 


4, Let d = 5,10,11, and 30. Compute explicitly the unit 7 (in (G)), a 
fundamental unit, and derive the value of the class number of Q(Vd). 


5. Use the formula indicated in (H) to calculate explicitly the unit 7, 
where d = 5, 10,11, and 105. 


6. Let p be a prime. Show that the equation X? — pY* = —1 has a 
solution in integers if and only if p = 1 (mod 4). 


7. Let x be the quadratic character with conductor 4. By explicit 
calculation show that the associated principal Gaussian sum is 7 (vy) = 22. 
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8. Let x’, x” be the following characters: 
x(a) = (1-8, 
x(a) _ (—1)(@°-1)/8+(a=1)/2. 


for all odd a. By explicit calculation show that the associated principal 
Gaussian sums are T(x’) = 2/2 and 7)(y”) = 2V2i. 


9. Show that in each quadratic field Q(/d) there exist infinitely many 
prime ideals whose norm is the square of a prime. 


Hint: Apply (D). 
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Class Number of Cyclotomic 
Fields 


In this chapter we shall derive formulas for the class number of cyclotomic 
fields generated by pth roots of unity, where p is a prime. They involve 
[-series and Gaussian sums associated to characters. 


27.1 The Class Number Formula 


Let m > 2 and let ¢ = ¢, = cos(27/m) + isin(2a7/m) be a primitive 
root of unity of order m. Let K = K,, = Q(Cn). Our aim in this section 
is to give a formula for the class number h,, = h(K,,) of K (sometimes 
we simply denote it by h). From Chapter 23, (C), it suffices to determine 
lim;140(s — 1)¢K(s), where ¢x(s) denotes the Dedekind zeta-function of 
Kk. So we begin by determining this function in terms of the L-series of the 
modular character % modulo m. 
Let A = Z|C| be the ring of integers of K. Let 


1 1 
18) = ayer TI.(:- 5) (27.1) 


where the first product is over all prime ideals P of A dividing Am and the 
second product is over all prime numbers p dividing m. 


A. Fors > 1 we have: 


(1 ce(s) = [2610 Tl ey (27.2) 
x P|m 


(2) Cx(s) = |] L(s|x) - J(s)¢(s), (27.3) 
XFX0 


where |], (respectively, |], 4,,,), indicate the product over all characters 
x modulo m, respectively, x # xo. 
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Proof: (1) By Chapter 23, (23.12), we have 


i 
CK (s) = i 1—1/N(P) for s> 1, (27.4) 


where P denotes the set of nonzero prime ideals of A = Z[¢]. 

We recall that p is ramified in K'|Q exactly when p divides m. On the 
other hand, if p does not divide m then Ap = P, --- Pop), where N(P;) = 
p/'?) for every i = 1,...,9(p), f(p)g(p) = v(m), and f(p) is the order of 
p (class of p modulo m) in the multiplicative group P(m) of prime residue 
classes modulo m (Chapter 16, Section 2). 

So 


CK ( s)- |] || -——— 7 =svhan for s > 1, (27.5) 


p{m P\p 


where 


=|| ll ar - SaTAiay (27.6) 


p|m P\p 


Now we evaluate the other products appearing in (27.5). If p does not divide 
m and P divides p then 


; 1 _| (2) oT ; gk 
N(P)s ps a ps ? 


where &, is a primitive root of unity of order f(p). Hence if p does not 
divide m then 


1 -1  f(p)-1 gk ~9(P) 
0 - x) = || (- =) (27.7) 


P\p k=0 


We shall relate these products with the characters modulo m. For this 
purpose, we prove that, for every k = 0,1,..., f(p)—1, there exist precisely 
g(p) characters y modulo m such that y(p) = Ee. 

Indeed, let G be the subgroup of P(m) generated by ) = p (mod m); 
it has order f(p). Given on where 0 < k < f(p) — 1, there exists a 
unique character x’ of G such that X/(p) = oe By Chapter 21, (D), X’ has 
precisely y(m)/f(p) = g(p) extensions to characters X of P(m ). Finally, 
from Chapter 22, (G), our assertion follows immediately for the modular 
characters. 

Returning to (27.7), we may write it as follows: 


f(p)-1 k \ ~9() -} 
gD 7 — x(p) 
I] ( — = | =|] (: eS (27.8) 


k=0 xX 


where the last product is extended over all the y(m) characters modulo m. 
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Hence 
1 1 
CK(s = F S = F S 
y= A TI ore ) TTT 1 — x(p)/p* 
ptm xX xX p{ 
= F(s)|][L(slx) for s > 1, 
x 
noting that if p divides m then x(p) = O and using the multiplicative 


expressions for the L-series (Chapter 22, (G)). 
(2) We have seen in Chapter 22, (G), for the trivial character modulo 
mM: 


Substituting this in (27.2) we have at once the above expression (27.3). 


Now we obtain an expression for the class number, involving the L-series 
and the invariants of the field K: 


B. w Js 
i 
Proof: From (27.3) we have 
jim (8 — 1)¢x(s) = JQ) lim (s — 1)¢(s) [] L(s|x). 


XFX 


By Chapter 23, (C), and by Chapter 22, (D) and (I), we have 


n= ev say TT oly. " 
X#XO 

We note incidentally that (B) provides another proof that L(1|x) 4 0 
for every character x # yo (see Chapter 24, Section 1, proof of Dirichlet’s 
theorem). 

It also follows from J(1) > O that |] 
number. 

In Chapter 22, (J), we obtained the following expression of L(s|x) in 
terms of the principal Gaussian sums 7%(x): 


T(x) >> : 


k=0 n=1 


xx L(1|X) is a positive real 


a 


m— —nk 


1 
_— for s>1. (27.10) 
m 


598 27. Class Number of Cyclotomic Fields 


Combining this with the previous relations we have the following class 
number formula for cyclotomic fields: 


Theorem 1. 


p- vl yy) 1 oy yn ) log = 


Qritr277r2 R mel(m)-1 
XFX0 = 


i - }. (27.11) 


Proof: In view of (B) it is enough to evaluate L(1|y) when y # xo. By 
(27.10): 


™m yo yy n m Tk(X) 0§ 1— ¢-k ’ (27 12) 


k=0 n=1 k=1 


noting that 7o(v) = 0 for x # xo and 
= log ——_———... 
— 7 ST C—k 


Indeed, for every £ > 1 we have Dan C-™*| < m since ¢ is an mth 
root of unity. By Chapter 22, (B), it follows that the series 3~°°_, ¢~"*/ns 
converges uniformly on every interval [6, oo), where 6 > 0. In particular, 
arn —nk /n converges and by the definition of the logarithmic function 


O° C—7k | 1 
ar = log 7— as 
From (B) we conclude that (27.11) holds. a 


The expression (27.11) involves no infinite product, and therefore it is 
more appropriate than (27.10) for explicit computations. However, it is of a 
somewhat awkward nature, since fh is a natural number and it is expressed 
in terms of complex numbers and logarithms. 


C. If ¢ is a primitive pth root of 1, the class number of K = Q(C) ts 


/2 
XFXO 

Proof: In this case, we have y(p) = p—1, 71 = 0,r2 = (p—1)/2, w = 2p 

(see Chapter 10, (F)), and 6 = (—1)71)/*pP-2 (see Chapter 6, (R)); 

moreover, P = A(1 — ¢) is the only prime ideal of A = Z|¢] dividing p, 

and Ap = P?~! so N(P) = p; hence 


10 = =a (I~ 5) > 


Therefore, by (B) we deduce (27.13). a 
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27.2 ‘The ‘Two Factors of the Class Number 


We recall from Chapter 21 that modular characters are either even or odd. 
Let x be a primitive character modulo m and let 71(v) be the associated 
principal Gaussian sum (see Chapter 21, Section 3). 


D. If x 1s even then 


Lax) = 22S xk) log 


a ]1 — ¢*| 
kEP(m) 
m—1 
T1(x) _ _ kr 
= 1 — }. 27.14 
POSS Ub) log (sin =). 7) 
kEP(m) 
If x 1s odd then 
. m—1 
TUT _ 
L(1\x) = 7X) SY. X(k)k. (27.15) 


keEP(m) 


Proof: Since x is a primitive character modulo m, it follows from Chapter 
22, (22.19), and Chapter 21, (U), that 


Lax) = 1 


We have ¢ = cos(27/m) + isin(2a7/m) hence 


1— COR = CHA (CRI? _ CHR?) = (cos xn 1 sin =| 27 sin kn 
m m m 


T kr _, [Tt kr _ kr 
= |cos{~ ~— — ]+28m{ = — — -2sin —, 
2 m 2 m m 


where —7/2 < 2/2 —ka/m < m/2 since 1 < k < m-—1. The above 
expression shows that |1 — ¢~*| = 2sin(kz/m) and taking logarithms, we 
obtain from the polar form of 1 — ¢7*: 

T kn 


log(1 — ¢7*) =3 (5 — =| + log |1 — ¢7*|. 


For the complex conjugate 1 — ¢* we have 


T ka 


log(1 — ¢*) = -i € — =| + log |1 — ¢~*}. 


If x is an even character then y(k) = x(—k) s 


O 
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hence 


1 1 1 
25 = S> <p |e + log 


m—-1 1 l m—1 ka 
= 2 —— log ———— = -2 X(k) log (2 sin — 
M— x(k) * jl — ¢F| — ° m 
ke P(m) ke P(m) 
But since x # Xo then 
m—-1 
S> x(k) | log 2 = 0 
ke P(rn) 


hence 


and therefore 
m-1l1 
71(Xx) ] ] 

L(A — _ es 
CPO Th 2 me 8 

ke P(m) 
71 (x) — k 

= — x(k) log (sin =) 
m k=1 
KEP(m) 


If now x is odd then x(k) = —x(—k) so 


m—-1 m—-1 
1 1 1 1 
S= —— log ————- = - —— log ———— 
» x(k) 1—C-# f+ x(k)? 1—¢ 
he P(r) kEP(m) 
hence 
m-1 
1 1 
25 = —— |] l 
—~ x(k) og 1—¢-F PT =| 
kEP(m) 
m-1 
_ 9 1 7 ka 
7 i~ x(k) \2 =m 
ke P(n) 
m—1 din m-l1 
= ~in S~ Xk) + = So XA) 
m 
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But x is not the trivial character modulo m, hence ans x(k) = 0 and so 


in AN 
S= — X(k)k 
m 
k=1 
showing that 
T(x)in faa 
1 _ 
L(1|x) = —3 X()k a 
m 
k=1 
Taking m = p, an odd prime, we have: 
Theorem 2. If C is a primitive pth root of unity, the class number h 
of Q(C) may be written in the form h = h~h*, where 
_ 1 _ 
ho = aye IG(MG(n?) GP) (27.16) 
and 
9(p—3)/2 (p—3)/2 |(p—3)/2 ok; j 
ht = ——— LT] | So 078 log |2 - 67"). (27.17) 
k=1 j=0 
Here r is a primitive root modulo p, 7 is a primitive (p—1)th root of unity, 
and G(X) = a r;X1, 1; € Z, being such thatl <r; <p, rj; =1 
(mod p). 
Proof: Let r be a primitive root modulo p, so r'?—)/? = —1 (mod p). 


a 


Since P(p) is cyclic of order p — 1 then the group P(p) of characters is 
also cyclic of order p — 1. Let 7 be a primitive (p — 1)th root of unity 
and let y be the unique character modulo p defined by x(r) = 77}; it is 
the character modulo p which corresponds to a generator of P(p). Thus 
x, x7, .--, x?7?, y?-! = xo are the characters modulo p and for every 
integer s we have 


y°(-1) = yo (r'P-)/?) _— 7 ((P-V)/2)s — (-1)°. 
So x* is an even character if and only if s is even. 


By (D), we have, for k = 1,2,...,(p — 3)/2: 


Lay?) = BO 


By Chapter 21, (W), |71(?*)| = \/p hence 
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But we note that ré = —1 (mod p) where t = (p — 1)/2. So qn? (ani 
for 7 = 0, 1,...,t — 1 (since rJ(r* + 1) = 0 (mod p)). Similarly, 7 is a 
(p — 1)th root of unity, so n?*(t+9) = 727, Hence we reach the expression 


(p—3)/2 
L(1|x2*)| = — n?*3 log |1 — CT" |). (27.18 
| oy 2 | ) 
For odd characters y2*~!, k = 1,2,..., (p — 1)/2, we have 
p—1 p—2 
DPE Maja = Sr) Si ers = GP**). 
a=1 7=0 j3=0 
By (27.15) and Chapter 21, (W), we deduce that 
_ T/P _ 
AL x*4)| = VP G(n?*-), (27.19) 
Replacing these values in (27.13), after taking absolute values, we have 
pP/? (p-1)/2 (p—3)/2 
_ 2k-1 2k 
h= 5(p=3)/2,(p=1)/2 PR IZA} x") - I] IL(1|x*")| 
k=1 k=1 
(p+3)/4 (PT N/2 (p—3)/4 (P~3)/2 
_ P 2k-1\, P 2k 
= spans IT 20h **)|-—— IT] zal?) 
k=] k=1 
1 (p—1)/2 yke1 9(p—3)/2 (p—3)/2|(p— ks i 
= Gp) e-3V72 [] |e@’*")- x" log|1 — ¢" |]. 
k=1 k=] 
a 
We may rewrite the expression for h~ in the following form: 
h~ = y(p) [] Lal»), (27.20) 
x odd 
where 
p (p—1)/4 pipt3)/4 
V(p) = 2p (2) = 50p-3)/2q(p=1)/2 * (27.21) 


We shall prove that h~, h* are integers and also that ht is the class 
number of K+ = KR, which is the maximal real subfield of K. So, we 
first study the field KT. 


BE. (1) K* = Q(A), whereX = ¢+¢7! and |Kt : Q) = (p—1)/2 =t. 
(2) The ring of integers At of K* has basis {Ap = 1,A, = A,... 


Ar-1} where A; = C2 + O79 for j = 1,2,...,t —1. It has also 
the basis {1, A, A7,..., Ae. 


(3) The discriminant of K* is 6x+ = p'. 
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(4) The regulator of Kt is Rt = R/2*~! where R is the regulator of 
K. 


Proof: (1) From A = ¢€ + ¢7! we deduce that ¢? — AC + 1 = 0. Since 
Q(A) C Kt = KOR Cc K and¢ ¢ Rthen [K : Q(\)] = 2 and, necessarily, 
Q(A) = K*. Therefore [K+ : Q] = (p— 1)/2. 


(2) Each element A; is an algebraic integer and therefore A; € AT. 
Assume that a0 a;A; = 0 with a; € Z, that is 


t—1 t—1 
ag + S| a;¢? + S-as6P4 = 0; 
j=l j=l 


noting that CP-! = —(1+¢+4+---+(C?~?) then 


(ao — a,) + (a2 — a,)C? treet (at-1 —_ a,)¢c*! — a,c‘ 
—ayC't* + (ay_y — ay) Cot? +--+» + (a2 — a1) CP7* = 0 


and therefore a9 = a1 = a2 =--- = a4_1 and a, = O, showing the linear 
independence over Q of the elements 1, A, ..., Az_1.- 

Now we show that these elements generate the Abelian group A. It is 
convenient to consider the following integral basis: 


‘(ouane Cotte ne) a 1, ¢ sry cet, cry 


of K over Q (which is obtained from the integral basis {1, ¢, ¢7,..., C?~7} 
by multiplication with the unit ¢~‘t!). If c € At C A we may write 


= a4410 Tt + aitgnd 7 ++ ta-1G7! +9 $id +--+ +046 
with coefficients a; € Z. The complex conjugate is 

T= a4416) + aitged? * +--+ +016 tap tard +--+ +a,6*. 
Since x is real then x — ¥ = 0 hence 


0 = (a, — a_1)(€ — ¢") + (ag — a_2)(C? — 6*) 
tees $ (Qp-1 — Gtgi1 (CO * — CoE") + a (GF — C~*). 
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We shall obtain a linear relation for 1, A1, A2, .-., Az— 1 with coefficients 
in Q—these must therefore be equal to 0. For this purpose, we note that 
(7 — C7? 4 
Cae = C+C =A1, 
gas" =(7+0°*)4+1= +1, 
C—O" 
CA- C4 og 83 1) _ 
¢—¢-1 =(C +O") +(C+¢0°°) = Aa +1, 
¢t-1 _ ¢~(t-1) > > 1 
(OP EO) $F (GFE ED) 4 
C—¢ 
=A-2+Xr-at:::, 
a ae ~(t-1) t-3 , »—(t—3) 
sz = HG JH (GP +¢ Jes 
C-¢ 
= At-1 + A-3 + °°: 
In the above sum of linearly independent elements 1, A1, Ao, .--, At~1, 


we have 

coefficient of Az; is a, = 0, 

coefficient of Ay-2 iS ar) — a_t41 = O, 

coefficient of 4-3 is az + (Qr_2 — G_t42) = D0, 

coefficient of Azy_4 is (az¢_1 — @_¢41) + (4-3 — @_143) = 0, 

coefficient of Ar—5 is a¢ + (@¢_2 — G_t42) + (Qe-4 — Q_t44) = O, 
and so on. From this, we deduce that a; = 0, a¢_y = Q_t41, Qt-2 = 
a_+42, .... Therefore 

x= a9 + ay(C +67") +.a2(C? + 67*) +--+ Fay (G* + C*") 

= a9 + ajA1 + AQA2 +--+ + + ate-1At-1 
with a; € Z. 
To show that {1, A, A?,..., A°~1} is also an integral basis of K+, we note: 

Ma (CHOP = (C407) +2 =r +2, 

MCHC = (C+ 07°) + 3(6 +67") = Az + 31, 

Ma (CHOU = (CF + C8) + 4(C* + 077) + 6 = Ag t+ Ade + 6, 


Thus 1, Ai, A2, A3, -.-, At-1, may be expressed as linear combinations 
with integral coefficients in terms of the powers of A, and conversely. 

(3) To compute the discriminant 6,+ we use the known value 6x = 
(—1)(P-1)/2nP-2 as well as the differents Ax, Ag+. 
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Since A = Z[¢] and since ®(X) = X?-! + XP-24..-4X 41 is the 
minimal polynomial of ¢ then Ax = A®'(C). 

The minimal polynomial Y of \ over Q is such that ®(X) = X'W(X + 
X71). Indeed, X'W(X + X~!) vanishes on ¢, it is monic of degree 2t = p—1 
so it coincides with ®. 

The different of Kt is Ax+ = AtW’(A) hence 

Ax = A®'(¢) = AW'(A) - A(L — 7*) = Ags - A(L— ¢7*). 
But 


1-¢7* = -¢-7(1 — ¢7) = -G-7(1 + GC). — ) 
and 1+ ¢ is a unit. On the other hand, Ap = A(1 — ¢)?7' and 
INx\Q(1 — ¢)| = Pp. 
Thus taking the norms of the differents we obtain the discriminants 
Z6x = Nyg(Ax) = Nxjq(Ax+) - NxjqQ(A( - ¢~*)) 
= [Nx+ig(Ax+)]? - NxjgQ(AQ — ¢)) = Zo%4 + Zp 
and so L674 = Zp?-3, hence |6x+| = p'?~9/?. 
Moreover, since K* is contained in R then 6x+ is the square of a 


determinant with real entries, so 64+ is positive and therefore 6x+ = 
(p—3)/2 
p , 


(4) The field K has a fundamental system of t — 1 units of infinite 


order {u,,..., W—1}. By Chapter 10, (F), we may write each unit in the 
form u; = C*v;, where v; is a real unit, 0 < k; < p — 1. It follows that 
{u,,...,U¢-1} is a fundamental system of units of infinite order of KT; 


they are obviously independent and if v is a unit of K+ then it is also a 
unit of K, hence we may write it in the form 


t—1 t—1 
v= CO] [ut =o [op with a; €Z, O<bc<p-—l. 
i=1 i=1 


We are able to compare regulators R and Rt of K, KT, respectively. Since 
K is not a real field, we have 2; = 2 = --- = &;_1 = 2 (see the notations 
in Chapter 10, Definition 5); on the other hand, A* is real, hence for KT 
the corresponding exponents £7 are equal to 1. Since ju = joi? | for all 
conjugates of u;, v;, we have 


R = |det(2 log |u,”|)| = 2°? |det (log |uy"’|)| = 2° RT. a 


Now we indicate the decomposition of the prime numbers gq ¥ p in the 
extension K*|Q. 


F. Let q be a prime number different from p, and let f be the order of 
G = q (mod p) in the multiplicative group P(p). Then Atq = Q7 --- Qn 
where QT}, ..., Q*, are distinct prime ideals of At, g* = (p — 1)/2f* 
and ft = f when f is odd, while ft = f/2 when f is even. 


606 27. Class Number of Cyclotomic Fields 


Proof: We have Aq = Q,---Qg, where Q;, ..., Qg are distinct prime 
ideals of A and f is the order of g modulo p in P(p) (see Chapter 11, (O)). 

From 2 = [K : Kt] = fg,(K|Kt) - gq,(K|K7), it follows that 2 = 
(f/f*)-(g/g*) (by Chapter 11, Theorem 1) and either f = ft, g = 2gt 
or f = 2ft, g = gt. If f is odd then f = ft, g = 2g*. If f is even we 
shall prove that ft = f/2. 

Since f is the order of g modulo p in P(p) and f = 2k then q* = 
—1 (mod p). The decomposition group Z of Q, consists of all automor- 
phisms o of K such that o(Q,) = Qj; since q is unramified, the inertial 
group of Q, is trivial. By Chapter 14, Theorem 1, Z ~ G(K|F,), where 
K = A/Q;; hence Z is a cyclic group with generator o defined by 
a(C) = ¢%. It follows that r = o* € Z; but r(C) = cr =C!la¢ 
so T is the complex conjugation. Therefore Q, is invariant by complex con- 
jugation. But G(K|K+t) = {e,7} so Q, is the only prime ideal of K lying 
over Q}. This shows that g = g* and therefore f = 2ft. a 


Now we determine the Dedekind zeta-series of the field K*. 


G. 
Cx+(s) =¢(s)- |] L(slx) (27.22) 
X FXO 
and 
jim {(s — 1)¢x+(s) ~ HT L(1|x) (27.23) 


x even 
(products extended over the nontrivial even characters modulo p). 


Proof: By Chapter 23, ou 


Sx+(s) = me I] IT ; aM Qt)s 


q#P Qt |q 
because Atp = (P*)* and N(Pt) = p. 


Now 
1 7 1 a *(q)-1 Gt 
1—1/N(Q*) =1- (5) Tl (- , 


where f*(q) denotes the inertial degree of QT over q, g*(q) is the number 
of prime ideals of At dividing q, and €, is a primitive root of unity of order 
ft(q). Let f(q) be the inertial degree of Q over q; thus f(q) is the order of 
q modulo p in the group P(p). Let g(q) be the number of prime ideals Q 
of A dividing gq. 

If f(q) is even, we have seen in (F) that f(q) = 2ft(q), g(q) = g*(q). 
We choose a primitive root of unity €, of order f(q) and let €, = en SO Eq 
has order f*(q). Let G be the subgroup of P(p) generated by @, so it has 


order f(q) and (P(p) : G) = (p — 1)/f(@) = g(a) = 97 (@)- 
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For every integer k = 0,1,2,,...,f*(q) — 1, there exists exactly one 
character X, of G such that X5,(q) = €/2k (because (E2* F(a) = 1) and 
these characters are distinct. Each such character ¥, admits gt(q) ex- 
tensions to characters x of P(p) (by Chapter 21, (D)). The corresponding 


modular characters y are even, because 


x(=1) = X(-T) = Xo) = (GPA = 1. 


Different characters x of P(p) give different even characters modulo p. But 
we have gt (q)f*(q) = (p — 1)/2 such characters ¥, so we obtain all even 
characters x modulo p. 

Thus if f(q) is even then 


Qt Iq Qtlq k=0 
ft(q)-1 12k ft(q)-1 ~ pr, -l 
_ q Xone (9) 
: G-S) = TE 0-2) 
Qtiq k=0 Qt|q k=0 
f*(q)-1 ~ 71 \ -gt | 
- (1 - ial) ae 1 (.- x(a) 
_ Ss _ Ss 
k=0 q x even q 


Now let f(q) be odd, so by (F) we have f(q) = f*(q), and g(q) = 2g9*(q). 
Again let €, be a primitive root of unity of order f(q). Since f(q) is odd 
then (—q)/“9) = —I, so —@ has order 2f(q) in P(p). 

Let G be the subgroup of P(p) generated by —g. For every integer k = 
0,1,...,f*(q) — 1 there exists exactly one character ¥, of G such that 
x(-q) = ét. Each character of G admits g*(q) extensions to characters ¥ 
of P(p). The corresponding modular characters y are even, because 


x(-1) = x(—1) _— xe ((—g!') _ esta) — 1. 


So in this way we obtain all the (p — 1)/2 even characters modulo p. 
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If f(q) is odd then 


| 
oH, 
+ 
amiS 
| 
——s_ 
— 
| 
eX} 
o 
QQ |-™ 
oy} | 
a 
nV——_” 
m 
+ 
= 
| 


( _ ca) 


k=0 x even 
- |] ( _ x(q) ) 
x even Y 


Putting together these expressions, we have 


SK (8) = Type iP It I] 7 ) 


q#p xX even 
_ _ x(q) 
7 1 7 i) 
7 1 1 — 1/qé _ q° 
L] 2st». 
X#XO 


Finally, recalling that lim,.j3,0(s — 1)¢(s) = 1, we have 


_lim (3 — 1)r(s = |] L(1|x). a 
XF#XU 
xX even 


Now we give a first interpretation for the factor ht of the class number: 


Theorem 3. The factor h* of the class number of K = Q(C) is equal 
to the class number of K+ = Q(¢ + ¢7~!); in particular, ht is a positive 
anteger. 


Proof: In Chapter 23, (C), we have shown that 


4 2°Rt 
li —] = hy+ —_—., 
, im ts Cx (s) = Mes wt /|d*| 
where hi+ is the class number of Kt, Rt is the regulator of Kt, 67 is its 
discriminant, wt is the number of roots of unity in K*, and t = (p—1)/2, 
noting that all ¢ conjugates of K* are real. 
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By (G), we have 
lim (s — 1)¢%(s) = |] L(1|x). 


s—1+4+0 
X#FXO 
x even 


Thus by the above 


TA/|5+| 
hk+ = ove II L(1|x). 


XFXO 
x even 


By (E) we have 6+ = p*~!, Rt = R/2'~' where R is the regulator of K; 
moreover, wt = 2 since K* is a real field. 


Thus 
(t—1)/2 
Pp 
het = = 1] La (1|x). 
XF#XO 
By (27.18) and (27.17): 
(t-1)/2  9t-1 t—1 |t—l . 
P ri 
MK = RE pe-1/2 er log JL — 6" |} = A. = 


We intend to give another interpretation of the factor ht by means of a 
certain subgroup of the group of units. 

In Chapter 10, Section 3, we encountered the following: t—1 = (p—3)/2 
positive real units of A (called the circular units): 


1—¢ck 1—¢-# 
TC 17 t 


Let V be the subgroup of U generated by these units. By Dirichlet’s theo- 
rem, U has a system of t — 1 fundamental units; each unit of infinite order 
of A is the product of a root of unity with a positive real unit (see Chapter 
10, (F)). Let U* denote the subgroup of U consisting of the positive real 
units; so U* has a fundamental system of units and V is a subgroup of U*. 


Uk = k= 2,...,t. 


Theorem 4. ht = (U*: V). The above units vo, ..., v~ are inde- 


pendent; they constitute a fundamental system of units of K if and only if 
ht = 1, 


Proof: We consider the numbers aj = log |1 — cr |, 7=0,1,...,f-1. 
Since 1 — qr" =1-¢— r’ and \¢™’ | = 1 then 
t+J cr —] j 
log|1 —¢" | = log oe = log|1 — ¢" |, 
that is, a44; = a; for j = 0,1,...,¢— 1. More generally, for every k € Z 


we define a, = a; when k = j (mod t), O<j <t—1. 
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We abbreviate (27.17), writing it as follows: 


gt—-1 


ht = 
R 


lal, (27.24) 


where 


t—1 t—1 . 
a= na; |. (27.25) 
0 


k=1 \j= 


We want to compute |a|. Let G be the multiplicative group of order t 
generated by 7”. For every k = 0,1,...,f-1 there is a character y, of G, 
defined by xx(n?) = n?*; then G = {yo, X1,---, Xt-1}. Let f : G — C be 
the function defined by f(7?’) = a; for j = 0,1,...,t — 1. Thus 


and hence 
(a9 tay t+ +a-1)0 = [] | So xu(n”’)f(n?) | = det(4), 


where M is the t x t matrix with f(7”%~*") = aj;_; at row i and column 
gj, O<1,j7 <t—1. The matrix 


Qo QM **: Qt] 

Oy a2 Qo 
M' = Qa. a3 Oy 

Qt-1 Qo Ot—2 


with entry a,4; at row 2 and column J, is obtained from M by interchanging 
rows; thus |det(A/)| = |det(M’)|. We observe that if we add all the rows 
of M’ to its last row, this one becomes equal to the row of elements ag + 
ay +---+az-1; hence det(M’) = (ap + a1 +--+ +41) - det(M”) where 
M" is obtained from M’ tby replacing the last row by a row of elements 
equal to 1. If we subtract the first column from all other columns of M” 
then 


det(M’ 
la} = —Ot = eta), 
Jag + ay +--+ + 4-1] 
where 
Q1 — ag a2 — ao Qt—1 — Qo 
M" — a2 — A a3 — A] mt Qg — 1 


Cr Se a) 
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So M™ is a (t — 1) x (t — 1) matrix with entry a;,; — a; at row i and 
column 7 (1 = 0,1,...,t-2; 7 =1,2,...,t—1). 

Let ox, k =0,1,...,p— 1, be the automorphisms of Q(¢), numbered 
in such a way that o;(¢) = cr Thus 09 = € and o744(C) = aan = cor 
Let r; be the only integer such that r; # 0, -t <r; < t, andr? =7r; 
(mod p); let r; = |r;|. For 7 = 1,2,...,t -l andi =0,1,...,t — 2 we 
have 


= crits 


1— or 


1—¢r 1—~¢-r 1-¢ 1-¢! 


1 — crit . 1— corits 7 >. ( _ cr? . 1 — =] 
4 


| 


loz(vs,)| = fos(vrs) 


and, since 7 # 0, we have r; # 1, so 2 < r < t. Therefore 


= crit 


Qj4j — = log Tc 


= tog oul," 


and so |a| is equal to the absolute value of the determinant of the matrix 


log |oo(v2)| log joo(vs)| log |oo(vz)| 
uiiv) — | logloi(va)| — log Joi (vs)| log |o1(ve)| 
log |or-2(v2)| log |or-2(vs)| --- log |or-2(ve)| 
Let {u1,...,Ue-1} be a fundamental system of positive real units of K (see 


Chapter 10, Section 3). Then we may write 


t-1 
vj = I] up) (for 7 = 2,...,t), with cj € Z. 
k=1 


Then 

t-1 

log |ox(vj)| = )_ ce; log |oi(ua)| 

k=1 

for2 = 0,...,t-2andk = 2,...,t. 
Therefore 
Ja] = |det(log |oi(v;)|)| = |det(cx;)| - |det(log |ox(ux)|)]. 
But 
R 
|det (log lo; (ux)|) iS0-Tooot 2 | = 5t-1 


by the definition of the regulator. 
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So 
gt—1 
R 


which proves anew that h* is a positive integer. 
It remains to show that |det(c,;)| = (U* : V). This follows from con- 
siderations of Linear Algebra. By Chapter 10, Section 3, there exists a 


ht = 


a| — \det (cx; )I, 


fundamental system of positive real units {uj,,...,u;_,} of U* and in- 
tegers m1, ..-, ™_1 Such that {u/™,,...,u,“1-1} is an independent 
system of units belonging to V and generating V. 
Then 
t—1 
U*/V = ]|[Z/Zm, and (U*: V) = |mi- + me |. 
i=] 


But the units u; are expressible in terms of the units 


in the form 
= J] ut with agy,y€ Z, i=l,...,t—-1, 
and, conversely, we also have 
Uk = I] uj@* with a,; € Z. 


As in Chapter 10, (H), we show that ldet(ax:)| = |det(a,,)| = 1. 
Similarly, the units uj™,,.. Uy on * of V are expressible in terms of 


the units vo, ..., U4 and conversely: so we have 
t 
un = |] x with bb; € Z, t=1,...,t-—1, 
k=2 


and 
t-1 _ 
ve =|] u)* — with 6,€Z, k=2,...4t. 
i=1 
Again |det(bx,)| = |det(b,)| = 1. 

Expressing the units vz, in terms of the units u;, by expressing suc- 
cessively the units vz, in terms of um, these in terms of ui and finally 
these units in terms of u,;, gives rise to the following relation between 
determinants: 


h+ = |det(cz;)| = |det(ags)| Ths det (bj,)| = |] ] mi] = (U* = VV). 
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Since the index (U* : V) is finite, it follows that the maximal number of 
independent units in V and U* are both equal to t — 1. Hence the system 
of generators {v2,...,v,} of V is a system of independent units. The last 
assertion is now obvious. a 


Now we shall study the factor h~ of the class number of Q(C). 
Theorem 5. h~ is a positive integer. 


Proof: Let y = G(n)G(n?) ---G(n?~2), where 
p—2 
G(X) = 7, X4, r,;€Z, 1<7rj <p, r; =r’ (mod p), 
j=0 


r is a primitive root modulo p, and 77 is a primitive (p — 1)th root of unity. 
Thus 7 = n7* = P-* and ¥ = G(nP~?)G(nP~*) --- G(n) = 7, 807 E R. 
From (27.16) we have 


h 
ly| = (2p)*"h7 = (2p)*~? rz €Q 


by Theorem 2. Thus y € Q. On the other hand, y € Z[n], so y € Z[n|NQ = 
Z. Moreover, || is independent of the choice of r and of 7. 

To show that h~ is a positive integer, we shall prove that 24~! and p*~ 
divide +. 

We shall compute the power of 2 which divides 


y(1 — )(1 — 9°) --- (1 — 9P~*). 


1 


From 
raj +77 =rit) +r) =ri(r’ +1) =0 (mod p) 


we deduce that ri4; +7; = p, So r¢4; and r; have different parity. 
If k is odd then 


hence 


Q 
o—~ 
— 

o> 
— 
o—~ 
bp 
| 
3 
o> 
— 
Il 
3 
os 
Ko 
3 
o> 
oS 
+ 
, 
| 
pod 
| 
=. 
o> 


7=0 7=0 


| 
bt 
| 
o—~ 
| 
bt 
— 
a 
III 


O (mod 2) 
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because k is odd. Therefore 2’ divides 
p—2 


y(1 — m)(1 = 9%)--- =P?) = YT] E@*)a = 0%). 


But (1 — 7)(1 — 7°) --- (1 — ?~?) = 2. Indeed, 77 is a primitive (p — 1)th 
root of unity, while 7? is a primitive tth root of unity. 


Thus 
p—2 p—-1 t—1 
D [Ja —-1*), 5 (1 — 7°), 


hence 2 = (1 — n)(1 — 7°)--- (1 — n?~?). This shows that 2°! divides y. 

Now we shall prove that p'~! divides y. For this purpose, we study the 
prime decomposition of p in the field Q(7). 

Let B be the ring of integers of Q(7). By Chapter 16, (B), p is unramified 
in Q(n) and since p = 1 (mod p — 1) then Bp is the product of y(p — 1) 
distinct prime ideals of norm p. 

For any choice of the primitive root r modulo p and of the (p — 1)th root 
of unity 7, we shall indicate a numbering of the set of prime ideals P of B 
dividing Bp. We prove that given P there exists a unique integer k, such 
that 1 < k < p—2and P divides B(1 — rn*); moreover, gcd(k, p—1) = 1. 
Indeed, p divides 


p—1 
1—r?-l = L[a — rn*) 
k=1 
hence P divides some ideal B(1 — rn*), with 1 < k < p—1. Let d = 
ecd(k,p — 1). From rn* = 1 (mod P), raising to the power (p — 1)/d we 


have 
pP-1)/d — ,(p-V/d_ 7 (k/d)(P~1) = 1 (mod P) so also r'?~))/4 = 1 (mod p). 


This is only possible when d = 1, because r is a primitive root modulo p. 

To show the uniqueness of k, assume that 1 < 7 < k < p— 2 and 
1 — ry, 1 —rn* € P. Then rn (1 — n*~2) € P and since 7 is a unit of B 
and r ¢ P (otherwise P would contain r?~! and r?~! — 1 hence 1 € P), 
then 1 — n*-J € P, so n* — 7 € P. In the quotient field B/P we have 
n* = 7. But 


p—2 
xP? —1 = |] (X - 7°) 
i=0 
hence in (B/P)[X]| we have 
p-2 
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so X?-! — 1 would have a double root 7* = 7; however, the derivative of 
this polynomial is (p — 1)X?~? and it has no common root with X?~! — 1 
because B/P has characteristic p. 

We have established a mapping from the set of prime ideals of B dividing 
Bp into the set of integers k such that gcd(k,p — 1) = 1, 1<k < p-2; 
both sets have y(p — 1) elements. Explicitly, the image of P is k when 
l1—rn* € P. 

If 1 < kj < p—2, gced(k,p —1) = gced(j,p — 1) = 1 then 7*, 7 
are primitive (p — 1)th roots of unity, and there exists an automorphism 
o of Q(n) such that o(n*) = nJ. If P contains 1 — rn* then o(P) contains 
1 — rn. 

This shows that the mapping P +> k which we considered above has 
image equal to the set of all integers k such that 1 < k < p—2, gcd(k, p— 
1) = 1. Hence the mapping is also one-to-one. 

Thus, we have a numbering of the prime ideals dividing Bp, by the 
condition that 1 — rn* € Py for 1 <k < p— 2, gcd(k,p — 1) = 1. 

If we choose the primitive root r such that r?-! 4 1 (mod p*) (see 
Chapter 19, Lemma 1) then B(1 — rn*) = PyI, where Bp is relatively 
prime to J. In fact, if 7 # k, gcd(j, p— 1) = 1, then P; does not divide Ix, 
otherwise 1 —rn* € Pj, contrary to the numbering. Taking norms, then p? 
divides 


N(BIL—rn*))=} |] G-rn’) 


gcd(j,p—1)=1 
hence p* divides 
p—2 
[[a —rp)=1—rP},” 
j=0 


contrary to the choice of r. 
To prove that p‘—! divides y in B, we show that p divides G(n*)(1 — rn*) 
in B fork =1,...,p—1. 


Indeed, 
p—2 p—2 
G(n*)(1 — rn*) = So rin*(1 — rn*) = SY o(rn* (1 = rn*) 
j=0 7=0 


1 — (rn*)P-! = 1 —r?-! =0 (mod p). 
Hence Bp’ divides 


p-l 
]] 2e*)- [][ Ba -rn*) = By- [] Ba - rn*). 
k odd k odd k=1 


But p does not divide 1 — rn* when gcd(k, p — 1) > 1, otherwise P would 
divide B(1 — rn*) and this has been shown to be impossible. Therefore 
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p'—! divides 


By |[  BQ-rn*) = By I] 2? I] & 


gcd(k,p—1)=1 gcd(k,p—1)=1 gcd(k,p—1)=1 
= By- Bp-T, 
where Bp and J are relatively prime ideals. Thus p’~! divides y in B, 
concluding the proof. a 
Definition 1. h~ is called the relative class number of K 


(or the first factor of the class number of K). h* is called the 
real class number of K (or the second factor of the class number of 


K). 


EXERCISES 


1. Write explicitly the class number h,,, using the formula (27.11) for 
m = 3,4,5,7,9, and 15. 


2. Write explicitly the expression L(1|x) for m = 3,5, and 15 and all 
characters y # x9. Compute numerical approximations to L(1}x). 


3. Use the formulas of Theorem 2 to compute h~, h* for p = 3,5,7, 
and 11. 


4. Let m > 1, let C be a primitive mth root of 1, and let K = 
Q(¢), K* = KOR. Let U,W,R,U*+,W*™, and R* be as in the text. 
Let vy = (U/W: U*+/W7*) be the index of the subgroup Ut /Wt in U/W. 

Show 


arty J My, when m is odd, 
(a) (U: U") = { (m/2)v, when m is even. 
(b) ge(m)/2-1 R+ — yR, 


NU) = {Nxx+(e) | € unit in K}. 


Then v = (N(U): (U*)?), so v = 1 or 2. 

(d) Let m = p® where p # 2, e > 1. Then v = 1 and every funda- 
mental system of units of Kt is a fundamental system of units 
of K. 


28 


Miscellaneous Results About the 
Class Number of Quadratic Fields 


In this chapter, our purpose is to present a sample of results about the 
class number of quadratic fields. Due to their nature, several proofs have 
to be omitted. The reader is encouraged to study the original papers listed 
in the Bibliography. 

There are many aspects in the study of the class number of quadratic 
fields, as well as numerous applications. So what we present is not to be 
construed as an attempt to treat the topic fully, but rather to let the reader 
have a glimpse of possible directions for further study. 


28.1 Divisibility Properties 


The first result, which is rather general, is due to Gut (1929); we follow his 
proof of 1973. 


A. Let K be an algebraic number field and q any prime number. Then 
there exist infinitely many extensions L|K of degree q such that q divides 
the class number of L. 


Proot: 


Case l: q #2. 

Assume that Zi, ..., Ds (with s > 0) are extensions of degree q of K 
and with class number a multiple of g. We shall determine an extension 
L,41|K with the same properties and L,4,; € Ll; for allz = 1,...,s. 

Let 6 be the discriminant of K and 6; the discriminant of L; for 2 = 
1,..., 8. Let S, be the set of all primes p such that p = 1 (mod q) and p 
does not divide 66; ---6,. By Dirichlet’s theorem, Sg is an infinite set. 

Let pi,p2 € Sg, pi F# po. For i = 1,2 let ¢; be a primitive root of 1 of 
order p;. So Q(¢;)|Q is a Galois extension of degree p; — 1. Let g;, 1 < 
gi < pj — 1, be a primitive root modulo p;. Thus a generator of the Galois 
group G; of Q(¢;)|Q is &;, defined by 7; (¢;) = ¢?'. Since p; is totally 
ramified in Q(¢;)|Q and unramified in the other extension Q(¢;)|Q (with 


617 
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7 # 2), then Q(¢,) N Q(G2) = Q. Hence the Galois extension Q(¢1, ¢2)|Q 
has Galois group G = G, xX Gp». So there exist 01,02 € G such that 


71(4i) = Gf", o1(G2) = G and o2(G1) = C1, o2(¢2) = G3”. 
Clearly, o; has order p; — 1 for 1 = 1,2. Let f; = (p; — 1)/q and 


= G +0%(G) $024(G) $2 +0 1G) 


for 2 = 1, 2. 

The element 7; is a period of f; terms of the cyclotomic field Q(G). 
Clearly, of(m) =m, o2(m) =m and o1(N2) = Ne, 03(N2) = Ne. 

The elements 7, 91(m), o7(m), .-., OL ‘(n,) are distinct and so are 
the elements 72, 02(n2), 03(n2), ..., 04 '(n2). We have [Q(C1, C2) : Q(G)] 
= p2 — 1 and [Q(G1, ¢2) : Q(¢2)] = pi — 1. 


Q(G ’ C2) 


Q(¢1) Q(¢2) 


Q(m) Q(n2) 


Q(n) is the field fixed by the subgroup generated by of and a, for 
i,j = 1,2, 1 # j, so [Q(G1, 62) : Q(m)| = filpy — 1) and [Q(m) : Q| = ¢. 
Since the elements 7; and a; £(n:) for = 1,...,q—1 are conjugate and the 
extensions Q(7;)|Q are Galois extensions, then of(ns) € Q(n;). 

It follows that {n;, oi(m), .--, of ‘(n)} is a basis for Q(n;)|Q and 
actually an integral basis. 
From 5~F"5' Cf = 0 we deduce that 


q—1 


So oM(m)=-1, t=1,2. 


m=0 


For every m € Z let 


= Son m)o5(n2) € Q(m, n2); 
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then €,, is an algebraic integer, Em = €m+q, and 


q-1 q-1 q-1 
Sin = o€ (ny o§(np) 
m=0 m=0 €=0 
q-1 q-1 
_ £ L m 
= )_ 79(N2)0} oy (m1) 
£=0 m=0 
q-1 
=— S © 05(n2) =1 
£=0 
Also, for n = 0,1,...,q —1: 
a1 (Em) — Em+n and a9 (Em) = Em-—n: 
since 0109(Em) = 0201(Em) = &m. It follows that &, &1, ..., & -1 are 


all distinct. Indeed, if &, = &, O< h<k<q-1, letn = k —h; we 
have 1 < n < q and of (€n) = €% = £n, hence of” = Ehirn = €n; but 
the set of positive residues modulo q of {n, 2n, ..., (¢ —1)n, qn} is 
{0, 1, ..., ¢— 1}, hence for every @, 0 < £ < q — 1 there is an integer 
r, 1<r<4q, such that ifO < @<q-—1, then & = Enirn = En. 

Hence 


q-1 
S- Em — q&o =-l 
m=0 


and 9 = —1/q, which is not possible since &9 is an algebraic integer. 

The elements £9, £1, ..., €g—1 are conjugates and all distinct, since the 
Galois group is Abelian. Q(9) = Q(é1) = --- = Q(&,-1) and the field 
must have degree at least equal to g. On the other hand, the elementary 
symmetric functions on £9, £1, ..., & —-1 are invariant under the action 
of the elements 01, 02, which generate the Galois group of Q(¢, ¢2)|Q. So 
they are rational numbers and therefore £), £1, ..., €g—-1 are the roots of 
a polynomial of degree q over Q, showing that Q(£&9)|Q has degree q. 

Since p; is the only prime ramified in Q(¢;)|Q, then pi, pa are the only 
primes ramified in Q(¢), ¢2)|Q (see Chapter 13, (U)). 

From Q(£o) 4 Q, by Minkowski’s theorem (see Chapter 9, (D)), and 
what we just proved, either p; or po is ramified in Q(& )|Q. 

Actually, by symmetry, both primes are ramified. Since p;, pg are un- 
ramified in K|Q (because they do not divide the discriminant of K) then 
Ey ¢ K so KN Q(fo) = Q, because [Q(é) : Q] = q is a prime number. 
Hence K(£)|K is a Galois extension of degree q. 

Similarly, since p; is totally ramified in Q(¢;)|Q, hence also in Q(n;)|Q, 
then KM Q(n;) = Q and K(n,)|K is an extension of degree g. Next we 
see that K(n,) #4 K(n2), otherwise since p2 is unramified in K|Q and in 
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Q(71)|Q, by Chapter 13, (U), po is unramified in K(7,)|Q and a fortiori, 
it is unramified in Q(7;)|Q, which is a contradiction. 

From K(n,) 4 K(n2) it follows that K (7, 2)|K has degree q* and so 
A (m, 12) : K(&o)] = 4. 

We let L,41; = K(&o) and we shall prove that q divides the class number 
h of K(& ). According to class field theory (see Chapter 15, Theorem 2), h 
is the degree over K (Eq) of the Hilbert absolute class field H of K(&): h = 
iT : K(€o)]. 

Moreover, every unramified Abelian extension of K(& ) is contained in 
H. Hence it suffices to prove that K (71, 72)|K (€o) is an unramified Abelian 
extension. 


K (ni, 0) = K(m, 2) 


K(m) 
Q(n) K(&o0) 
K 
Q 
for 7 = 1, 2. 


We have K (ni, Eo) — K(m, 12) since 


K (0) # K(m, 0) © K(m, 2). 


Hence the Galois groups of Q(7;)|Q, K(n;)|K, and K(m,72)|K(&o) are 
canonically isomorphic; in particular this last extension is Abelian. 

To show that it is unramified, by Chapter 13, Theorem 2, it is equivalent 
to proving that the relative different D is equal to the unit ideal. By Chapter 
13, (T), D is the ideal generated by the relative differents of the algebraic 
integers of K(71, 72). In particular, D contains the relative differents of 
71, "2; these are, respectively, equal to 


q-1 q—1 
[](m- em), — [ [re - 25(m)). 
f=1 é=1 


In view of the isomorphism of the Galois groups, these are also the relative 
differents of 71, 72 in Q(m)|Q (respectively, Q(n2)|Q). Then D contains 
the norm in Q(n;)|Q of the different of 7;, that is, the absolute discriminant 
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of Q(7;). Since p; is the only prime ramified in Q(n;) then D contains a 
power of p;, for 7 = 1,2; so D must be the unit ideal. 

We have therefore shown that K(&)) C K(m,72) C H, hence q divides 
h. 

We conclude noting that p,, p2 divide the discriminant of Q(£), hence 
also the discriminant of K(&)) = £2.41. On the other hand, p;, pe do not 


divide the discriminant of K, Li, ..., Ls by hypothesis, so D,,, is not 
equal to any one of the fields K, Ly, ..., Ls. 
Case 2: q = 2. 

Let £1, ..., DL, be quadratic extensions of K (with s > 0) and hav- 


ing even class numbers. We shall determine another quadratic extension 
D.41|K having even class number. 

Let 6, 61, ..., 6; be, respectively, the discriminants of K, Li, ..., Ls. 
Let p1, po be distinct primes not dividing 66, ---6, and such that p, = 
1 (mod 4), po = 1 (mod 4). 

For 2 = 1, 2 let 


-1+ VP 
2 


Then the discriminants of Q(,/p1), Q(,/p2), and Q(,./pip2) are, respecti- 
vely, p1, Pp2, and pip2 and so the primes p,; (2 = 1,2) are ramified in both 


extensions Q(,/p;), Q(,/p1p2), and 
Q(/pip2) 1K = Q. 


So K(,/p;)|K and K(,/pip2)|K are quadratic extensions. 
Moreover, K(,/pi) # K(,/p2). Otherwise, since po is unramified in 
Q(,/p1) and in K, by Chapter 13, (U), it would be unramified in 


QA Vpi)K = K(/pi) = K(/p2), 
thus also in Q(,/p2), which is not true. 
We conclude that 
|[K(./p1, /p2) : K| = 4, SO |K(./p1, /p2) : K(./pip2)| = 2. 


It remains to show that the relative different D of the extension 


K (V1, \/p2)|K (P12) 


is the unit ideal. This will imply that K(,/pi, ,/p2) C H (the Hilbert class 

field of K(,/pip2)), therefore 2 divides the class number of K(,/pip2). 
Now D contains the relative different of n; = (—1 + \/pi)/2 for i = 1,2 

which are algebraic integers of the field K(,/p1, \/p2). This relative different 


1S 


—1l + Vpipe 
hh = and fo = rn 


—l+ Vp -1- Vii 
2 2 


Thus D contains their norms p,, pz and so D is the unit ideal. 


= Dis for 1 = 1, 2. 
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We take L,4,; = K(,/pip2). The primes p), po are ramified in D4), 
but in none of the fields K, Ly, ..., Ls, so Ls4 1 is different from 
K, Li, ..., Ds. | 


In particular, we have shown that there exist infinitely many quadratic 
number fields with even class number. As a matter of fact, Gauss had 
obtained a much more precise theorem, which is derived as a by-product of 
the theory of genera of binary quadratic forms (see Bibliography to Chapter 
28 at the end of the book, where we quote as references, Gauss, Flath, and 
Ribenboim). 

Let d # 0,1 be a square-free integer, and let s be the number of prime 
factors of d. Let 


pe dha ifd <0, 
qd )2ha, ifd> 0, 


where hg is the class number of Q(Vd). Then Gauss proved: 


B. With the above notations: 
(1) Ifd =1 or 2 (mod 4) then 2°~! divides hi. 
(2) Ifd = 3 (mod 4) then 2° divides h5. 


This is a very interesting result, the proof coming after the development 
of the beautiful theory of genera of binary quadratic forms. 

Since there are infinitely many primes p = 1 (mod 4), it follows from 
the above result of Gauss, for every k > 1 and m = 1 (respectively, m = 
2, m = 3) there exist infinitely many positive (and also negative) square- 
free integers d such that d = m (mod 4) and 2* divides the class number 
ha of Q(Vad). 

Actually, hg may be divisible by a higher power of 2 than the one 
guaranteed by (B). 

Many interesting papers were devoted to the study of this more precise 
divisibility property. 

In 1922, Nagell proved that for every n > 1 there exist infinitely many 
real (and also imaginary) quadratic fields having class number divisible 
by n. There have been many papers giving new proofs or variants of this 
result, requiring also specified behavior of a given finite set of primes of Q 
in each of the quadratic extensions with a class number multiple of n. For 
n = 3 see, for example, Humbert (for imaginary quadratic fields), Gut; in 
1974, Hartung constructed explicitly infinitely many imaginary quadratic 
fields with a class number divisible by 3. See also Ankeny and Chowla, and 
Kuroda. 

Here we shall follow Yamamoto’s paper (1970) who succeeds in giving a 
general proof of the theorem, both in the imaginary and real cases, with 
supplementary conditions on finite sets of primes. 

Let n > 1 be a natural number, let d be a square-free integer (d # 0, 1), 
and let K = Q(/d). We denote by o the conjugation automorphism of 
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K : o(a + bVd) = a — bV4d for any a,b € Q. Let A be the ring of integers 
of K. 

If K is a real field, let ¢ be a fundamental unit, while « = 1 if K is 
imaginary. 

We denote by Cfx the class-group of K and by A its class number. 


Lemma 1. Assume that the equation 
X? — Yd = 4Z” (28.1) 


has the solution in integers (x,y, z) with gcd(z, z) = 1. Then: 
(1) a = (x + yVd)/2 is an algebraic integer of K = Q(vVd). 
(2) The principal ideal (a) is the nth power of an (integral) ideal I: 
(a) = 1”. 
(3) [+ a(I) = (1). 


Proof: Since x? — y7d = 42" = 0 (mod 4) then x = y (mod 2), because 
d is square-free. So q@ is an algebraic integer. 

We have a + o(a) = x and a- a(a) = (x? — y*d)/4 = 2”. 

But the ideals (a), (o(@)) are relatively prime, since (a)+(o0(a@)) contains 
x and also z”, hence it contains gcd(z, 2”) = 1. 

Writing the decomposition of (z) into prime ideals of K it follows that 
(a) = I” for some ideal J, which is necessarily an integral ideal. Finally, 
since gcd((a@), (a(@))) = (1) then ged(J, o(J)) = (1), that is, J + o(J) = 
(1). a 


Let p be a prime number such that p|n; let £ be a prime such that 


£=1 (mod p), when p ¥ 2, 
= 1 (mod 4), when p = 2, 


(the existence of such a prime @ follows from a special case of Dirichlet’s 
theorem on primes in arithmetic progressions). In particular, ¢ # 2. Also: 
—1 is a pth power modulo @. Indeed, if p = 2 then (—1/@) = 1 (Legendre 
symbol) because = 1 (mod 4); so —1 is a square modulo @. If p # 2 since 
p\é — 1 and F¢ is a cyclic group of order @ — 1 there exists a subgroup of 
order (€ — 1)/p, say, generated by €; since 2p|@ — 1 then (€(-1)/2P)P = —] 
(in Fz), that is, -1 = a? (mod ¢) where a (mod @) is equal to €(—)/??, 


Lemma 2. Let p, £ be chosen as above. Assume that (x,y,z) is a 
solution of (28.1) such that: 

(1) ged(z, z) = 1; 

(2) élz; and 

(3) xz ts not a pth power modulo &. 


Let a = (x + yVd)/2. Then (€) = L-o(L) where L, o(L) are distinct 
prime ideals of K and (£) = L - a(L) divides (a) - (a(a)). 
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Proof: We show that (¢) is decomposed in the quadratic extension K|Q. 
Indeed, +d, otherwise £ would also divide x, which contradicts (28.1). From 
xz? — y*d = 4z” and (2) we have x” — y*d = 0 (mod £). But ¢tz so Cty, 
thus d is a square modulo @, that is, (d/@) = 1. According to the general 
theory of quadratic fields the prime @ is decomposed, i.e., (¢) = L - a(L) 
where L, o(L) are distinct prime ideals of K. 

From Lemma 1 and (2), (€) = L - o(L) divides (z)” = (a)-(o(a)). 


We may assume that Llo(a@) and therefore Lt(q). 


Lemma 3. With the hypotheses of Lemma 2, if € is a pth power modulo 
L then (a) is not the pth power of a principal ideal of K. 


Proof: We keep the same notations. If o(a) = (x — yWVd)/2 € L then 
z = yvd (mod L), soa = (x + yVd)/2 = x (mod L). But the residue 
class field A/L is equal to Fe (since (2) is decomposed in K’), so it follows 
from (3) and the above congruence that a is not a pth power modulo L. 
If (a) = (3)?, where @ € K, then @ is also an integer of K, so we may 
write a = +e*3? where k is some integer. By hypothesis ¢ is a pth power 
modulo L. Also —1 is a pth power modulo @, hence also modulo L. Thus a 


would be a pth power modulo L, which is a contradiction. a 
Let n = pj'---pS*, where pj,...,p; are distinct primes, e; > 
1l,...,@€; > lands> 1. 
For every 7 = 1,...,5 let 2; be a prime chosen as before, namely: 


1 (mod pi) if pi F 2, 
1 (mod 4) © if p; = 2. 


Hl Ul 


iz 
fj 
Assume that (z, y, z) is a solution in integers of (28.1) such that: 
(1) gced(z, z) = 1; 
(2) @;\z fort = 1,...,8; and 
(3) x is not a (p,;)th power modulo ¢; fori = 1,..., 5s. 
Let a = (x + yVd)/2, so by Lemma 1, (a) = J” where J is an integral 
ideal. By Lemma 2, (@;) = L; - o(L;) where L;, o(L;) are distinct prime 
ideals of K, and L;|(a(a)), Lit(a). 


Lemma 4. If € is a (p;)th power modulo L; fori = 1,...,8, then the 
ideal class [I] has order n in the group C£x. 


Proof: Since I~ = (a) then [J]” is the unit element in the group Céx. 
Now let m be the order of [J], so m|n. If m < n there exists a prime p; 
(with 1 <2 < s) such that pjm|n, so y/? = 1, that is, ["/?' = () for 
some 3 € K, 3 # 0. Hence (a) = J” = ()P'. Since € is a (p,)th power 
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modulo L; by Lemma 3, (aq) is not the (p,;)th power of a principal ideal of 
Kk. A contradiction. a 


Lemma 5. If q 1s any odd prime there exists an integer x such that 
xz? — 4 is not a square modulo q. 


Proof: Ifq=1 (mod 4) we write gq — 1 = 4k, so (k/q) = (—1/q) = 1. 
If g = —1 (mod 4) we write g + 1 = 4k, and again (k/q) = (1/q) = 
Hence k = h? (mod q) for some h, h # 0 (mod q). 

Just by counting, we note that there exists y, y # 0 (mod q) such that 

y? + 1 (respectively, y? — 1) is not a square modulo q. 

Let x be such that hx = y (mod q). So 


1. 


k(x? — 4) = ka? —q41 = ko? +1 (he)? +1= y? +1 (mod g), 
hence k(x? — 4), and also x? — 4, is not a square modulo gq. a 


We shall now prove the first result, which concerns imaginary quadratic 
fields. 


C. Let n > 1, and let S,, So, S3 be pairwise disjoint finite sets of 
primes. Then there exist infinitely many tmaginary quadratic fields K such 
that: | 

(1) CéxK has an element of order n, so n divides the class number of 

K. 

(2) Ifq € S; then q decomposes totally in K|Q. 

(3) Ifq € So then gq is inert in K|Q. 

(4) Ifq € S3 then q is ramified in K|Q. 


Proof: We may assume without loss of generality that S3 Z {2, 3}; indeed, 
if S3 C {2,3}, it suffices to replace it by S3 = S3U {q}, where q is a prime, 
q ¢ 5; US2 U S3, and q > 3. 

Let S = {p,...,ps} be the set of primes dividing n. 

Let k be the product of all primes g € Sj. 

By the Chinese remainder theorem there exists an integer @ such that 


£=1 (mod q) _ for every g € (SU S39) \ {2}, 
= 1 (mod q’) for every q € S3 U {2}. 


If 
_ 2 
t=4 q X q Xx q 
qin qESg qe Sg 
qF2 qF2 qF2 


then € = 1 (mod ft). By Dirichlet’s theorem on primes in arithmetic pro- 
gressions, there is a prime number @ ¢ S; U So U S3 satisfying the above 
congruences. 

Let w be a primitive root modulo @. 
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We observe that w is not a pth power modulo £, for every p € S. Indeed, 
let pin, p # 2, then p|é—1. If w is a pth power modulo £, there exists r such 
that w = (w")? (mod £), so w’?—! = 1 (mod 2), therefore p|é — 1|rp — 1, 
which is impossible. If 2/n, then 4|€ — 1. If w is a square modulo @, then 
w = (w")*? (mod £) so 4\@ — 1|2r — 1, again impossible. 

For every q € Sp \ {2}, by Lemma 5 there exists an integer y, such that 
y, — 4 is not a square modulo q. 

Since € ¢ S, U Sp U S3 by the Chinese remainder theorem there exists 
an integer x such that: 


x=w (mod £), 

x =1 (mod q) for every g € Sj, 

Z = Yq (mod gq) for every g € So \ {2}, 
x = 1 (mod 2) if 2 € So, 

xz =q+2 (mod q’)_ ifq € S3. 


In particular, x is not a pth power modulo @ for every p dividing n. Also 
z* — 4 is not a square modulo q for every q € S>2 \ {2}. Moreover, x = 
1 (mod 2) if 2 € So, x =0 (mod 4) if 2 € S3. 


By the Chinese remainder theorem there exists an integer z such that 


z=1 (mod q) _ for every prime q dividing x 

and such that q ¢ S; U Sz U S3 U {4}, 
O (mod gé@) for every q € Sj, 
1 (mod gq?) for every g € Sq U S3. 


Ht Ul 


z 
z 
Moreover, z is defined up to a multiple of the moduli of the above con- 


gruences. So it is possible to choose such an element z satisfying also the 
inequality 


Az™ > x”. 


Let K = Q(V x2 — 4z”), so this is an imaginary quadratic field. 

Let x? ~— 42” = y?d where d is a square-free integer, so d < O and 
K = Q(Vd). Therefore the integers x, y, z are a solution of (28.1). 

By the requirement gcd(z, z) = 1, so the hypotheses of Lemma 2 are 
satisfied. Let a = (x + yVd)/2, thus (a) = I” by Lemma 1. 

Since « = 1 by Lemma 4, [J] has order n in the class group Céx, so n 
divides the class number of K. 

Now we prove the other assertions. 


Ifq € S}, g #2 then y2d = x? — 42” = x? (mod gq) so (d/q) = 1 and 
thus g decomposes in the extension K|Q. 

Ifq € So, g #2 then y2d = x? — 42” = x” — 4 (mod q). Since x? — 4 
is not a square modulo q then (d/q) = —1, that is, q is inert in K|Q. 

Ifg € S3, g #2 then y2d = x? — 42” = (q+ 2)? — 4 = 4q (mod qq’). 
Since gq # 2 then q|d, thus q is ramified in the extension K|Q. 
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If 2 € S; then x is odd, z is even, and y2d = 2? — 42” = x? = 1 
(mod 8). Since y has to be odd, then y? = 1 (mod 8) sod = 1 (mod 8). 
This means that 2 is decomposed in K|Q. 

If 2 € Sp then x is odd, z = 1 (mod 4), y2d = x* — 42% =1-4=5 
(mod 8), sod = 5 (mod 8) hence 2 is inert in K|Q. 

If 2 € S3 then x = 0 (mod 4), z = 1 (mod 4), y?d = x? — 42” = — 
(mod 16), so 4/y?d and since d is square-free then y is even, therefore 
4|y?. Writing y* = 4u* we have ud = —1 (mod 4). Thus u is odd, u* = 
(mod 4) henced = 3 (mod 4) and therefore 2 is ramified in K’|Q (because 
the discriminant is equal to 4d). 


We have therefore proved the existence of a quadratic field K belonging 
to the set K(S1, S2, 53) of fields satisfying the conditions of the statement. 

We shall prove that the nonempty set K(S1, S2, 53) is infinite. 

Assume on the contrary that this set is finite, namely, equal to 
{ky, ..., Ky} where v > 1. 

Let S3 be the set of all prime numbers which are ramified in some of the 
extensions K;|Q (1 <i < v). ThenS’3 isa finite set, S3 C $3, S;NS3 = ©, 
and S» AS — ©. 

Let q’ bea prime, g’ ¢ S$, US2US3U {2, 3}, and let S3 =S3U {q'}. Then 
S19 S3 = DO, S2M S53 = OS so there exists some field K’ € K(S1, S2, $3). 
It follows that K’ € K(S,,.S2, $3). Since q’ is ramified in K’ then q’ € S3, 
which is a contradiction. 

This proves that the set ($1, $2, 53) is infinite. a 


To handle the case of real quadratic fields we need some more preliminary 
lemmas. 

As before, let n = pj'---pS (s > 1) and for every i = 1,...,8, let 
£;, £; be primes such that @; 4 ¢! and 


f; 
l; 
é' = 1 (mod p;)_ when p; F 2, 
f; =1 (mod 4) when p; = 2. 


In particular, 0; 4 2, @) 4 2. 


1 (mod p;) when p; # 2, 
1 (mod 4) — when p; = 2, 


and 


Lemma 6. Let x,x',z,z' € Z@ be integers satisfying the equation 
X* —4Z" = KX” — 47", (28.2) 
and such that: 
(1) gcd(x, z) = 1 and gcd(z’, z’) = 1. 
(2) €;|z, €;|2" for everyi =1,...,8. 


(3) x is not a (p;)th power modulo £; and x’ is not a (p;)th power 
modulo €. fori =1,...,8. 
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(4) (x + x’)/2 is a (p,;)th power modulo ; fori =1,...,8. 


Let K = Q(V x2 — 42”). Then: 

If x? — 42” < 0 the ideal class group C£x has a subgroup isomorphic to 
Z/n x Z/n. 

If x? — 42" > 0 then CL has a subgroup isomorphic to Z/n. 


Proof: Let x? — 42" = x!" — 42!" = y2d where d, y are integers and d is 
square-free. So x? — y*d = 42” and x’* — y*d = 4z’”. Let 
x+yvd ,  «' +yVvd 
= —__., a = ———. 
2 2 
By Lemma 1, (a) = I” and (a’) = I’ where I, I’ are integral ideals 


of K = Q(V4d). Since @;\z then +? — y2d = 0 (mod 4). But é;{x hence 
£;ty, €:{d and therefore d is a square modulo @;, that is, (d/é@;) = 1. So @; 
decomposes in the extension K|Q. Similarly, 2; decomposes in K|Q. 

By Lemma 2, (@;) = JL; - o(L;) and (€;) = JL; - o(L;) where 
L;, o(L;), Li, and o(L{) are distinct ideals of K and we may assume 
that L;,|(o(a)), Lit(a), Li\(o(e’)), and Lif(a’). 

Let R; = {G8 € A| Bisa (p,;)th power modulo L;} and Ri = {B' € A| B' 
is a (p,;)th power modulo L*}. 

We note that (x — yVd)/2 = o(a) € L; so x = yVd (mod L;), hence 
a = (x + yWd)/2 = x (mod L,). By (3), a ¢ R; for every i = 1,...,s. 
Similarly, a’ ¢ Ri fori = 1,...,s. Also a’ = (x’ + yVd)/2 = (x' + x)/2 
(mod L;) and from (4) it follows that a’ € R;. 

If x? — 4z” < O then K is an imaginary field, ¢ = 1. By Lemma 4, the 
ideal classes [J], [I’] have order n in the group Céx. 

Now we show that the subgroup of Cféx generated by [J] and [J’] is 
isomorphic to Z/n x Z/n. If m > 0, m’ > 0 are such that ny" (0) = 1 
then there exists @ € K, 8 4 0, such that myer — (3). So pnp 
(a)™(a’\™ = (B)", hence aa’ = +" since the only units are 1, —1. 
We show now that n|m, n|m’, which implies that the subgroup generated 
by [J], [I] is isomorphic to the direct product of the subgroups generated 
by [J] and [J’|—and the latter group is isomorphic to Z/n x Z/n. 

Let vp, denote the p;-adic valuation and let vp,(gcd(m,m")) = di, 1 = 
1,...,5. We are required to prove that e; < d; for every 2 = 1,...,8. 
Suppose, on the contrary, that there exists an index 2 such that d; < e;. 
Let m = piimo, m = ptim), n= pei No SO p;|No and p; does not divide 
both mg, mo. We have 


(yy! Pi! _— +(/37 Pi! 
Since 1, —1 are the only roots of unity in K then 


/ 
ym 
aa O +B”, 
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But a’ € R; so a’™ € R;. We show also that +6" € R,. Indeed, if 
pi = 2, since €; = 1 (mod 4) then (—1/é;) = 1, that is, —1 is a square 
modulo ¢; hence it is a square modulo L,. If p; # 2 then —1 = (—1)?'. 
On the other hand, p;|no thus 6G” € R;. From this, it follows that a” = 


+3 (qi™)-] € R,. If w; is a primitive root modulo @;, then a = w? 
(mod L;) for some integer s, 1 < s < @;— 1; sincea ¢ R; then p;ts. 
Also a™ = w;”' (mod L;) for some integer r. Therefore smo = rp; 
(mod @; — 1); thus p,;|@; — 1|smo — rp; and since p;{s then p;|mo. 

Similarly, +6" € Ri and a™ € Ri therefore a’ m™ ¢ R; hence p,;|mo. 
This is a contradiction and we have proved the theorem for the case of 
imaginary quadratic fields. 

Let x? — 4z” > 0, let m be the order of [J], and let m’ be the order of 
[I"] in Céx. Since I" = (a), I’ = (a’) then mln, m’|n. 

If € is the fundamental unit of K, let J = {1 |1<i<s, € is a (p,)th 
power modulo L;,}. By Lemma 3, if i € J then (q@) is not the (p;)th power 
of a principal ideal of K. Hence p;‘|m, otherwise p;|(n/m) so m|(n/p;) and 
(a) = ((I)"/?‘)P* where (I)”"/?' is a principal ideal, a contradiction. This 


shows that 
[| pit lm 
iE J 


Also, if i ¢ J then p;' m'|n hence (a’) = I = (8°) 

for some 3B’ € K, 6’ 4 0. Thus a’ = +e*G’?' with some integer k. But 

a’ € Ri, B’” © R; hence te* € R;. Since i ¢ J then e ¢ R; hence by a 

previous argument p,|k, and a’ = +e*@’"' € R’, which is a contradiction. 
Now let 


m= mMo | | 2% and m' =m || 
ied id J 


Then [1°] has order Llics p;' and ”) has order []i¢ 5 p;'. So [pre yo) 
has order n = [[;_, ps’. 
This proves that C2 contains a subgroup isomorphic to Z/n. | 


From the above proof, it also follows that if d > 0, if the fundamental 
unit € is a (p,)th power modulo L; (and modulo L‘) for every i = 1,..., 8 
then [J| has order n ([J’] has order n). And according to the proof for the 
case where d < 0, it follows now that the subgroup of Céx generated by 
[I] and [I‘] is isomorphic to their direct product, hence to Z/n x Z/n. 


Lemma 7. Given any prime p, there exist infinitely many primes € 
such that: 
(1) £=1 (mod p)_ when p # 2, 
£=1 (mod 4) when p = 2. 


(2) 2 and —1 are pth powers modulo &. 


630 28. Miscellaneous Results About the Class Number of Quadratic Fields 


(3) 3 as not a pth power modulo £. 


Proof: Let ¢, be a primitive pth root of 1, and let M = Q(¢,) when p # 2, 
or M = Q(V—1) when p = 2. Let M = M(¥/2, 1/3). So M|Q is a Galois 
extension of degree p?(p — 1) when p # 2, or of degree 8 when p = 2. 

For every prime number @, unramified in the extension M|Q, let 


id 


group of M|Q, say the one containing the element rt. According to class 
field theory, the decomposition group of £ in M|Q is, up to isomorphism, 
the subgroup generated by 7 (see Chapter 25, Section 1). 

By Chebotarev’s density theorem (see Chapter 25), if 7 is the generator 
of the Galois group G(M|M(/2)) there exist infinitely many (unramified) 


M|Q 
£ 


M 
( MIQ denote the Artin symbol, which is a conjugacy class of the Galois 


primes @ in Q such that is the conjugacy class of rT (in G(M|Q)). 
Hence the decomposition field of @ is M(%/2). We have £ # p, £ # 2, £ # 3, 
since £ is unramified. 

It results that each such prime @ is totally decomposed in the extension 
M(/2) since the decomposition field of @ in M(/2)|Q is M(%/2). On the 
other hand, if LZ is any prime ideal of M such that L divides @, then the 
decomposition field of L in M(%/3)|M is M(%/2) N M(%¥/3) = M. This 
means that L is inert in the extension M(¢/3)|M. 

From the theory of cyclotomic extensions (Chapter 11, (O)), we deduce 
that for every @ (as above) we have @ = 1 (mod p), when p ¥ 2, or £= 1 
(mod 4) when p = 2. Indeed, in the extension M|Q we have (£) = 
[,---L, where gf = p— 1 and f is the order of @ modulo p. Since ¢ 
is totally decomposed in M(/2)|Q and a fortiori totally decomposed in 
M|Q, then g = p-—1, f =1s0=1 (mod p) when p ¥ 2. Now, if p = 2 
then @ is totally decomposed in Q(.,/—1) = M, that is, (—1/2) = 1,so@= 1 
(mod 4). 

Now we recall from Chapter 16, Section 6, and some facts from the theory 
of relative binomial extension M(%/a)|M, where M contains a primitive pth 
root of 1, or V—1 when p = 2. 

If L is a prime ideal of M, L does not divide (p) nor (a), then: 


(1) L decomposes totally in M(%/a)|M if and only if the congruence 
X? =a (mod JL) has a solution in M. 


(2) L is inert in M(%/a)|M if and only if the above congruence has 
no solution in M. 


Taking a = 2, since each prime L, which divides (£), decomposes totally 
in M(%/a)|M then 2 is a pth power modulo L of an element in M. But L 
and (£) define the same residue class field, so 2 is a pth power modulo ¢ of 
an integer in Z. 
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On the other hand, taking a = 3, if L divides (@) then L is inert in 
M(%/3)|M, hence 3 is not a pth power modulo L of any element of M, and 
a fortiori, it is not a pth power modulo £@ of any integer in Z. 

Finally, if p # 2 then —1 = (-1)? and if p = 2 then —1 is a square 
modulo £, because € = 1 (mod 4). a 


Now we prove the main result concerning real quadratic fields: 


D. Let n > 1 and let Sj, So, S3 be pairwise disjoint finite sets 
of primes. Then there exist infinitely many real (respectively, imaginary) 
quadratic fields K such that: 
(1) Céx has a subgroup isomorphic to Z/n (respectively, to Z/n x 
Z/n). 


(2) Ifq € S, then q decomposes totally in K|Q. 
(3) Ifq € So then q is inert in K|Q. 
(4) Ifq € S3 then q is ramified in K|Q. 


Proof: We shall prove the existence of a field A with the properties indi- 
cated. From this, it follows, as in the proof of (C), that there exist infinitely 
many such fields. 

We may assume, without loss of generality, that S3 Z {2,3}, as in the 
proof of (C). 


Let S' be the set of prime factors p;, ..., ps of n. By Lemma 7 there exist 
distinct primes £,, @{, ..., &5, €4, not belonging to S; U Sg U S3 U {2,3} 
and such that, for every 7 = 1,...,8, @; and @; satisfy the conditions of 
the lemma. 


For every prime p let ep = vp(n) be the exponent of the exact power of 
p dividing n. 
Let 


f, = 4% +2 wheng € Sp \ {2}, 
tT | eg +1 when gq € $3 \ {2}. 
For every q let a, be an integer, not a multiple of q, satisfying the 
following conditions: 


If q € Sp \ {2} then 2(ng~“)a, is not a quadratic residue modulo q. 
If qg € S3\ {2} then a, # 0 (mod q). 

If 2 € S; then ag(n2~ ©) = 

If 2 € Sp then ag(n2~ ©?) = 

If 2 € S3 then ag(n2~ ©?) = 
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By the Chinese remainder theorem there exists an integer a such that 


é;ta, lila fori =1,...,8, 

a = 1 (mod gq) for every g € S; \ {2}, 

a= agq' (mod qhit) for every gq € Sq U S3 \ {2}, 
a= az2©2*° (mod 2628) if 2 € S; U So U Sz, 

a = 0 (mod 2) if2 gS; US2U Sz. 


Similarly, there exists an integer 6 such that 


|b, €;4b fori =1,...,8, 

b =a (mod gq) for every g € S; \ {2}, 

b =0 (mod q/+1) for every g € S2 U $3 \ {2}, 
6=0 (mod 2°28) if 2 € S; U S_ U S3, 

b = 0 (mod 2) if2 ¢ S,;U SoU S3. 


Now we show that there exists an integer t satisfying the system of 
congruences: 


t =a (mod £;) fori =1,...,8, 

t = b (mod £;) fori =1,...,8, 

t =a (mod q) for gq € S; \ {2}, 

t = 1 (mod gq) for g € Sp U S§3 \ {2}, 
t = 1 (mod 8), 

t = 1 (mod a” — 6"), 

t =1+a (mod 2a" — 3(a — b)”), 

t = 1+ 6 (mod 2b” — $(b-—a)"). 


To prove the existence of t we need to consider the pairs of moduli in 
the above system, which are not relatively prime. We note first that all 
primes £,, €;, ..., €5, € and of S; U Sg U S3 U {2} are distinct. Also 
£;{a" — b”, as seen at once. Again, ¢;{2a” — $(a — b)”, because £;|b hence 
if £;|2a” — 5 (a — b)” then @;|2a” — 5a” = 3a” /2; but &; 4 3 hence @;\a” 
so ;\a, contrary to the hypothesis. 

Similarly, 2;{2b" — 5(b — a)", otherwise from @,|b it follows that @;/a, a 
contradiction. 

In the same way we show that 


Lita” — b”, 42a" — s(a— b)”, £,42b" — 5(b—a)”. 


1 
2 
Ifg € S;\{2} and g|a” — b” then we have a = 1 (mod gq) by hypothesis. 
If g € S,\ {2} then g{2a" — 4(a — b)", otherwise from g|a — 6 it would 
follow that g\a, a contradiction to a = 1 (mod q). 
If gq € Sy \ {2} then g{2b” — 5(b — a)”, which is seen in the same way. 
If q € SoU S3 U {2}, noting that a = 0 (mod q) and b = 0 (mod q), if 
q|2a" — (a — b)” then 1 = 1 +a (mod q) and if g|2b” — 5(b— a)” then 
= 1+ 6 (mod q). 
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Finally, 2 divides both 2a” — 5(a—b)” and 2b" — 3(b—a)" butl+a=1 
(mod 2) and 1+ 6 = 1 (mod 2), whether 2 € S,; U Sg U S3 or 2 ¢ 
S, U Sg U S3. 

Altogether we have seen that if two moduli are not relatively prime 
the system of the corresponding two congruences has a solution. By the 
Chinese remainder theorem there exists an integer and therefore infinitely 
many integers, t satisfying all the congruences indicated. 

We define the numbers: 


x= 2t" + $[(t — a)” — (t — b)", 
| 


x’ = 2t” — ${(t — a)" — (t — 6)", 
z=t(t—a), 
z’ = t(t — bd). 


Note that since a, 6 are even then t — a, t — b have the same parity and 
therefore x, x’, as well as z, z’, are integers. 
Then 


a — 7" =4x t”[(t — a)” — (t — b)") = 42" — 42", 


that is, 22 — 42” = x’? — 42’. 
We shall prove now that x, x’, z, z’ satisfy the four conditions in Lem- 
ma 6. 


Condition (1). First we see that 2{z = t(t — a). Indeed, 2/t, a is even, 
so 2{t — a. Now, if q is a prime dividing x and z then q # 2 and either q|t 
or q|t — a. If q|t and q|x then 


(—1)” 
2 
so qja” — b” and q|t, impossible. On the other hand, if g/t — a, q|z then 


0 = 2t" + 4{(t — a)” — (t — b)"] = 2a” — 4(a — b)” (mod 4), 


O = 2" + $[(t-— a)” —(t—b)"| = 


(a" — 6") (mod q), 


that is, g|t — a and q|2a" — 5(a — b)” which is impossible. This shows that 
gcd(z, z) = 1. 

Similarly, gcd(z’, z’) = 1. 

Condition (2). Since t = a (mod @;) and t = b (mod @/) then @;|z and 
é‘\z’ fori =1,...,8. 

Condition (3). We have x = 2a" — 3(a— b)" = Qn (mod @;), and 
similarly, c’ = 3b” (mod £/). From this, it follows that z+2’ = 4t” = 4a” 
(mod @;). 

From this, we deduce that x is not a (p;)th power modulo ¢;. Otherwise, 
3 Qn is a (p;)th power modulo ¢;. But, by Lemma 7, 2 is a (p,;)th power 
modulo @;. 

Since p;|n then a” is also a (p;)th power modulo @;, from which it follows 
that so is 3, and this contradicts Lemma 7. Similarly, x’ is not a (p;)th 
power modulo £;. 
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Condition (4). From (x + 2’)/2 = 2a” (mod £;) it follows by the same 
lemma and the fact that p;/n that (2 + x’)/2 is a (p;)th power modulo @; 
for everyi1 = 1,...,5S. 

It is possible to choose t such that x? — 4z” < 0, or such that 1? — 42” > 
0. Indeed, x* — 42” = 2n(a + b)t?"—! + (terms of lower degree in t), so for 
large values of |t|, 2? — 42" and 2n(a + b)t?”—! have the same sign. 

Let 


K = QV 2? — 42”). 


We write x* — 4z” = y*d, where d is a square-free integer, so K = Q(Vad). 
By Lemma 6, if x? —4z” < 0 the ideal class group C£x contains a subgroup 
isomorphic to Z/n x Z/n, while if x? — 4z” > 0 it contains a subgroup 
isomorphic to Z/n. This proves the first assertion. 

Now let q € S; \ {2}. Then q|t — a hence q|z so x? = yd (mod 4q). 
But gcd(z, z) = 1, so gtx hence qty and d is a square modulo q, that is, 
(d/q) = 1. Therefore gq is totally decomposed in the extension K|Q. 

Let gq € So U S3 \ {2}. Then 


t = 1 (mod q), a = a,qh (mod g/t"), b = 0 (mod qt). 
We have 
x — 42” = {2t” + 3[(t — a)” — (t — b)"}}? — 4t"(t a)”. (28.3) 
Since 
t—-a=t—agql (mod q/*"), 
t —b=t (mod qi"), 
and q“ divides n, then we deduce, noting that 2f, > fg +éeg +1: 
(t — a)” = (t — agq’)” = t” — nt” a,qh (mod q* t/t") 
and also 
(t — b)” =t” (mod g& tht), 
Thus 
a? — 42" = 4t?” 4 2t"[(t — a)” — (t — db)” 
+ 4{(t — a)” — (t — b)"]* — 4t"(t — a)” 
= 40?" 4 2t"(—nt”~1agq’] — 4t?” + 407"! nag” 


= 20?" na,q' = 2na,qi (mod g@stfut1), 
Hence 
2 n 
re — Az _ 
~geathy = 2(nq “1 ag (mod q) 


so we conclude that q does not divide (x? — 42") /qeatfs. 
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Ifq € Sq then fy = e, + 2 S0 g®+fa is a square, therefore it divides y?, 
that is 
72 — 47” y? 


qertha = qeitha x d. 


Since 2(nq~ ©“ )a, is not a quadratic residue modulo q then d is not a square 
modulo q. This means that q is inert in the extension K|Q. 
If q € S3 then a, # 0 (mod q) so q does not divide (x? — 42")/qe«t!s. 


But fg = €g + 180 e, + fa is odd, hence 
gc? — 42” _ y? d 
qeat ta 7 qeatfa-1 * q 


We have proved above that the left hand side is not divisible by g, so we 
conclude that q|d and therefore q is ramified in K|Q. 
It remains to study the behavior of the prime 2, if 2 € S,; U So U S3. 
We need to establish the following congruence: 


x? — 42” = nap2°t® (mod 2°79), (28.4) 
We have 
t =1 (mod 8), a = a22°t° (mod 2°t8) and 6b =0 (mod 27¢2T8), 
We proceed in the same manner. From 
t—a=t— a2? (mod 2°T°), 
t-—b=t (mod 2°79), 
and 2©2 divides n, we deduce 
(t — a)” = (t — ag2@7°)” = t” — nt” a92°7> (mod 27628), 
(t — b)” =t (mod 2778), 
Thus 
a? — 42” = 4t” + 2t"[—nt”~a92°t?| — 44°" + 4t?°~ naga? 
= 2" naz2®*° = nag2®*® (mod 27¢2+8), 
Now if 2 € S; then 


x? — 42” 


~92e2+6 = (n2~ “ )ag =1 (mod 8) 


so it is a square modulo 8. Since 


xe? — 42” y? 


Je046. 2046 xd 
2 2 


then d is a square modulo 8; since d is square-free then d = 1 (mod 8) 
therefore 2 decomposes totally in K|Q. 
If 2 € So then 
y? 72 — gen 


sete X 9 = page” = (N27 )a2 = 5 (mod 8), 
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so it is not a square modulo 8. As above d is not a square modulo 8, hence 
d = 5 (mod 8) and 2 is inert in K|Q. 

Finally, if 2 € S3 then 

2 2 n 
y re — 42” _ _ 
j2e2+6 xd= 726246 = (n2 “2 Vag = 3 (mod 4). 

Therefore d = 3 (mod 4) and the discriminant of K = Q(WVd) is 4d: 
therefore 2 divides the discriminant and it is ramified in K|Q. 

This concludes the proof of the theorem. | 


In particular, we have also shown that for every n > 1 there exist in- 
finitely many real quadratic extensions K|Q with class number a multiple 
of n. 

As an extra information (beyond quadratic extensions), we quote that 
Honda has completely determined all the pure cubic fields Q(%/n) (where 
n is a cube-free natural number, n # 1) with the class number divisible by 
3. 


28.2 Quadratic Fields with Class Number 1 


In his extensive and brilliant research on binary quadratic forms, published 
in Disquisitiones Arithmeticae (when he was 19 years old) Gauss was led 
to concepts, which may be translated into class groups and class numbers 
of quadratic fields. The topic is of the greatest importance and beauty, but 
is not treated in the present book. 

Gauss found the following nine imaginary quadratic fields Q(Vd) with 
class number 1, namely when —d = 3, 4, 7, 8, 11, 19, 43, 67, and 163. 

Gauss conjectured that no other Q(Vd), d < 0, (d square-free) exists 
with class number 1. 

This was first proved by Heegner, but his proof, which presented obscu- 
rities, was later recognized to be correct. Baker gave other proofs, as an 
application of his theory of linear forms of logarithms, as did Deuring and 
Stark. 

Gauss also conjectured that for each integer h > 1, there exist only 
finitely many imaginary quadratic fields Q(Vd), d < 0 (d square-free), 
with class number A. 

The work of Goldfeld and of Gross and Zagier led to the proof of the 
conjecture. 

The lists of imaginary quadratic fields with low class numbers like 
2, 3, and 4 are now completely known. For example, this is the complete 
list of imaginary quadratic fields Q(/d) having class number 2: —d = 
5, 6, 10, 13, 15, 22, 35, 37, 51, 58, 91,115, 133, 187, 235, 267, 403, 
and 467. 
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Concerning real quadratic fields, Gauss conjectured that there exist 
infinitely many real quadratic fields with class number 1. 

This is a difficult open problem. It should be noted that it is not yet 
known if there exist infinitely many number fields (of arbitrary degree) 
having class number 1. Numerical calculations support Gauss’ conjecture. 
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Miscellaneous Results About the 


Class Number of Cyclotomic 
Fields 


Class numbers of cyclotomic fields have been the subject of considerable 
investigations. It is not our intention to present systematically the results 
obtained, but just to sample a few of them. By following our presentation 
the reader will consolidate his understanding of the subject treated in this 
book. 

Once again, the reader is encouraged to study the papers listed in the 
Bibliography, thus learning the proofs of the numerous results which will 
be described below. 


29.1 Miscellanea About the Relative Class 
Number of Q(G,) 


This section concerns the relative class number h, of the cyclotomic field 


Ky = Q(¢p) where 
27, , Tt 
Cp = cos — +75SiIn — 
Pp Pp 


and p is an odd prime. Sometimes, for simplicity, we write only h~, K, ¢. 
We shall indicate successively new formulas for h~, involving certain 
determinants, then give estimates for h~ and values at 1 of the L-series. 
Next, we determine the cyclotomic fields K, for which h, = 1, etc. 
We recall from Chapter 27, (27.20) and (27.21), that 


he = (p) [] LQIx), (29.1) 
XESS 
where 
p (p—1)/4 pip+3)/4 
Y(p) = 2p (2 = od /ipaDa (29.2) 


and S~ is the set of odd characters modulo p. 
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29.1.1 Determinantal Formulas for the 
Relative Class Number 


Carlitz expressed the relative class number Ah; in terms of the determinant 
of Maillet’s matrix. The computation will lead to circulant matrices, which 
we discuss first, for the convenience of the reader. 

Let K be a field of characteristic 0. The circulant of the n-tuple 
(a9, @1, ..-, @n—1), where each a; € K, is defined to be the determinant 
of the matrix 


ao Qj oc** Q@n-1 
C= Qn—-1 G4Q ‘*'* Gn-2 
Q1 a2 ao 
We denote it by Circ(do, a1,...,@n—1). 


Let F(X) = ap + a, X +--+ +a,_,X"", and let € be a primitive root 
of unity of order n (in the algebraic closure K* of K). 


Lemma 1. With the above notations: 
n—-1l 
Circ(ao,@1,.-.,4n—1) = |] F(€’) = R(F(X), X” - 1). 
j=0 


Proof: Let G = {1,o,...,07~'} be the cyclic group of order n and A the 
n X nm matrix 


0 1 O 0 
0 0 1 0 
A=]|.........4. 
0 0 0 1 
1 0 O 0 


So A” = I (unit n x n matrix), but A” 4 I forl1 <m<_n. 

The characteristic polynomial of A is X” — 1; it has distinct roots, so A 
may be diagonalized (in K*). 

Thus there exists an n x n invertible matrix U (with entries in A*) such 
that 


UAU~! = diag(1,€,...,€"7"). 
Since C = apn] + ai A+---+an_-1A”' then 
UCU" = diag(F(1), F(€),..., F(E"~*)), 


and we have 


det(C) = det(UCU *) 


| 
z= 
7. 
ES 
a 
* 
o 
3 
| 


by Chapter 2, Section 12. a 
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Now we introduce Maillet’s matrix. 

If p is an odd prime, and if p{r, let R(r) denote the least positive residue 
of r modulo p, thus 1 < R(r) < p—1 andr = Ir/p|p + R(r). It is easily 
seen that R(—r) + R(r) = p. For every r, 1 < r < p—1, let r’ be the 
unique integer such that 1 < r’ < p—1 and rr’ = 1 (mod p). Then 
(p—r)'=p-r. 

The Maillet matrix for p is by definition 


M, — (R(rs’))p,s=1,....(p—1)/2: 
Its determinant will be denoted by 


D, = det(M,). 


p 


(2) Dp=(—p)'?-®)/? det (Ea - ae) ee 


and the entries of this matriz are either 0 or 1. 


(3) Dp=+(—p)?-*”” det (A - Dees 


and the entries of this matrix are either 0 or 1. 


/ 
Lemma 2. (1) Dp = (—p)'?-9)/? det (|=) , 
r,s=2,...,(p—1)/2 


Proof: (1) Replace the row r (r > 2) of the Maillet matrix by the row 
r less r times the row 1. So the new row has entries 
/ 
R(rs’) — rR(s') = R(rs’) — rs’ = -»| =| 
Let M,, be the matrix so obtained. Its first column has entries R(1) = 1 
and —p(r/p] = 0 for r > 2: 


1 2! vo ((p — 1)/2)" 
wt QO... _— _ 
Pp : / 
—pirs’/p| 
0 a 
Thus 
rs’ 
Dy = (—p)'?-3)/? det(.Np) where Np = (|= ]) , 

P 3/ r,s=2,...,(p—1)/2 


(2) Replace the row r > 3 of Np by the row r less the row r — 1. Since 
[1s’/p] = 0 we may write the entries of the row 2 as [2s’/p| — [1s’/p]. 


Let 
rs’ (r — 1)s’ 
= ([F]- 5") : 
Pp Pp r,s=2,...,(p—1)/2 


? 
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Then det(N,) = det(N,). 

Moreover, rs’ — (r — 1)s' = s’ < psors'/p — (r—1)s'/p < 1. If 
[rs’/p| — [(r —1)s'/p| > 2 then necessarily rs'/p — (r — 1)s'/p > 1, a 
contradiction. So the entries of N, are either 0 or 1. 

(3) Let S = {s|1< s < (p—1)/2}, let S$; = {s € S| 8’ © S}, 
and let Sy = {s € S| s’ ¢ S}. If s € So then (p— s)’ = p—s' € S so 
p-—se€ Sj. 

Given the matrix 


rs’ 
%=(|F]) 
P r,s=2,...,(p—1)/2 


we shall form a new matrix ns” by permuting the columns of N, as follows. 
Let t, 2 <t < (p—1)/2. If t = s’ where s € S, then t € S and the 
column t of NS) has entries irs’ /p| = [rt/p|. If t # s’ for every s € S 
then t' ¢ Ssot € Sp andp—t € S, so(p—t)'’=p-—t'’ € Ssop—-t=s' 
for s € S. In this case, the column t of Ny has entries —|rs’/p|. Now we 
note that 


rs’ — R(rs') = r(p — t) — R(rp — rt) 


S 

| re | 

—aiee 

; rrr | 
\| 


= r(p —t) — R(-rt) = r(p —t) + R(rt) — p 


(r — 1)p + R(rt) — rt = (r— Dp - | =], 


hence 


Let Nx?) be the matrix obtained from Ns” replacing row r (for r > 3) by 
row Tr less row (r — 1). 

The row 2 of Ni) has entry | 2t/p| = Owhent € S, or 1—2+ |2t/p| = 
—1 when t € Sg. The row r of N{”? has entry |rt/p| — [(r — 1)t/p| when 
t € S; or —1 + [rt/p] — |(r — 1)t/p] when t € So. 

In particular, since 2‘ = (p+ 1)/2 then 2 € S» so the column 2 of N\”? 
has all entries equal to —1, since [2r/p] — [2(r — 1)/p| = 0. 

Let nx?) be the matrix obtained from NX?) by replacing column t (where 
t > 3 and t € So) by column t less column 2. 
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Then 
te Sy t € So 
{ { 
—] 0 0 
N®&) = 
Pa [54] = ()-[S 
Pp Pp P Pp 
—] 
Hence 
Dy = (~p)®-9)/? det(Np) = (—p)"-/? det(N\), 
where 
rt (r — 1)t 
aa) ae 
P p r,s=3,...,(p—1)/2 
As before, these entries are either 0 or 1. | 


For every r, not a multiple of p, let {r} = R(r) — p/2, so —p/2 < {r} < 
p/2. If ry = ro (mod p) then {r;} = {ro}. Also {—r} = —{r} as easily 
seen. 

Let g be a primitive root modulo p. So g'?-!)/? = —1 (mod p). If 0 < 
t1<j < p-—1 then the following statements are obviously equivalent: 


(1) 7 = 12 (respectively, 2 + (p — 1)/2). 
(2) g? =g’ (mod p), (respectively, g? = —g* (mod p)). 
(3) {9°} = {9°}, (respectively, {97} = —{g"}). 


It follows that the set of absolute values 


{l{1}|, Hot] Ho? --., Hg®-?/? hh} 


coincides with the set of absolute values 


{HOV} HB. 5 |{ P= Hh 


and both sets have (p — 1)/2 elements. 
Let 7 be a primitive (p — 1)st root of 1. Consider the following matrices: 


H= ({rs'})»s=1,2,...,(p—1)/2 


G = ({9?~"})s5=0,1,....(p—3)/2s 


and 


G! = ({9?"}1~*) i 5=0,1,...(p—1)/2: 
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Lemma 3. (1) |det(H)| = |det(G)}. 
(2) |det(G)| = |det(G’)}. 
(3) The matrix G’ is a circulant and has determinant 


(p—3)/2 (p—3)/2 


Jdet(G ae d {g)}n'C74) = |det(H)|. 
Proof: (1) The first row of H is 


p-l 
{1}, {2}, ..., ses | 
and the first row of G is 


{1}, {g}, are) {giP 9/29. 


A permutation of the columns of G distinct from the first, followed if nece- 
ssary by changing signs of some of these columns, gives a new matrix G") 
with the same first row as H, and |det(G)| = |det(G™))|. 

The first column of # is 


{1}, {2}, ..., 1 es | 


while the first column of G) is, up to a permutation and possibly some 
changes of signs, equal to 


{1}, {9}, ---, {g'? 9/7}. 


A permutation of the rows of G"), distinct from the first, followed if ne- 
cessary by changing signs of some of these rows, gives a new matrix G'? 
with the same first column as H and |det(G"?)| = |det(G)| = |det(G)}. 

Actually the matrices G'?) and H coincide, as we now verify. Consider an 
arbitrary entry {rs’} of H with r > 1, s > 1. Let {s’} = e,{g7}, {r} = 
eo{g*}, with €,, €2 equal to 1 or -1, 0 < i,j < (p — 3)/2. Let r 
g* (mod p), s’ = g” (mod p), where 0 < k,h < p— 2. Then rs’ 
g*t? (mod p). Since gu? = —g!?-)/2-* then {g*¥} = eo{gm*} 
eg {g'P—D/2-1h so 


HE Il 


p—1—12 when é€2 = +1, 


——— —72 whené9 = —l. 


Similarly {g"} = €,{g97} so 


yy} when ¢€; = +1, 


h= ~—] 
— + j whene¢, = —l. 
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Therefore 
p-l+j-1 when €; = 1, €2 = 1, 
—] 
= + 57% when €; = 1, €2 = —l, 
kK+th= 
3(p — 1) oo, _ _ 
5 +3—12% when e, = —-l, €2 = 1, 
p-l+j-1 when €; = —l, €2 = —1, 
hence 


{gJ-*} when €; = 1, €2 = 1, 
—{g)~*} when €; = 1, €2 = -1, 
{rs!} = {ghthy =} J Men = he 
—{g?~"} when ¢; = —1, €2 = 1, 
{gJ-*} when e, = —-1, €2 = -1. 


So in all cases {rs’} = €,€2{g?~*} proving that the matrices G?) and H 
coincide. Therefore |det(H)| = |det(G)]. 


(2) Multiplying the column 7 of G by 7 for 7 = 0,1,...,(p — 3)/2, 
we obtain a new matrix G™) such that 


det(G)) = nit? +--+ -3)/2 det (G). 


Multiplying the row i of G“) by nn fori = 0,1,...,(p — 3)/2, we obtain 
the matrix G’ and 


det(G’) = n~ Ute t+ (P-3)/2) . det(G) = det(G). 


(3) The entry in position i, 7 of G’ shall be denoted by c;,;. Then if 

0<2< (p—5)/2, 0< 7 < (p— 5)/2, we have 
Cis. j41 = {gItD- CFD AGF — C4) = C5. 

Moreover, Ci+1,0 = Ci,(p—3)/2- Indeed, 

— 3 —] 
—— -t= —— —(i+1), g'~)/* = -1 (mod p), and n'?-)/? = -1. 
Then 

{gP9)/2-1) (P—3)/2—2 _ —{g FD} (=n FD) _ {g Dy OD 


= Ci+1,0- 
This proves that G’ is a circulant. Let 
F(X) = {1} + {g}nX + {g7}n?°X? dee { g(P-3)/2\ pn (p—3)/2 x (p-3)/2 
By Lemma 1: 


(p—3)/2 


det(G’) = + Ul f (73) 
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noting that 7? is a primitive root of 1 of order (p — 1)/2. 
Since 


(p—3)/2 
S> {g?}ni Ith) 
i=0 
we conclude that 
(p—3)/2 [ (p—3)/2 a 
ldet(G’)) = TT | So {a'r | = det). a 
j=0 i=0 
Carlitz and Olson gave the following relation between Maillet’s determi- 
nant and the relative class number: 
A. 1 
p ~ p(p-3)/2 |Dpl. 


Proof: Let X be an indeterminate and consider the matrix N, = 
(X + R(rs’)),s=1,...,(p—1)/2- Thus N,(0) = Mp, the Maillet matrix. Since 
((p—1)/2)’ = p—2 the last column of M, has entries R(r(p—2)) = p—2r 
while its first column has entries R(r) = r. Let MS be the matrix obtained 
from M, by replacing the last column, by the sum of the last column with 
the double of the first column. Then the last column of Ms) has entries 
all equal to p. Proceeding similarly with N, we obtain a matrix Np 1) with 
the last column paving entries equal to 3X + p. Let M, 2) be the matrix ob- 


tained from MS! ) by replacing each row r, r > 1, by the difference between 
row r and the first row. Then 


o's 


SO 
Dp = det(M,) = det(M{”) = (—1)'?~))/?p det(M), 


where MS? has entries R(rs’) — R(s’) for 2 <r < (p—1)/2, 1<s< 
(p — 3)/2. Similarly, we reach a matrix 


3X +p 
0 
N{?) — 
P NX?) 
0 


E,(X) = det(N,) = det(N{) = (-1)~)/2(3X + p) det(N.?)), 
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where NY? has entries 
|X + R(rs’)| — |X + R(s’)| = R(rs’) — R(s’). 
So NS?) = MS and E,(X) = ((3X + p)/p)Dp. 
Taking X = —p/2 we have E,(—p/2) = —4Dp. 
But the entries of N,(—p/2) are —p/2 + Rirs') = {rs‘}, that is, 
N,(—p/2) = H. According to Lemma 3: 


(p—3)/2 ((p—3)/2 


|Dp| = 2\det(H)|=2 [] S > {gi }ntt) 
j=0 


7=0 


By Chapter 27, Theorem 2: 


1 (p—3)/2 
h> = LT] @@?*) 
p —3)/2 
(2p) 'P )/ 5=0 
where 
p—2 
G(X) = S°giX* and 1<9:<p-1, 9 = G° (mod p). 
1=0 


Since g; = R(g*) and n'?—)/2 = —1 then, for every a = 77/+!: 


p—2 — (p—3)/2 — (p—3)/2 a 
Gla) = I R(g)a' = YO Rye’ — YO R(-g')a 

i=0 i=0 i=0 

(p—3)/2 (p—3)/2 (p—3)/2 


=2 32 Rap So at=2 Yo {o'er 
1=0 i=0 i=0 
Therefore 


1 (p—3)/2 
he = aoa | TT ow) 
P (2p) (Pp—3)/2 Ul 


9 (p—3)/2 [(p—3)/2 


| a l 

_ N } ty ,(2j74+1)t | _ 

—-p(p—3)/2 J ; — tg'}n p(p—3)/2 Dol. 7 
J= 1= 


In particular, we deduce that D, # 0 for every odd prime p, a fact which 
is not obvious a priori. We also note that p'?~)/? divides D, if and only if 
p divides h, , that is, p is not a regular prime. 

Inkeri expressed h, in terms of another determinant, with integral 
coefficients proving thereby, in an independent way, that h, is an integer. 

Inkeri’s determinant is defined as follows. If g is a primitive root modulo 
p, and if g; = R(g*) is the least positive residue of g’, then p divides 
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99: — 9413 let G = (99: — Gi41)/p, UW = (p —1)/2, and consider the matrix 


du Qu-l °° q1 do 
Qu+1 du mt q2 q1 
Q= G2u-2 Qu-3 Qu-1 Qy—2 
Gu Qu-l -*"¢ gl Jo 
1 1 on 1 1 


Inkeri showed: 
B. h, = det(Q), in particular, hz is an integer. 


From (A) and (B) follows the relation between the Maillet and Inkeri 
determinants, namely 


[Dp| = p®-9)/? det(Q). 


29.1.2 Upper and Lower Bounds for the 
Relative Class Number 


By estimating Maillet’s determinant, Carlitz obtained an upper bound for 
h, . The following lemma is due to Hadamard: 


Lemma 4. Let M = (@rs)r,s=1,....n be a matriz with real entries. Let 


geeeg 


for r=1,...,n. 


Then 

|det(M1)| < ayao--- an. 
Proof: In R” consider the paralellotope P having vertices O = (0,...,0) 
and P, = (@r1,..-,@rs) for r = 1,...,n. Then OP, has length a,.. Since 


|det(A1)| is the volume of P, it is elementary that |det(M/)| < ajaq--- an. 
| 
C. A (m —1)! when p = 4u + 1, 
_ < 
(m—1)!f/m when p = 44+ 3 > 7. 


Proof: By (A): 


7 1 
h> = ——~|D,|. 


Pp pl\p—3)/2 


det (eq 7 ol) (p—1)/2 


geoees 


By Lemma 2: 


|Dp| = pP-3)/2 
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and the last matrix has entries equal to 0 or 1. For every r = 3,..., (p—1)/2 
we have 


=" (2 ]- [Sy "5" (E]-[S2) 
_ ovis) - 22) _ [e—2e/? ) 


Pp p p 


If s = 2t then (p — 1)2t/2 = (p— 1)t = (t-—1)p+p-t. 
If s = 2t — 1 then (p — 1)(2t — 1)/2 = (p—1)t — (p—1)/2 = (t-—1)p+ 


(p+ 1)/2 -t. 
etre 


Q 
to 
| 


Hence 


in both cases. 


By Lemma 4: 
see ((2] —[(—M)) < TP [4] 
P P s=3 2 

—flxilx2x2x---x (m—1) x (m—-1) ifp = 4m + 1, 
~~ \lxilx2x2x--»x(m—-1)x(m—-1)xm ifp=4m4+3>7, 
that is, 

(m — 1)! when p = 4 + 1, 

ho < 
(m —1)!./m when p = 44+ 3 > 7. a 


We give now another explicit upper bound for h,, due to Lepisto. The 
proof given here is by Metsankyla and we note that for p > 19 this bound 
is better than the bound of Carlitz. 


p (p—1)/4 
h <2p{| — 
> <?( 35) 


Proof: By Chapter 27, (D) and (27.20): 


D. 


_ 1 = 
hp = (2p) (p-3)/2 Il > x(k) , 
P k=1 


xES 


where S is the set of odd characters modulo p; we note that #(S) 
(p — 1)/2. The orthogonality relation of characters gives (for 1 < k, m 


IA Il 
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p — 1): 
p-1 
a when m = k (mod p), pftmk, 
x(k)X(m) = -1 
» -- when m = —k (mod p), p{mk, 
0 otherwise. 


We now compute the following sum: 


p-1i p-1 p-1 
So So x(k} = So | So x(k X(m)m 
XES |k=1 xES \k=1 m=1 
p-l p-1l p-1 p—1 p—1 
=S0k YS mS xem) | = = [SOP - Sew - 
k=1 m=1 xES k=1 k=1 
p—1 p-1 
7 250k pS ky. 
k=1 k=1 


By Chapter 18, after (K), )-7_, 1k? = (p — 1)p(2p — 1)/6, hence the above 
sum is equal to 


p-1 oreo _ ep | _ Pal, (p—2)(p—I)p 
2 6 2 2 6 : 


The arithmetic-geometric mean inequality gives 


4/(p—1) 


p-1 3 
—2)(p-1 
I S> x(k)k < (p )(p )p c Pe 
6 6 
xXES |k=1 
Hence 
—_ 1 p (p—1)/4 _»(2 (p—1)/4 . 
P = (pes? * \ 6 ~ “P\ og : 
Using Stirling’s formula 
nl ~ V2re "nn? t1/? (29.3) 


it follows that for all sufficiently large p, the upper bound of Carlitz is worse 
than the one by Lepisto. 
Indeed, 


—1)/4 (p—1)/4 —1)/4 ~1)/4 
> Pp (p—1)/ 5 p (p—1)/ p—5 (p—1)/ 1\ )/ 
Pp = 4p\ —__ —_{ a 
24 p-—O 4 6 
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On the other hand, from Carlitz’s upper bound, using Stirling’s formula, 


we estimate 
(p—5)/441/2 
pT? D | tN Ire (P—5)/4 P Za o ° 
4 4 


and the quotient is 


(p—1)/4 (p—1)/4 (p—1)/4 
p—9d 4 6 


(p—3)/44+1/2 
p—9d 
/2 MS 


l (p—5)/5+5/4 ; vo (€ (p—1)/4 1/2,-1 
— (14 ——__ _5)-1/2 ( © On) M267}, 
( * aC BR) PP) (5) anys 


and for p large this quantity is approximately 


2 1/2.1/4 1/2 [ © Penis 
p(p —5)-V%e'/*(2m)-1?? (€) 


and this tends to 0 as p increases, establishing the assertion. 

Another method to obtain upper and lower bounds for h> consists in 
estimating L(1|x) and their products (for odd characters) and to use the 
formula (29.1): 


hy =p) [] LQld, 
xE ST 
where 
(p+3)/4 
WP) = sp-aEceTTE 
I(p—3)/2q(p—-1)/2 


and S~ is the set of odd characters modulo p. 
We note the following estimates due to Tatuzawa: 


E. There exists a constant a > 0 and for every € > 0 there exists a 
constant c(é) > 0 such that 


c(é) 


pe 


< I] L(1|x)| < eto tos pt), 

XESS 

The constants in the above estimates were later computed explicitly by 
Lepisto. 

Montgomery obtained the following simple (but not the best) effective 
bounds: 


F. If p > 100 then 


1 

— L1 

ep < I] (1| x) 
XFXO 


652 29. Miscellaneous Results About the Class Number of Cyclotomic Fields 


and 


72 (p—3)/4 
[I] Z2Q@bo < (=) exp( 75 (2 — (log p)*)). 


x even 
xX#XxQ 


Note that the above products of values of the L-series are nonnegative 
real numbers. 
The proof of these bounds is beyond the scope of this book. 


29.1.8 Cyclotomic Fields with Class Number 1 


Montgomery, as well as Uchida, determined the cyclotomic fields K, with 
class number 1: 


Theorem 1. hy = 1 af and only af p < 19. 


Proof: By using the formula for hp it is possible to show that if p < 19 
then h, = 1. (Actually, it should be noted that even for small values of 
p, the evaluation of hy is difficult, but we shall not discuss this here any 
further.) 

We show the converse. We have 


pe = 2 Tw EOL) 
Po (2m) (P-D/2 TT xay=1 D1] x) 
XFXO 


Taking logarithms and applying (F) we obtain 


3 —3 —l 
logh, = a log p — P 5 log 2 — P log z — log 40ep 
p-3 ° 
— {7 log (=) + 75 (log p)* — 3 
p D Qn4 
= 4 log p — 1 log 3 + 3, (log p)? 
— + log p + 2log x — 2 log 2 — 3 log 3 — log5 — : 
P Dp 3 2 1 10 
> 74 log 65 + 75 (logp)” — 7 logp-— =. 


for p > 100. The above function of p is increasing for p > 100 and its value 
for p = 101 is greater than 13 > log(4 x 10°). 

Thus h> > 4 x 10° for p > 101. 

On the other hand, the values of h; have already been calculated by 
Kummer for p < 100. It follows that for p > 19 then h, > 1, hence 
h, > 1, concluding the proof. a 


There is a similar result of Masley about cyclotomic fields K,, = Q(¢m) 
where Cy, is a primitive mth root of unity and m > 2. This will be 
considered in Section 29.3. 
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29.1.4 Growth of the Relative Class Number 
Brauer proved that 


lim hy = OO. 
poo 


A natural question which arises is to ask whether the function h, of p is 
ultimately monotonic. 
Ankeny and Chowla proved: 


G. There exists po such that if pp < py < po (with pi, po prime 
numbers) then hj, < hj,. 


It should be noted that po was not given explicitly. 
Using the method of Montgomery, Metsankyla showed: 


H. [fp > 100 then 


—(p—1)/4 —1)/4 
1 ; 7 (p—1)/ ; hs ; 7 (p—1)/ 
30 6 1(p) 6 


This was used to obtain: 


I. Tet 0 < € < 1, let p, q be primes such that p > (1 + €)q, and let 
q > 67 x 31/©. Then 


hy > hj. 


Proof: Let 6 > € be such that p = (1+ 6)q. Since 67 x 31/© > 200, then 
q > max(200, 67 x 31/°). 

We note that if a, b, c are any positive real numbers, the inequality 
xz > ab°/® is satisfied for every sufficiently large real number x. We apply 


this remark and so 
14+2/6 4/6 
xr > An? um 30v'6 
6 1 


provided z is sufficiently large. A computation with logarithms tells us that 
it suffices that x > max(200, 67 x 31/°). 


In particular, 
4/6 14+2/6 
q > 4n* | —— — 
T 6 


y\ (69+2q-2)/4 
q°4!4 > 30(4n7)°a/4 (=) | 


SO 


6 
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Since p > q and p — q = dq then 


1(p) pipt3)/4 9(q-3)/24(q-1)/2 q(P-)/4 
Y(q)  QW@-3)/2q(p-)/2 ~~ glat3)/4_—*—-Dp-a)/2 g(a)? 
~ (p+q—2)/4 
7 g (p—q)/4 39 a2 Prq 
An? 6 
By (H): 
h- V(P) (q) S hen. 2 


P ~ 30(q2/6)@-D/4 ~ (q2/6)a-D/4 
In particular, if € = 1 and p > 2q > 400 then hy > hj. 
Lepisto also concluded that if p > q¢ +4, q > 2.4 x 10, or if p > 


q+ 64, q > 3, then hh; > h,. This suggested Metsankyla and Lepisto to 
conjecture 


Ifp>q219thenh, > hj. 


Concerning the asymptotic behavior of hj, as p increases Kummer 
conjectured 


hy ~ Y(p). (29.4) 


However, Granville indicated in 1990 that Kummer’s conjecture is not con- 
sistent with other conjectures in analytic number theory, for which there is 
more evidence. Granville also conjectured that 


h 
log log p)7/2t0) < —P. «< (log log p)1/2+00). 
(log log p) s(n) (log log p) 
Ankeny and Chowla showed: 


J. an 1oatha (1p) 


= 0. (29.5) 
p—oo log p 


Since limp_.oo log y(p)/ log p = ov, it follows that limp ..0 hz = ©, as 
it had been proved earlier by Brauer. 
The next result of Siegel uses the following estimate, which appears in 


Estermann’s book: 


K. If x # xo then 
IL(1|x)| < 2 + log p. 


For a lower bound, we quote: 


L. There exists a constant c, 0 < c«¢ <1, such that for every nontrivial 
character x modulo p: 


Tape < Chol 
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and for all such x, with possibly one exception 


< |Z(1|x)|. 


log p 
If x’ is the exceptional character, then x’ is a quadratic character. 


Now we prove Siegel’s theorem, which is a weaker form of Kummer’s 
conjecture: 


M. _ Pp 
logh, ~ ri log p. 


Proof: From the formula for hp we have 


_ 3 _ 
P log2— © 


1 
log 7 + log I] L(1|x) 
xES- 


It is enough to show that 


—— log(T]es- 2C1x)) 
lim ——*+—__———. = 0 
p00 p log p 
This implies that 
log h, 
lim 08 — 
poo (p/4) log p 
It follows from Chapter 21, (T), that if p = 1 (mod 4) there is no odd 
quadratic character modulo p, while if p = 3 (mod 4) there is precisely 
one odd quadratic character x modulo p. This is the quadratic character 


k 
x(k) = (“| for every k =1,2,. 


The formula of Dirichlet for the class number H(—p) of the quadratic 
extension Q(,/—p) (Chapter 26, Theorem 1) gives 


H(-p) = “¥? raly), 
where x is the above quadratic sharecte and w is the number of roots of 
unity in Q(,/—p). Thus w < 6 hence 
21 H(—p 1 
L(1|x) = 2n (=P) > —. 
wip VP 


Putting together this information, we have 


2[(p—1)/4] 
) < I] L(1|x) < (2log p)'?-)/* 
XE S— 


1 
atc 


since there are exactly (p — 1)/2 odd characters y modulo p. 
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‘Taking logarithms, dividing by p log p, and letting p tend to infinity, we 
conclude the proof of the proposition. | 


29.1.5 Some Divisibility Properties of the 
Relative Class Number 


Now we shall indicate some divisibility properties of the relative class num- 
ber. We begin with a lemma due to Kummer, which implies an expression 
of h, as a product of norms. — 

Let p be an odd prime, and let 7 be a primitive root of 1 of order 
p — 1. Let m be any divisor of p — 1 and let S, = {s|1< 5s < p- 
1, ged(s,p—1) = m}. Then 7n™ is a primitive root of 1 of order (p — 1)/m:; 
let Lm = Q(n™). If m divides s then 7° € L»,. Moreover, 7° is conjugate 
to 7™ in L,,|Q exactly when 7° is a primitive root of 1 of order (p — 1)/m, 
that is, gcd(s/m, (p — 1)/m) = 1, or still, ged(s,p — 1) = m, so s € Sip. 
Let S = {s odd|1<s < p-— 2}. 


Lemma 5. = Let H € Q[X]. Then 


LT] #@™ = [] Nz..e(4#”)). 


mes m|p—1 


m odd 


Proof: Since S is the disjoint union of the subsets S;,,, for m odd dividing 
p — 1, and since 


[] 20°) = N1,,;0(H(n™)) 
SES in 


then 


T] 40% = TT [[ #09 = [] Nz.10(4(n”)). a 
mes mip-1 s€S,, mip—1 
m odd m. odd 
The following result of Metsankyla (1971) follows from the previous result 
of Iwasawa (1966) about ideal class groups: 


N. Let p be a prime and let p—1 = 2°n where n ts odd, c > 1. If hy 1s 
even thenn #1 andh, is a multiple of 27 where d is the minimum of the 
orders of 2 modulo £, for every prime factor & of n. In particular, d > 1. 


Proof: Let g be a primitive root modulo p, and let gx, (0 < k < p— 2) be 
the least positive residue of g* modulo p. Let n be a primitive root of 1 of 
order p — 1. By Chapter 27, Theorem 2: 

1 


hy = pore |E(NG(1") ---G(n?~7)), 
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where 


Let us note that 


p—2 
xet— t=) TT & 0) ] TT & 0) fxr? -vf] (x- 


; XP-l_ _ 
I] (X —7') = Xe-pe =] = X(P-V/2 4 4 


and therefore 


But 
—1 
p—2 p—2 p—2 
I]@?-vd= | [[ v7] [pa-7) 
oda oda aa 
and 
—2 
$ j= (? _ ‘) 
2 
i= 1 
todd 
SO 


II» yh (P- 1)/2)? _ = (—1)?-D/2 — 44 
i=l 
t odd 


and therefore 


p—2 
[| @*-1) = +2. 
i=1 

1 


a odd 


Now, we compute (for 7 = 1,2,...,(p — 1)/2): 


p—2 p-2 
ni 27 (Fan lk} _ Sgn 29- RV _ S > gen? DE 
k=0 k=0 


(p—3)/2 


Si ge+1 — gen? YE = 2 S~ (ger — ge)nPI-Y* 
k=0 k=0 
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because if k = (p — 1)/2 + h then 


(ge+1 — 96)n'2~P* = —(gna1 — gr)(—n7- 9") = (gn4r — gn)n@7 0”. 
Therefore 
—1 
~ ~2 
— (p—1)/2 
he = GET I or a I] #0 
i oda odd 
~ p(P-3)/2 eh Tm 
where 
(p—3)/2 
H(X) = 3 (Get1 — Ge) X* € ZX]. 
k=0 
By Lemma 5 we may write 
_ 1 m 
h, = piP- — l] N_,,,|Q( 2 (7 ™))| = pP- (Pp—3)/2 L] z..10(4(™ ))I- 


m|p—1 


min 
m odd 


If h5 is even then there exists m dividing n such that Nz, jg(H(7™)) = 0 
(mod 2). 

We must have m # n. Indeed, ifm = n then L, = Q(n”), where € = 7” 
is a primitive root of 1 of order 2°. Then 2 decomposes in the ring of integers 
of L,, as a power of the prime ideal (1 — €) (see Chapter 11, (N)). Thus 


(p—3)/2 


a (9k+1 — 9k) nk” = S- (Gk+1 — Gk) 


k=0 
= 9(p-1)/2 — 9) = (p- 1) -1 = 1 (mod (1 — )) 


because p — 1 = sane — 7) and —1 = 1 (mod (1 — )). 

Hence Nz, ;gH(n") = 1 (mod 2), which is a contradiction. 

Thus m <n andson £1. 

In the field L,, = Q(n™) the ideal generated by 2 decomposes into the 
product of prime ideals P,, ..., P,, each with norm 2/, where f is the 
order of 2 modulo n/m (see Chapter 11, Section 3). In particular, d < f. 
Since 2 divides the product 


dd 


then P; divides at least one factor, so 2/ = Nz, )9(P1) divides one norm 
N_,,,\@(H(n"')) which in turn divides h> . Thus 2% divides ho a 
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Metsankyla has also shown how a simple argument applied to the explicit 
expression of h, leads to the following result: 


O. Let p, q be odd primes. If p = 2q + 1 then gq does not divide hy . 
Vandiver gave the following interesting congruence for h, : 


P. For any integer k > 1: 
p-—2 
h, = (—1)(P—})/29(p—3)/2 I] Boks41 (mod p*). 
=1 


s odd 


Slavutskii gave in 1969 a simple proof with p-adic methods. 


29.2 Miscellanea About the Real Class Number of 
Cyclotomic Fields 


Results about the factor h* of the class number of K = Q(G,) are essen- 
tially more difficult to obtain since this number is so closely related to the 
units. It is notorious that the determination of a fundamental system of 
units for K is a very delicate problem. 

Until not very long ago, all computations of the h} have yielded the 
value 1. However, in 1965, Ankeny, Chowla, and Hasse found a very nice 
criterion for hy to be larger than 1. The proof involves class-field theory, 
but is otherwise elementary. We begin with a lemma of Davenport: 


Lemma6. Let, m be positive integers, m not a square. If the equation 
U? — (@241)V* = +m 
has solutions in integers u, v, then m > 28. 


Proof: If u, uv are solutions then v 4 0, since m is not a square. We may 
take a solution u, v with u > 0 and smallest positive v. 

If kK = Q(vé? +1) then Nx g(u—vVé2 + 1) = £m. But it is also true 
that Nxig(é+ Ve? +1) = —1. Multiplying these norms, we deduce that 


Nxjol(€u — (€7 + 1)v) + (u — dv) V2 + 1] = £m, 
that is, 
[eu — (€7 + 1)u]? — (27 +.1)(u — ev)? = +m. 


Thus, we have obtained another solution. Since v > 0 was minimal, then 
either u— fu > vsou > (£4 1)v, or —u+ fu > uso (€—1)u >u> 0. 
Hence +m = u? — (0? + 1)v? > 2lv? > 20 and +m > Oor, respectively, 
tm = u? — (€?741)v? < —2bv? < —2land +m < 0. In both cases m > 28. 

a 
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For every prime p let H(p) denote the class-number of the quadratic field 


Q( VP). 


Lemma 7. Let q be a prime, n > 1, and assume that p = (2qn)? + 1 
is also a prime. Then H(p) > 1. 


Proof: Let B denote the ring of integers of K = Q(,/p). Since p 1 
(mod 4) the elements of B are of the form (u + v,/p)/2 where u,v € Z 
and u = v (mod 2). Since p= 1 (mod gq) then (p/q) = (1/q) = 1. Hence 
Bq = QQ’ where Q, Q’ are distinct prime ideals. Hence NQ = gq. 

If H(p) = 1 then B is a principal ideal domain, so @ is the principal 
ideal generated by an element (u + v,/p)/2 € B. Hence 


1-30 [hno( 82) 


u? — pv? 


4 


y] 


that is (u? — pv?)/4 = +q. But p = (2gn)? + 1 so u? — ((2qn)? + 1)v? = 
+4q. By the preceding lemma, 4g > 2(2qn) = 4qn, with n > 1, which is 
impossible. This proves that H(p) > 1. a 


In the next result we shall use the Hilbert class field associated to any 
number field K (see Chapter 15, Section 2, (A), for the properties). 


Lemma 8. Let K be an algebraic number field, and let L|K be a finite 
extension. If no Abelian unramified extension of K is contained in L then 


h(K) divides h(L). 


Proof: Let K, L denote, respectively, the Hilbert class fields of K, L. Since 
(L7K)|K is an Abelian unramified extension then L NK = K. Therefore 
LK |L is an Abelian unramified extension, so LK C L. We conclude that 
h(K) = |K : K| = [LK : L] divides [LZ : L] = h(L). a 


Q. Ifp=1 (mod 4) then A(p) divides hy. 


Proof: The value of the principal Gauss sum is 


x (o)e = 
m0 (mod p) 

(Chapter 21, (W)). 

Moreover, since p = 1 (mod 4) then (—1/p) = 1 so (m/p) = (—m/p) 
for every m. Thus Q(\/p) C Q(G) + G5) = KT. 

The prime p is totally ramified in K = Q(¢,) hence also in K*, thus no 
Abelian unramified extension of Q(,/p) is contained in K*. By Lemma 8, 
H(p) = h(Q(./p)) divides the class number h(K*) = Af. 


R. If q is a prime, ifn > 1, and if p = (2qn)? + 1 is also prime, then 
ht > 2. 
p 
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Proof: By Lemma 7, H(p) > 1. Since p = 1 (mod 4) then H(p) divides 
h3 by (Q). Thus hF > 1. 

On the other hand, it follows from the theory of genera (see Borevich and 
Shafarevich [3, p. 354]) that if p = 1 (mod 4) then H(p) is odd. Therefore 
hy > 2. | 


Taking, for example, g = 2, 3, 5 we see easily that for the following 
primes less than 10000 : 


= 257, 401, 577, 1297, 1601, 2917, 3137, 4357, 7057, 8101 


we have h> > 2. 

The work of Ankeny, Chowla, and Hasse was extended, but we shall not 
discuss this here (see Lang (1977), Takeuchi (1981)). 

In connection with his study of Fermat’s Last Theorem, Vandiver 
conjectured: If p > 2 then p does not divide hj. 

This statement has never been proved. 

Since hy seems to be small compared with p, one might feel tempted to 
show that ht < p thereby proving Vandiver’s conjecture. However in 1985, 
assuming the generalized Riemann hypothesis, Cornell and Washington 
showed that for p = 11290018777, in fact, ht > p. 


29.3 The Class Number of Q(G,), m > 2, and 
Miscellaneous Results 


29.3.1 The Class Number Formula 


Let Km = Q(Gm), where m > 2, m # 2 (mod 4), and G, is a primitive 
root of 1 of order m. Let Ki, = Km MR, so Ky m|K;, has degree 2. Let 
hm = h( Ky) be the class number of K,, and let h*, = h(K;*) be the class 
number of K,*. 

Just as for the case when m = p is an odd prime, there are formulas 
for hm, h*, in terms of L-series of the characters modulo m and other 
invariants of the field. 

Let 


1 if mis a power of 2, 

4 if mis odd and divisible by at least 
2 distinct primes, 

2 otherwise. 


e(m) = 
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For each character x modulo m, let f(x) denote its conductor. Let C¢(,) 
be a primitive root of unity of order f(x), and let Rt denote the regulator 
of K*. Then: 


Theorem 2. We have hm = hh, where 


mi°m?) 
f(x) 


1 
h, = me(m ——— —x(k)k 29.6 
(m) I Fo d! x(k)k) (29.6) 
LOd)|m 
and 
1 1 f0Od , 
+ _ 
hn = R+ Il 9 S- —x(k) log |1 — CFix) | (29.7) 
voue (Ske 
Oot 


The next statement follows from a classical result of Kronecker: 
S. For everym > 2, hj, ts a natural number. 
T.  h2 is equal to the class number of K;>.. 

In 1952 Hasse proved: 


U. h, 


lim is the index of an appropriate subgroup of the ideal class group 
of Ky. 


29.3.2 Divisibility Properties 


There are remarkable divisibility properties for the class numbers (and 
their factors) of K,«. The following result is due to Weber for p = 2, and 
to Westlund for p > 2: 

V. = Ifpisaprime andk > 1 then h~ (Kx) divides h~ (Kyx+1), h*(Kp«) 
divides ht (Kyx+1), and h(K,«) divides h(.K,y.+1). 


Weber’s famous theorem states: 
Theorem 3. (1) The quotient h~ (Kox+1) /h7 (Kx) is odd. 
(2) The quotient ht (Kgx+1) /h* (Kx) is odd. 
(3) The class number of Kox 1s odd for k > 2. 


A simpler proof of a more general statement may be found in Hasse [1952, 
pp. 26 and 101]. A surprisingly elementary proof of the first statement has 
been published by Lepist6 [1966, 1970]. 

An interesting open problem to prove, or disprove, is the conjecture of 
H. Cohn: 


ht (Kx) = 1 for all k > 1. 
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The third statement of Theorem 3 is equivalent to the following one (see 
Weber |1899, p. 821] and Hasse [1952, p. 29]): 


W. If a unit of the real cyclotomic field Ky. is totally positive (that is, 
all its conjugates are positive) then the unit is a square in the field. 


It was using this theorem that Weber provided a rigorous proof of the 
so-called Kronecker-Weber theorem: Weber [1899, p. 762] (see Chapter 15, 
Section 1). 

In 1911 Furtwangler extended Weber’s theorems as follows: 


X. Let p be an odd prime, k > 1. The class number of K,x 1s a multiple 
of p uf and only if the class number of K, is a multiple of p. 


Y. If p does not divide the class number h(.K,«) then every unit of Kpx 
is the relative norm of a unit of Kyx+1. 


Cornell and Rosen obtained many interesting results about the divisibi- 
lity properties of h*. For example: 


If m is divisible by at least five distinct primes, then 2 divides h*.. 

If p is an odd prime and m is divisible by four or more primes g, g = 1 
(mod p), then p? divides hy. 

For every integer a > 1 there exist infinitely many m such that h*, > m?°. 


But there are, of course, many other known results of this kind in the 
literature, to which we will not allude here. 


29.3.8 Fields with Class Number 1 


Masley extended the result of Montgomery and Uchida and proved: 


Theorem 4. There are exactly 29 distinct fields Km = Q(Cm) 4 Q 
having class number 1, namely when 


m =3 (or 6), 4,5 (or 10), 7 (or 14), 8,9 (or 18), 11 (or 22), 12, 13 (or 26), 
15 (or 30), 16,17 (or 34), 19 (or 38), 20,21 (or 42), 24,25 (or 50), 27 
(or 54), 28, 32, 33 (or 66), 35 (or 70), 36, 40, 44, 45 (or 90), 48, 60, 84. 


A Guide for Further Study 


After reading the present book, which is an introduction to the theory of 
algebraic numbers, there are several possible interrelated topics for further 
study; the following books are recommended. 


(1) For cyclotomic fields, local methods 

Iwasawa, K., Lectures on p-Adic L-Functions, Princeton University 
Press, Princeton, RI, 1972. 

Washington, L.C., Introduction to Cyclotomic Fields, Springer-Verlag, 
New York, 1997 (second edition). 

Lang, S., Cyclotomic Fields, Springer-Verlag, New York, 1990 (second 
edition). 


(2) For class field theory 

Cassels, J.W.S., Frohlich, A. (editors), Algebraic Number Theory, 
Academic Press, London, and Thompson, Washington, 1967. 

Iyanaga, S. (editor), The Theory of Numbers, North-Holland, Amster- 
dam, and American Elsevier, New York, 1975. 

Neukirch, J., Algebraische Zahlentheorie, Springer-Verlag, Berlin, 1991. 

Neukirch, J., Class Field Theory, Springer-Verlag, Berlin, 1986. 


(3) For analytic number theory 

Apostol, T.M., Introduction to Analytic Number Theory, Springer- 
Verlag, New York, 1976. 

Goldstein, L.J., Analytic Number Theory, Prentice Hall, Englewood 
Cliffs, NJ, 1971. 


(4) For a wide variety of topics in number theory 

Hardy, G.H., Wright, E.M., An Introduction to the Theory of Numbers, 
Clarendon Press, Oxford, 1979 (fifth edition). 

Hua, L.K., Introduction to Number Theory, Springer-Verlag, New York, 
1982. 


(5) For complements on algebraic numbers 
Hasse, H., Number Theory, Springer-Verlag, New York, 1980. 
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Weil, A., Basic Number Theory, Springer-Verlag, New York, 1967. 

Narkiewicz, W., Elementary and Analytic Theory of Algebraic Numbers, 
Polish Scientific Publishers (PWN), Warsaw, and Springer-Verlag, Berlin, 
1990. 


(6) For the theory of binary quadratic forms 

Gauss, C.F., Disquisitiones Arithmeticae, originally published in 1801. 
Reprinted in numerous editions. 

Flath, D.F., Introduction to Number Theory, Wiley, New York, 1989. 

Ribenboim, P., Gauss and the class number problems, in My Numbers, 
My Friends, Springer-Verlag, New York, 2000. 
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